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Heights of Subvarieties over M-Fields

Walter Gubler
ETH Ziirich

Introduction

An important tool in diophantine gecmetry are heights. The height of
a point measures the arithmetic complexity of its coordinates. Let us briefly
recall its definition. Let P be a point of projective space with rational coor-
dinates. We may assume that the coordinates g, ..., T, are entire and have
no common divisor. Then the height of P is defined by h{F) = e |z;]-

Easily, this is generalized to points with coordinates in the algebraic closure
@ of Q. For a projective variety X over a number field, we use an embedding
{(or more generally a morphism) ¢ into some projective space to define the
height hy, := how on X (Q). Tke basic question is how h,, depends on the
choice of ¢. This is answered by the following theorem of Weil [We]: The
height h, depends only on the isomorphy class of ¢*Op=(1) up to bounded
functions. Any element of the Picard group of X may be writien as the
difference of two elements of the form above. Therefore we get a homomor-

phism from the Picard group to the real functions on X ({J) modulo bounded
functions.

Let ¥ be a subvariety of projective space. Then there is a canonical
multi-homogeneous polynomial associated to ¥ called the Chow form (cf.
Example 1.2 below). Nesterenko and Philippon have defined the height of
Y as the height of the coefficient vector of the Chow form (¢ef. [Phl). Us-
ing arithmetic intersection theory [GS], Faltings [Fa] defined equivalently the
height of ¥ as an arithmetic degree of ¥. This idea leads to many impor-
tant properties of heights of subvarieties by translating the corresponding
properties of the usual degree. As for points. we can define the height of
a subvariety of any projective variety. In [Gu], Weil's theorem was gener-
alized to heights of subvarieties. It says that the height A, on subvarieties
depends only on the isomorphy class of ¢* Op« (1} up to functions bounded by
a multiple of the degree. Using Tate’s limit argument, one can easily deduce
Néron—Tate heights for subvarieties of an abelian variety (cf. [Gu]).

The theory of heights of points works not only in the number field case.
We may use any ground field with a set of absolute values satisfying the
product formula. Moreover, Vojta pointed out that in Nevanlinna theory,
the characteristic function is an analogue of the height of points and the first
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main theorem in Nevanlinna theory corresponds to Weil’s theorem (cf. [Vo],
[La2]). This leads to far reaching results and conjectures for number fields
and in Nevanlinna theory.

Since Faltings’ definition of the height of a subvariety uses arithmetic
intersection theory, Weil's theorem for subvarieties was proved in the number
field case. Here, we omit this restriction and we prove the theorem over very
general ground fields. We do not assume that the product formula is satisfied.
In particular, we get a generalization of the first main theorem in Nevanlinna
theory.

To explain that, let K be the field of meromorphic functions on C. For
any B > 0, the closed disc My of radius R induces a set of absolute values
on K. To be more precise, assume that v is in the interior of the dise, then
the order in v induces a discrete valuation on K. If v is on the boundary
and f € K, then we define |f|, = |f{v)]|. For fixed f, this is only defined up
to finitely many ». Strictly speaking, | |, is not an absolute value, but the
axioms are true if we skip a null set on the boundary. Let us fix a holomorphic
map P from € into a complex projective variety X. Then P may be viewed
as a K-valued point of X and a similar construction as in the number field
case leads to a global height hz(P). To be more precise, let L be a line bundle
on X with hermitian metric || || and non-zero meromeorphic sections s. Then
the local height of P in an element v of the boundary is — log ||3(P(v))” If
v is not on the boundary of Mp, then we have a canonical local height given
by the order of s o P in v. Integrating the local heights with respect to a
suitable measure on Mp, we get hp(P). The first main theorem says that
hr(F) depends only on the isomorphy class of L up to O{1) with respect to
£ and fixed P. Using our generzal theory, we can replace P by any subvariety
of X defined over the algebraic closure of K. In particular, it applies to any
holomorphic map from a finite covering of C to X. For a discussion of the
second main theorem in Nevanlinna theory of coverings, the reader is refered
to a paper of Cherry [Ch).

The paper is organized in the following way. In the first section, we
introduce local heights of complete varieties X over K. Here, the field K is
assumed to be complete with respect to a given absolute value. The local
heights are well-known in the archimedean case and also for discrete valua-
tions. In the first case, the local height of X is given by the #-product of
Green forms [GS] for hermitian line bundles. If the absolute value is dis-
crete, then the local height of X is an intersection number of line bundles on
a model of X over the valuation ring. It will be shown in a subsequent pa-
per that one can define a similar intersection number if the non-archimedean
absolute value is not diserete. To include this case, we use an axiomatic
approach to the theory of local heights for subvarieties. To get estimates for
change of metrics, we have to impose a positivity condition on the hermitian
line bundles. In the archimedean case, this means semi-positive curvature
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and for discrete valuations, we use base-point-free line bundles on the models.
Similarly as in measure theory, we can canonically complete a given theory of
local heights. The resulting theory is closed under uniform limits of metrics.
It has the advantage that the canonical local heights for subvarieties of an
abelian variety are contained in the theory. This was pointed out by Zhang
in [Zh] using similar ideas as Néron in the classical case.

In the second section, we introduce the notion of M-fields. This is a
field K together with a measure space M. Moreover, a family | |,, v € M,
ts given which may be viewed as absolute values on K. The difference with
the nsual absolute values is, that for given arguments, they are defined and
satisfy the axioms only for almost all v € M. It is assumed that for non-zero
F € K, log|f|, is integrable on M. The prototype of an M-field is the field
of meromorphic functions on € with measure space Mz. It will be proved
that the algebraic closures of @ and of the field of meromorphic functions on
C are canonically M-fields. At the end of the section, M-bounded subsets
are introduced. The standard example for an M-bounded subset is the set
of rational points in a complete variety. If all members of the family | {,,
v € M, are indeed absolute values, then this concept is a straightforward
generalization of the usual theory of bounded sets (cf. [Lal]). We have
simply to replace the usual bounds C,,, which have to be zero up to finitely
many places v, by an integrable bound C,. If not all | |, are absolute values,
then we have to deal with some technical problems. The idea is to reduce to
the case above by passing to a sufficiently large, finitely generated subfield
K of K.

The third section deals with global heights of subvarieties over an Af-field
K. Let Lg,...,L; be base-point free line bundles on a complete K-variety
X with suitable metrics and non-zero meromorphic sections sg,..., s;. Then
the global height of a t-dimensional subvariety ¥ of X with respect to these
data is the integral over M of the corresponding local heights., This does not
necessarily exist, but using morphisms to multi-projective space, we deduce
that there are suitable metries such that the global height is defined for all
subvarieties 1 intersecting div(se), ..., div(s;) properly. In Theorem 3.13,
we give the generalization of Weil’s theorem to this situation. Since we do
not assume that the product formula is satisfied, the global height depends
on the choice of gg,...,s.. However, we prove a formula which describes the
dependence on the meromorphic sections in terms of the defect of product
formula. If K is a number field, then the global heights agree with the
absolute version of Faltings’ definition. Finally, the generalization of the first
main theorem in Nevanlinna theory is given.

I thank the Schweizerische Nationalfonds and the Forschungsinstitut fiir
Mathematik (FIM) at the ETH Ziirich for financial support and the Institute
for Advanced Study in Princeton as well as the FIM for hospitality. I am
very grateful to Ms. Rahel Boller for typing the manuscript.
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1. Local Heights

Let K be a field with a complete absclute value | |. It has a unique
continuation to an absolute value on the algebraic closure K. In this paper, a
K-variety is an irreducible and reduced scheme X of finite type and separated
over K.

1.1) First, we recall basic concepts about metrics and boundedness. For
the latter, the basic reference is [Lal]. The reader may also consult the end
of section 2.

Let £ be a line bundle on the complete K-varicty X. Recall that a
metric || || on L is a family {|| |i;)zex(&) where the non-negative function
| |l, on the fibre £, is mapped to the absolute value | | under a suitable
K-isomorphism L,—+K. Note that we have made no continuity assumptions.
Asusual , we define the tensor product and pull back of metrized line bundles.

The metric || || on L is called bounded if for any affine open subset U
of X such that /. is trivial on [/ the followiug is satisied: For any s € L(U/)
without zeros in U (K), the function log |s|| is bounded on bounded subsets of
U(K). (Here, U may be viewed as a closed subscheme of an affine space and it
makes sense to speak about bounded subsets of U(K).) In the terminology of
[Lal], such a metric should be called locally bounded but since X is complete,
locally bounded and globally bounded are the same. In particular, if L is
trivial on X and s is a global section without zeros, then log[js|| is a bounded
function on X (K.

Let | |I, ] | be two netrics on the line bundle L. For any z € X (K),
let s be a local section of L non-vanishing in x. Then

170 0= sl /1

8

does not depend on the choice of g, Therefore it gives rise to a globally

defined real function on X (K). If the metrics are bounded, then the above
shows that || || /|| || is & bounded function on X (K).

Example 1.2. On a projective space P?, we always fix a set of coor-
dinates zg, ..., x, without mention. For any closed ¢-dimensional subvariety
X of P%, we have the Chow form iy (&, ...,£,). It is a multi-homogeneous
polynomial of multi-degree (degX,...,degX} in the dual coordinates. If K
is algebraically closed, then Fx is up to multiples determined by

{Ffx =0} = {{&,-. ., &) € (BR)™H X Néen--N& =0}
Here &g, ..., & in the dual projective space ]f”?( are viewed as hyperplanes in

P%. In general, one can use base change to K. The coeflicients of Fx are in
K.
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Now we assume that the absolute value on K is non-archimedean with
valuation ring K°. We define a bounded metric on Op«{1) by

ls(@)l = fs(a)] / maxe;|
for any global section s of Opa(1). It is called the standard metric and the

corresponding metrized line bundle is denoted by Op«(1). The transforma-
tions of coordinates not changing this metric are induced by the group

G:={Ae€GL(n+1,K%;|det A| =1},

Let |Fx| be the maximum of the absolute values of the coefficients. Then
|Fx| is invariant under change of coordinates induced by G. We conclude
that

—log(|Fx (&, .- &) / 1Fx])

is invariant under G. It is called the local height with respect to the metrized
line bundle Op~{1) and the global sections &g,...,%. Note that it is a real
number if and only if SN NENX =0

Example 1.3. We still assume that the given absolute value on X is
non-archimedean. Let P := P™ x ... x P be a multi-projective space (with
a fixed set of coordinates on each factor). The pull back of Op=;(1) under
the j-th projection is denoted by Op(e;). Moreover, if we use the standard
metric on Opn; (1}, we get a wetrized line bundle Opley).

Let X be a {-dimensional closed subvariety of Pr. The Chow form
Iy {€g,. .., &) of X is a multi-homogeneous polynomial of degree d; in the
variables £, = (£, ..., &in, ). Here d; is the degree of X with respect to the
line bundles (Op{ej))je{m ) If K is algebraically closed, then Fy is
determined up to multiples by

{Fx =0} = {(£0,.., &) € Bx; X (16N ---NE = B} .
As in Example 2, the local height

—].Og(|FX(£Ds--':Et)| / ‘F}(l)

depends only on the
¢

of X with respect to (O(ej),fj € I‘(P,O(ej)))
7=0,...,
metric and not on the specific choice of coordinates.
1.4) Next, we want to recall the %-product of Green currents. The main

reference is [(G5]. As we are interested in local heights with respect to line
bundles, we may assume that one Green current belongs to a Cartier divisor.
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Let X be a compact complex manifcld and let ¥ be a closed subvariety
of X. We assume that X is irreducible and reduced. Let n be the dimension
of X and let p be the codimension of Y. We have differential operators d, d©
[GH, p. 109} acting on differential forms and currents. For any 2n — 2p form

1, we define
den) = [ .
Y

This gives a current of bidegree (p,p). If w is a L'-form of type (p,p), then
it may be viewed as a current [w] of type (p,p) by

[w)(n) -.:ijAn.

A Green current for Y is a current ¢ of bidegree (p — 1,p — 1) such that we
have a smooth (p, p)-form w(g) with

Now let L be a holomorphic line bundle with a smooth hermitian metric
[ ||. If s is & non-zero meromorphic section of L, then [log ||s|| ] is a Green
current for div(s) and

w(llog Is| 7)) = ea(L, 1| ) -

This is the Poincaré-Lelong equation. Suppose that div(s) intersects ¥ prop-
erty. For any 2n - 2p form n, let

(08 Is] A3y} ) = [ tog sl

and
(es(E 1 1) A ) () 5= glea (Lo | 1) A ) -

By linearity, we extend all definitions to cycles instead of subvarieties. The
star product of [log ||s|i~%] with the Green current g for Y is given by

[log ls[| 7] * g == log ||sll ™ A 6y +er(L, | ) Ag .

It is a Green current for div(s).Y with

w(llog lIsll ™) * g) = ex(L, [| 1) A w(g) .

This *=product should be viewed as an analogue of the action of Cartier
divisors on cycles in intersection theory [Fu], Tt has the same properties if we
pass to equivalence classes modulo the ranges of d and d°. So up to now, we
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consider only such equivalence classes of Green currents and if two currents
T1, T3 are equivalent, we write T4 = 74,

If T iz a current of degree 2n, then we define
1
(X} = §T(l) eC

where 1 is the constant function on X. For our purposes, the nornmalization
of d° is a little bit inconvenient. It leads to the fact that [log ||s] %] is & Green
current for div(s) instead of [—log||s||]. This explains the 3 in the definition
above. If X is a compact complex space, irreducible and reduced, then the
above can be generalized using either Hironaka's resolution of singularities
or working with differentiable forms on singular spaces [BH].

Now suppose that X is a compact K&hler manifold with Kahler form w.
The Kihler metric gives rise to harmonie forms on X. For a cycle Y, there is
a unique Green current gy vanishing on all harmonic forms and with w({gy)
harmonic. Uniqueness means up to the ranges of d and d° since a Green
current is viewed as an equivalence class. We call gy the Arakelov current
for Y. It was introduced in [Fa).

1.5) Assume now K = C with the BEuclidean absolute value. Let PP =
Pro % .- x P and let X be a t-dimensional closed subvariety of Pp. We
denote by P the dual projective space, it is the space of hyperplanes in
P*. For P := P x --- x P let py,p» be the projections of Pe x Pe
onto the factors. For «« = (,...,{, there is a canonical global section F,, of
Pi0p(eq) ® paOpleq). If zg,. .., Ty, are coordinates on P™ and &, ..., &y,
are dual coordinates, then

Fa(mz‘f) = -‘TOé-O qPadaqe Evla‘fnu o
In fact, the Chern form Fly is defined by
div(Fx} = pa.(divFy. .. divEF.pi (X)) .

On Opn, (1), we kave the I'ubini-Study metric. Using pull back and tensor
product, we get a standard metric on any line bundle M of multi-projective
space and we denote the metrized line bundle by A. Recall that gy denoies
the Arakelov current for a closed subvariety Y. From [So], we get

. _ -2 =

Lemma 1.6. i) gaive, = [log||Fall "] — 272, %;

i1} gaivry = P2s (P10X * 9aivrn * -+ * Gaivr, ) -

The next result is a translation of [So, Théoréme 3] to the local
archimedcan case.
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Proposition 1.7. For j = 0,...,t, let s; be & non-zero global section
of Opgle;}. We suppose that

Idivigg) M---Ndivig ) NX =10.

Let § be the product of the unit spheres in €%+ (i = 0,...,£). On 8, let
dP be the product of the Lebesque probability measures. Then we have

([log llsall =] = +-+ & Hogllsell "] | X)
= / log | Fx (£)| dP(E)

— l:'I}', !.'I'I,'-,' in'.l'n. MM ..'!-'.I)I
T L
+ ; :EH_. Sl XY 2-_’ .

i=0 g1

where s, is the vector of coefficients of s; and where §;(X) is the degree of
X with respect to the line bundles (Op(e;))

i
Proof: We want to normalize the vector 8; = (840,.. ., 8, ) such that it
0 1/2
has Lo-norm 1. For example, if we replace so by so / (372, |50;1%) 2 then

the left hand side of the claim changes by
. 2 -2 -2 i . 2

(log (3 [s0317) = log il 2 x -+ - x log lsuf ™ 1X) = < Tog(3_ lsos * 8o X)
F=0 F=0

Since the Chow form is multi-homogeneous of degree (50 (X)), ..., (5,;(X)), the
right hand side changes by the same quantity. Therefore, we may assume
that the vector of coefficients of all s; have Lo-norm 1.

Let s be the point of Pe corresponding to (sg, .. ., 5:). The restriction of
log || Fo|| ™2 to Pr x {s} is equal to log [|sa|| . Together with the harmonicity
of the first Chern forms, we obtain

{llog lsoll ™) % - - - * [log 1| =] X)
= (llogllsall *] # -+ * [log |lsell ]  gx|Pc)
{[log | Foll =] * - -+ [log || Fell =] » pigx Pc x {s})

1 - . * *
5 (Log [ Fo[|™*} = - -+ [log | F4]| "] » pax *pigs) (1)

Here, we have used that for a Green current g with harmonic w(g), we have
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(9]Y) = 3(g * gv)(1). Note that

o

- -

:f SN (e +E) A A (o + ) Awx Aws
Pc)(]l-)c 7 l.rl'

ng 1
=17

o |71 72 -+ [log |12t ™2] = wigux * Pags ) (1)

f‘_‘\

k-arr—l

where ¢, & are the pull-backs of ¢; (Op(e;}), ¢1(Op(e;)) to P x Pg and wy,
wg are the pull backs of w(gx) and w{gs).

By Lemma 6 1), we get

(llog lsoll *] - -+ [log|s:] ] | X)

1 * *
= 'Z’(QdivFg * % gaivr, * PIOX * pags) (1)

+%§i:5 2;:—

1=0

oL | =

By Lemima 6 ii) and projection formmula, the first surnmand equals

1
E(gdlva * 95) (l gleF)( l {S}
Let now & = ¢; (Op(ei)). Then we have

log | Fx [l 7] — gaiwrx
= ([ loslFxlI e A A
Pe

= | fs log |Fx (€)] 2 dP(£)]
We obtain
(ganrs | {}) = /3 log | Fx (€)| dP(£) — log | Fx (s)|

This leads immediately to the claim. U

Up to now, the complete absolute value | | on K may be either
archimedean or non-archimedean. I'ix ¢t € IN.
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We use the following notation. Let Z1, ..., Z, be pure dimensional cycles
on the algebraic variety X and let p; be the codimension of Z; in X. The
support of Z; is denoted by |Z;|. We say that Zy,..., Z, intersect properly
if for any subset I < {1,...,r} every irreducible component of M;c;Z; has
codimension ), p;. The support of a Cartier divisor is denoted by |D)|.

Definition 1.8. A theory of local heights for t-dimensional varieties
consists of the following data: For any complete algebraic K-varicty X of
dimension t, there is a submonoid g} of the group of isometry classes of
line bundles with bounded metrics. It is required that gt is closed under
pull back. For non-zero meromorphic sections s; of L; € gl such that
|div(sg)|,...,|div(s¢)| intersect properly, we assume that there is a local
height

A(f;n.ﬁ'ﬂ),-- ,(fmﬁt)(X) €R
satisfying the following properties.
1) The local keight is multi-linear and symmetric in (f/J, 85) =0, t-

ii) If ¢ : X’ - X is a morphism of complete t-dimensional K-varieties,
then the projection formula

! — -
A(ﬂu,sf,),...,(ﬁl,sl)(W*(X )) = /\(p-(ﬁu,sn),_. ,vp'(L,,,sl)(Xl)

holds. Here, we extend the local heights to all cycles by linearity.

iii) We consider a second metric || ||" on Ly with resulting metrized line
bundle L’ € pk. Let C_ be the infimum and let ¢!, be the supremum
of log(l I /1 1) on X(K) (cf. 1)). Then

Codegr,, .0, (X) < Xz syntbnns () = Mts oy isy (X
S O+ degL[,- -,LJ,(X)

where degy,  , (X) is the degree of X with respect to Lq,..., L.

iv) Let s}, be another non-zero meromorphic section of Iy such that
|div(sg}|, [div(si)],. .., |div(s:)| interscct properly. Then

Miosod, (L) KD = Aigsr), o (Besny (XD

( ;) (dlvsl divst)

(Here, for f € K(X) and P; € X(K), we define f(3, n;F;) :=
[1; (7)™

v) Let P:=P" x..-x P! be a multi-projective space. We use the standard
metrics on the line bundles Op{e;). Then the restriction of the metrized
line bundle Op(e;) to the closed subvariety X is in gy Forj=0,...¢,

=log
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let s; be a global seetion of Op(e;). In the rotation of Example 3 and

Preposition 7, the local height of X with respect to (Op(e;), 85} =0, . ¢
equals
log | ITx| — log | Fix (so, .. ., 8]

in the non-archimedean case and

/log
Js

in the archimedean case.

Tiy

4
Fx(&4P(©) ~ g Fx(sor o0l + 25 5,003 1
i=1

i=0

Note that deg, (X)) = 0 for any Li,..., L, € g% To prove this, we
may assume that X is projective (Chow Lemma) and ¢ > 0. We argue by
contradiction. Ifdeg,,  ; (X) <0, then it follows from iii) that the metric
of L € g% is unigue up to tensor product with Ox and a multiple of the
trivial metric. Using an embedding Into projective space P, this has to be
true for the restriction of Op»(1) to X. By a change of coordinates on P,
we get casily a contradiction

Proposition 1.9. Let (g7, A} be a theory of local heights. For a com-
plete K-varicty X, let P% be the set of isometry classes of metrized line
bundies of the form *Op-(1) where ¢ @ X — P% is a K-morphism and
Ope{1) has the standard metric, Then B% is a submonoid of g} and A

induces a theory of local heights (‘13}, A) which is mdependent of (g}, A).

Proof: Let X be a complete K-variety and for j = 0,...,¢, let s; be
a non-zero meromorphic section of f,j € ‘I!}. It follows from v) that Pt is
& subset of g. Using Segre embeddings, it follows that Pl is a monoid.
We have to show that the local height A(X) with respect to (Lj, $5)520,. .0
is canonically determined by i} - v) of Definition 8. By iv) we may assume
that it exists a K-morphism ¢ from X into a multi-projective space P :=
P7e x .o x P™ such that 1:3- = ¢*Ople;) and that s; is the pull back of a

global section of Op(e;) for all 4. Using ii} and v}, we get the claim. O

On a complex variety X, a line bundle L with sinooth hermitian metric
is said to have semi-positive curvature if and only if @* (L) has semi-positive
curvature for all meorphisius ¢ from smooth complex varieties to X

Theorem 1.10. In the archimedean case, there is a theory of local
heights for ¢-dimeusional varieties over K. For convenience, let K = C with
the usual absolute value. For a proper variety X over K, let gx be the group
of isometry classes of line bundles with smooth hermitian metrics. Let g}
be the subset of elements with semi-positive curvature. For 5 = 0,...,¢, let
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$; be a non-zero meromorphic section of L; € gk. If |div(sa)|,. .., |div(s,)]
intersect properly, then we define

soll 72 + -+ x [loglls.|| 73] | X} .

Ahorso),os(Ee ) (X} = ([log |

Then (g*, A) is a theory of local heights.

Proof: Obviously, g} is a submonoid of gx. We have to check the
properties i) - v} in Definition 8. Clearly, i} and ii) are satisfied. To prove
iii), note that g = log(|| || / || |} is & C*°-functiou on the complete K-varicty
X. Using multi-linearity of *-product, we get

{llogllsoll ] +- -+ flog s *] | X
_9 —2
~ {[log llsoll” "] % - = [log |ls:] 7] | X)

:f per(fn) A Aer(Ly) .
X

S¢

By positivity of the Chern forms, we get iii).
Next, we prove iv). We have g := log||s)||--log||se|| = log|s;/sal. Using
w(g) = 0, iv} is a consequence of

([log llsol{ %] = -+ * {log ls: "] | X)
—([log lspll" "] %+ [loglisill %] | X)
= (g [ div(sr)...div{s,)) .

Finally, v} is just Proposition 7. [}

Remark 1.11. To prove Theoremn 10, we have only nsed the basic
properties of the action [log |]si|72] x g, In {(G5], these rules are proved under
the Liypothesis that X is an algebraic variety. However, the definitions and
proofs can be gencralized to the case of compact complex spaces. Then
Theorem 10 remains true if we replace complete K-varieties by compact
complex spaces which are irreducible and reduced. Details will be given in a
joint book with E. Bombieri.

We need an analogue of Proposition 7 in the non-archimedean case.
As the *-product is replaced by intersection product on models over the
valuation ring K°, we have to assume that the valuation is discrete.

Proposition 1.12. Assume that | | is a discrete absolute value on K
with uniform parameter . Let P = P" x - .- x P™ be a multi-projective
space. For j = 0,...,¢, let s; be a global section of Op, (g;). Let X be a
t-dimensional closed subvariety of Py such that

|div{sg) NN |div(s)| N X =0 .
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Using intersection product on the model Pgo over K¢, we have in the notation
of Example 3 and Proposition 7

—log {m x| deg(div(so) ...div(s,). X} = log |Fx| — log |Fx (so, ..., s:)| -

Proof: We use the same notation ag in the proof of Proposition 7. If we
replace sg by s¢/ |se| where [sg| := max;—y . n, 805!, then the left hand side
of the claim changes by log|sg| dp(X) (use projection formula) and so does
the right hand side. Therefore we may assume that |s;| = 1 for all . Using
the projection formula two times and a Chow form F§ of Gauss norm 1, we
get

deg(div(so) .. .div(ss).X)
eg(div(Iy). .. div(F).p1X.p;{s})
eg(divFy {s})
~log|Fx (s)| + log | Fx|) /(~ log|mx|) - a

d
d
(

Lemma 1.13. Let X be a proper flat variety over the complete discrete
valuation ring K°. Suppose that [} is a vertical Cartier divisor on X, i.e.
the restriction of D to the generic fibre X of X is equal to the zero divisor.
For all z € X(K), we assume that |f(z)| < 1 where D is given by a rational
function. f on a neighbourhood of the closure of = in X. Then the Weil
divisor associated to D is effective.

Proof: Tet X' be the normalization of X. Then X' is finite over X.
So we may assume that X is normal. Let m(D, W) be the order of D in the
irreducible component W of the special fibre of X. Since Og w is a normal
local ring of dimension 1, 1t is a discrete valuation ring. Let my be a generator
of the maximal ideal. There is € X{K) with specialization w € W such
that mw is regular in w. Suppose that D is given by the rational function
fon a neighbourhood of w in X. By construction, we have |mw (z)] < 1. It

follows from o
| ()P = (2)] < 1

that m(D, W) > 0. This proves the claim, O

It was noted by Zhang [Zh] that in arithmetic intersection theory, the
height of a horizontal c¢ycle depends only on the metrics on the line bundles
and not on the particular model. The proof of the next theorem is similar to
his considerations.

Theorem 1.14. Let K be a complete field with respect to the discrete
absolute value | |. On the algebraic closure K of K, we consider the canonical
extension of | |. For a complete K-variety X, let 3 be the isometry classes
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of metrized line bundles of the form ¢*Op=(1) where ¢ : X — PE is a
morphism. Then there is a unique local height X such that (P+,A) is a
theory of local heights for t-dimensional varieties over K.

Proof: Uniqueness ig clear from Proposition 9. To define the local
heights, we use intersection theory on models over the valuation ring. Since
the valuation ring of K is not noetherian, we have to pass to finite subex-
tensions of K /K.

Let X be a complete K-variety. For j = 0,...,t, let s; be a non-zero
meromorphic section of .Itrj € ’33}:-. Using Segre embeddings, we construct a
morphism ¢ from X into a multi-projective space P such that f,j = ©*Ople;)
We choose & finite subextension L/K of K /K such that all the objects in-
troduced above are defined over L.

By Chow’s Lemnma, there is a birational L-morphism 7 from a projective
L-variety X' onto X. Using blow up, we find a projective variety X’ over
the valuation ring L° with generic fibre X' and a morphism ¢ : X' — Pr.
over L° with restriction ¢ e 7 to the generic fibres.

To define the local height A(X) of X with respect to (L, 8;)=0, s, we
assume that [div(sg)|,.. ., |div(s.)| intersect properly. If Z is a cycle on X’
of (topological) dimension 0, then we define

(Z| X"y = —log|np|deg Z

where 77 is a uniform parameter on L. Note that the pairing is invariant
under base change. Then the local height is defined by

AMX) = (div(m*sq) ... div(m*s) | X) .

Here m”s; is considered as a non-zero meromorphic section of ¢*Op{e;). The
intersection product on X' is well defined modulo rational equivalence in
the special fibre. The local height is independent of L. Using blow up and
projection formula, we see that A(X) does not depend on the choice of X'
and the model X'

We have to show that A(X) depends only on the metrics and not on
the choice of . Simultaneously, we prove property iii) of Definition 8. Let
@' : X — P be a second morphism into a multi-projective space with L;=
©"™*Op:(e;). We may assume that these objects are also defined over L and
that ¢ o w extends to a morphism ¢’ : X' — I, over L°. On the common
model X', we have two line bundles $*Op(e;) and @ Op:(e;). Then 7*(s;)
extends to meromorphic sections r; and 77, respectively. Let A’(X) be the
local height of X with respect to @'. Then we have

AMX)-AX) = Z(div(ra) e div{rg g )div(r) frid div(rggs) . div(eg) [ X7

=0
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Let a; € K* with

ol = suplss@ll’ / liss ()l -
rEeX'(K)
Here || || denotes the metric of ¢/*Op:(e;). We may assume that all o; € L.

Let U be an open affine subset of X’ whose images in Pro and P7,
are contained in standard open subscts. Then the bundles ¢*Og(e;) and
@ Op:(e;) are trivial on U. Let y;, v} be local equations on U of ry, v} with
respect to trivializations. If z € U(K?), then it follows from the definition
of standard metric that

@)l = |w*ss@l , |rile)| = lnmss(z)]
Applying Lemma 13, we see that
div(r)/r;) 2 div(a;)

on X',

Now assume that the metrics || | and || || agree on L,. Together with
a similar upper bound, we get div(r}/r;) = 0. We conclude A(X) = X' (X),
i.e. the local height depends only on the metrics.

To prove iii) of Definition 8, let us choose two different metric || ||, || |’
on Ly as above. Using the notation above, we get

N{XY = MX) = (&1 .. co.div(rh/ra) | X7
> {er. .. crdiviag) | X%

where ¢; is the first Chern class of ¢"Op{e;). Using projection formula, we

get
AX) = XN(X) < loglao}degy,, .0, (X) -

Since the value group of K is dense in R% and using a similar lower bound,
we get iil). The properties i) and ii) are immediate from the corresponding
properties of intersection product.

To prove iv), let s be a second non-zero meromorphic section of Lg.

Let A(X) be as above and let X' (X) be the local height with sj replacing so.
Using the model X', we have

AX) - M(X) = (div(w*i?).div(vr*sl) . divir*sy) | X

50
= (div(n* fo) | Zo)
where fg := so/s and

Zy = div{m"s,} .. .div(7*s,). X" .
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Since fy is a rational function, the vertical components of Zp give no con-
tribution to {(div(m* fo)|Za). Let 3 , n;P; be the horizontal part of Zo. We
may assume that P; € X'(K). Then

(div(r* 7} | Py = —log|fo(F;)] .

This proves iv). Clearly, v) follows from Proposition 12. Therefore (P, A)
is a theory of local heights for {-dimensional K-varieties. d

Remark 1.15. In a subsequent work, Theorem 14 will be proved for
all non-archimedean fields (&, | [}.

Remark 1.16. Let K be any field with a complete absolute value | |
and let (g%, A) be a theory of local heights for ¢-dimensicnal varieties over

K. For a complete K-variety X, let /g} be the set of isometry classes L

of line bundles on X such that some power L&* € g}. Clearly, \/g} is a
monoid closed under pull back.

Proposition 1.17. Under the hypothesis above, there is a unique X’
such that (y/g*, X") is a theory of local heights extending (g, A).

Proof: Let L%™ < g% and let s; be non-zero meromorphic sections of
L; such that |div(sg)],...,|div(s:}| intersect properly. Then we define the
local height A(X) with respect to (L, s;) by
L

ALK 1= o A8 0870y 0207 o8y () -

It is easily verified that this is well-defined and satisfies i) - v). O

Let (gt, A} be a theory of local heights for #-dimensional varieties over
K. For a complete K-variety X, we consider the set g% of isometry classes
of metrized line bundles (£, || ||) on X satisfying the following property: For
n € N, there is a morphism ¢, from a complete K-variety X, of dimension
t onto X and a metric || ||, on ¢}, (L) such that (@} (L), || ||,.) € g}n and the
sequence

sup [log (|l I, /eh Il 11)]
IEXn(K)

converges to 0 for n — oco. Note that }| || is a bounded metric since @, is
proper and since ¢, || || is bounded for large n (cf. Proposition 2.18).

Proposition 1.18. There is 2 unique A such that (g+,}) is a theory
of local heights extending (g™, A). An isometry class L on the complete K-

variety X is in g} if and only if there is & morphism ¢’ from a complete
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K-variety X' onto X such that (¢')*L € g%,. Moreover, if (|| ||, Jnen is &
sequence of metrics on L inducing elements of g% and converging uniformly
to the metric || ||, then the isometry class of (L, ]| ||} is in g%.

Proof: Let ¢ and 4 be morphisms of comnplete ¢-dimensional K-varieties
X’ and X7 onto X. Then there is a commutative diagram

XIU

v e
Xﬂ' XH
AN v @
X

of surjective morphisms of {-dimensional K-varicties. Since ¢ and % are
fizite over an open dense part of X, we can use an appropriate irreducible
component of X’ x x X”. Hence g% is a monoid and g7 is closed under pull
back. For 7 = 0,...,t, let s; be a non-zero meromorphic section of f.j =
(Lj, 1 I;) € g% such that |div{se)|,...,|div(s,)| intersect properly. Using
the remark above, there is a morphism ¢, from a complete t-dimensional
K-variety X, onto X and, for all j, metrics || [|;,, on @} (L;) with Lj, =
(en(L) |l ;) € gk, such that the sequence

sup |1og (INZATR)
TEXL (K

converges to 0. Let A,{X,) be the local height of X, with respect to
(f/j'n, (,o;‘](sj))jzo, e By the projection formula and Definition 8iii), A(X,,)/
[Xn ¢ X] is a Cauchy sequence where [X, : X] is the degree of K (X))
over K{X). The limit A(X) is called the local height of X with respect to
(L, 8;)j=0. 4 By 8ii) and &iii), this is the only possibility to define A(X).
This proves umqueness Clearly, the definition of A{X} is s independent of the
choice of the sequence. It is immediately verified that (g+ A) is a theory of
local heights extending (gT, A). The other statements in Proposition 18 are
now trivial. a

Remark 1.19. Let (g, A) be a theory of local heights for +-dimensional
varieties over K. Then ( gﬂ?) is a canonical theory of local heights ex-
tending (g%, ). It is called the completion of {g*,A) and is denoted by
(5%, A). If we have g™ = §T, then (g™, A) is called a complete theory of local
heighta.

For a complete K-variety X of dimension ¢, let §x be the set of isometry
classes I of metrized line bundles on X with the following property: There
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is & morphism ¢ from a complete t-dimensional K-variety X' onto X such
that ¢*L is the difference of two elements of §%,. Clearly, jx is a group
containing §%.

For j = 0,...,%, let s; be a non-zero meromorphic section of f,j S
gx such that |div{sg)|,...,|div(s:)| intersect properly. The local height
Ao sohon ,(fq,m)(X) € R is uniquely determined by the properties:

1) ) is multilinear and symmetric in the variables (flj, 55)5=0, .t
ii) The projection formula is satisfied:
iii} On ﬁ}, A agrees with the completion of A,

Moreover, the change of section formula 8iv} remains true on jx. Using
the remark at the beginning of the proof of Proposition 18, this is easily
deduced from the properties of (§7, A).

Example 1.20. If the absolute value on KX is archimedean, then we
consider the completion (g+, 5\) of the theory of local heights defined in The-
orem 10. On a complete K-variety X, let £ be a line bundle with 2 smooth
hermitian metric. By Chow’s Lemma, there is a birational morphism ¢ of a
projective K-variety X’ onto X. The tensor product of cp*(i,) with a large
power of a very ample line bundle on X’ with a standard metric is in g},.
We conclude that the isometry class of L is in gx.

Now assume that the given absolute value is discrete. Then we consider
the completion of the theory of local heights (B, A} for ¢-dimensional vari-
eties over K (Theorem 14). Let X be a proper flat variety over the discrete
valuation ring K° with generic fibre X. If £ is a line bundle on X whose
restriction to X equals L, then £ induces in the following way a metric | |
on L. Note that P ¢ X(K) has a canonical extension to a K°valued point
P of X. This follows from the valuative criterion of properness. For a local
section s of £ corresponding to a regular function v under a trivialization
defined in a neighbourkood of P, let ||s{P)] := |y(P}|. It is easily checked
that this defines a metric on L. This metric was considered in [Zh], it is
called algebraic. We claim that the induced metrized line bundle L is in Py.
By Chow’s Lemina we may assume that X is projective over K. Then £
may be written as the difference of two very ample line bundles on X. Since
the claim is clear on projective space, we get immediately Le i]3 X-

For line bundles £y,...,L; on X with restrictions Lg,..., L, and non-
zero meromorphic sections sg, ..., s, such that |div(sg)|,. .., |div(s,)| inter-
sect properly on X, it follows from projection formula that

AEarsosa(Bese) (X} = (div(se) ... div(s:)]|X)

where on L; we use the algebraic metric induced by £; (¢f. Theorem 14_).
Note that the Intersection product on the right hand side is computed on X.
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2, M-Fields

Definition 2.1. An M-field K consists of a field K and a measure space
(M, 1) together with g alinost everywhere(jp-ae) defiued maps

Mo Ry v

=z,

for z € K. They are supposed to satisfy the conditions
a) |z +yl, <lzl, +1yl, pac
b) [ayl, = lo, lyl, p-oe
¢) loglzl, € L} (M, |) and 0], = 0 p-ac

forall z,y € K and z € K".

Example 2.2. Suppose K is a field with a sect M of absolute values
such that

{v e Mi|af, # 1}

is fnite for all ® € K*, On M we consider a point measure g, i.e. finite sets
are measurable and have finite positive measure. Obviously, K is an M-fleld.

Definition 2.3. Let A be an M-field. For e € K7, let

da ::/ log |al, de(v) .
M

If dy = 0 for all &« € K*, then we say that the product formula is satisfied.
So d, measures the defect of the product formula.

Example 2.4. Let B > 0 and let Mp be the closed disc in € with
radius ?. The field of meromorphic functions on My is denoted by K. On
the boundary dMp of My, we consider the probability Lebesque-measure.
In the interior, the following point measure is considered:

 Jlog(R/|v) HO<|v|<R
“({”})'_{ng ifu=0.

This gives a real measure g on Mg which is positive if and only if R > 1.
For f € K}, and v € Mp, let

7] o= Fw)] ifve dMp
lo 3= emordtsm) it o < 12

where ord(f, v} is the order of the meromorphic function f in v. It is easy
to check that Kg is an Adp-fleld. Let ¢f be the leading coefficient of the
Laurent scries of f in 0, then the defect d; of product formula equals log |¢f|.
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This is a consequence of Jensen’s formula. For details, the reader is refered
to [La2, p. 163].

Remark 2.5. Let K, M and p be as in Example 2 and suppose that
the product forinula is satisfed. Let F/K be an algebraic extension. For
any subextension L/K, we denote by My the set of absclute values L. which
extend an element of A7, The purpose is to define a wmecasure on Mg such
that the product formula is satisfied.

For a finite subextension L/ K and for w € M, let
Aw = {U S fl/i'p : u|w} .

Here u|w means that the restriction of the absolute value | |, to L equals
| {,,- Using that, we identify any subset of M, with a subset of Mp.

Let v € M be the restriction of the element w € A;, and let K, be the
completion of X with respect to v. Up to isomorphism, there is a unique
decornposition of L&x K, into a product of artinian noctherian local rings R;.
There is a bijective correspondence between factors B; and the extensions
w’ of | |, to L given by the fact that the completion of L with respect to w’
is isomorphic {as an extension of K,) to the residue field of a unique R;. Let
H., be the factor corresponding to w, then we define

U(Aw) = ([Rw :I{u} / [L : K])lu’({b}) .

Let L'/K be a subexteusion of L/K and let w' € M. It is easy to check
that

wiw'

wehdy,
Let Ayp be the set of finite subsets of M, then A is closed under intersection
and forming A\B. The above consideration proves that p induces a positive
additive function on B = Ug. A, where L ranges over all finite subextensions
of F/K. Let (By)nen be a decrcasing sequence in 3 with empty intersection.
Note that Mp = lim My, where L ranges over all finite subextensions of F/ K.

-
Obviously, we may suppose that B, is contaied in the fibre My, over some
v € M. Then we have My, = lim M ,. We endow every Mg, with the dis-
-

crete topology, then Ay, is compact and the A, 's form a basis of topology.
The Ay’s are closed as well, hence any By 1s closed. By compactness, only
finitely many H,’s are non-empty.

Thercfore, we have a unique extension of g to a positive measure on
(M, A) where A is the o-algebra generated by B, Then £ is an M pe-field and

IVl = T A5 (fel)

weEMp
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implies that the product formula is satisfied.

Example 2.6. The standard example is X = {} with the sct A of
non-trivial absolute values. They are normalized in the following way. In the
archimedean case, we take the Euclidean absolute value. For a prime number
p, the p-adic absolute value is assumed to satisfy [p[, = %. Together with
the counting measure, this gives an M-field satisfying the product formula.
Using Remark 5, any algebraic extension I7/Q) will be in a canonical way an
Mp-field satisfying the product formula.

Example 2.7. Let ¢ > 1 and let X be a projective variety over the
field k. Denote by deg the degree with respect to an ample line bundle. We
assume that X is regular in codimension 1. Let A be the function field of X
and let M be the set of prime divigsors together with the counting measure
ji. For v € M, the order iu v is a discrete valuation on K. For f € K, let

Ui - C—ord(f,v)dcg(v)
Y

be the corresponding absolute value. Then K is an M-field satisfying the
product formula.

Example 2.8. Let Kg be the Mp-field of Example 4. We are going to
define an M-field structure on the algebraic closure K.

Let L/K g be afinite fleld extension of degree nn. There is & primitive ele-
ment fo of L/ r. The coeflicients of its miuimum polynomial are defined on
an opcu neiphbourhood U of Mp. By the theory of Riemann surfaces, there
ig, up to isomorphism, a unique finite Lolomorphic covering = : Xy — U of
U by a smooth complex curve Xy with field of meromorphic functions iso-
morphic to the subfield of L generated by fi and the meromorphic functions
on U. The degree of the covering equals n. If I/ iz an open subset of [/ con-
taining Mg, then the covering #' : Xy — U’ is isomorphic to the restriction
of 7 to YU’} since they have isomorphic ficlds of meromorphic functions.
It follows that My := 77 (M) is a comnpact cemplex Riemann surface with
boundary not depending on the choice of /. If we define & meromorphic
function on My as the restriction to M, of a meromorphic function on a
neighbourhood of My in Xy, then the feld of meromorphic functions on My
is isomorphic to L. Up to isomorphisms, My is determined by I and we
identify L with the ficld of meromorphic functions on M.

Next we look for an M -field structure on L. First, we define the measure
iz on the boundary. Outside a set ¥ of measure zero, the covering is a local
isomorphism. Let w ¢ £ be a local paramter on dM;, and let v be the
corresponding local parameter on 9Mz. Then we define pp {dw) := = p(dv).
In the interior of My, pr will be a point weasure. For w € M \OMy with
image v in Mp\dMp, let pp{({w}) = ﬂf-ly({v}) where r{w) is the order of
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ramnification in w. For f € L, we define

| F(u)| it we dMy,
= grordlfwl/riv} if g ¢ M \OM)y, .

If f € Kn, then we have |f|, = [f],. [t s easily shown that L is an Mp-fleld.

Now let L’/L be a finite extension of degree m:. Then we get a finite
covering Mp, — My of degree m. If w’' € My, maps to w € My, then | |,
is an extension of | |, to L', For f € L, we have

] log £, dup:(w') = f log | £1,, duz (20}
MLF ML

Let dy be the defect of preduct formula on X 1, then we claim that d; = ﬁde
where N f is the norm of f with respect to L/A k. The above consideration
shows that we can assume that L/K g is a Gulois extension. Then the Galois
group of this extension is isomorphic to the transformation group ¢ of the
covering «. We have

| glsl, dutw)
M\IM

I
1]

> log|fl, o ({w})

vEMp \dM y T uwi=0

S D S (R e
wie A g\ DM {ue}=u
1 : =
=2 tog 511, dia(o)
St aat
where in the last step we have used m,div(f) = div(Nf). Using the action
of G over nou-ramified points, we get easily

L7
/ log |f|, dinp(w) = —/ log |V f|, dulv)
SNy, MR

[

This proves dy = 2dny.

We define Mz as the inverse limit of My, where L ranges over all finite
subextensions of Kg/K . The Riemarn surfaces induce a comnpact topology
on Mg := Mg_. But this is not the right topology. On the interior of My,
we have to replace the usual topology by the discrete topology to ensure
that pp is a regular Borel measure on M. Then Mp is locally compact
and its boundary dMy = le OMyp, is compact. Similarly as in Remark 3,

the measures pg on Mp\&@Mr induce a measure pu on Mp\OMg. Let Up
be a measurable subset of M and let 7w be the projection of Mg onto
My, Then we define p(n, 'Ur) = pup(Up). It is easily shown that this is
independent of the choice of L and gives an additive function: 1 on some class
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of subsets of 83 containing a basis of open sets. This class is closed under
forming intersection, union and complement. If (An}nen is a decreasing
sequence in this class with empty interscction, then limg, e p(A4,) = 0. To
see this, one approximates p(A,) by 2 sufficiently large compact subset Ky
of A,, such that u(A,\K,,) < €27 There is a sufficiently large m such that
M Bm = . 'We conclude that p(A,,) < e Now p has a continuation to
a pasitive measure p on GMp. Together with the measure on Mp\OMg, we
obtain a measure g a M. Finally, Ky is an Mp field.

Remark 2.9. Let 5 be a countable subset of the M-field K. There is
a countable subficld £ of K containing 5. We can choose a subset M’ of
M whose complement is a null set such tkat the restriction of | [, to K’ is a
well-defined absolute value for any v € M".

Remark 2.10. The main problemn in the context of M-flelds is that
the maps | |, have not to be absolute values. Since we are concerned with
problems arising from algebraic geometry where finitely many varieties, line
bundles or meromorphic sections are given over the M-fied K, we can find
a finitely generated subfield K’ of K such that all these objects are defined
over K'. Skipping a null-sct M\M', we may assume that the restriction of
||, to K' is an absolute value for all » € M’ (Remark 9). Clearly, K’ is an
M'-field.

2.11) At the end of this section, we want to introduce boundedness in
the context of M-ficlds. Let us assume for a inoment that all | | are absolute
values on K. For v € M, let K¢ be the completion of the algebraic closure of
the completion of K with respect to the place v. Note that K" i3 a complete
algebraically closed field [BGR, Proposition 3.4.1/3]. For a K-variety X, let

XMy =[] X(E*) = {v}.

vEM

Assume that X is affine. Then F C X(M) is called M-bounded in X if and
only if for any regular function a on X, there is an integrable function ¢ on
M with

a(P)], < ()

for all (P,v) € E. Then there is a well-known procedure to define M-bounded
subsets of X (M) for any variety X over K, and one deduces similarly as in
the number ficld case that X{A4) is M-bounded if X is proper over K. We
shall prove that below, but first we have to deal with the problem that | |,
has not to be an absolute value on K. As indicated in Remark 10, we have
to pass to finitely generated subfields K’ of K. If the reader is not interested
in these technical details, then he should skip 12) and Definition 13 and he
should read the rest of this section under the assumptions of this paragraph.
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2.12) Let K be an M-fleld. We introduce the following category €.
An object 1s a family A := (A,)uens of sets where M’ is a subset of M
such that M\M’ iz a null-set. Two such families A and B are defined to be
equal if A, = B, for almost all v. A morphism  [rom an object A to an
object B is a family of maps ¢, : A, = B, for almost all v. An object A i3
called a subset of the object B if A, C B, for almost all ». For two subscts
A1, Ay of B, we can form well-defined objects A: U A, Ay N Ay, A1\As by
using the corresponding operations in almost all components of the family
B. Similarly, we define the image and the inverse image of an object under a
morphism in the category €. Let X be a K-variety. Then there is a Anitely
generated subfield K such that X is defined over K, ie. it exists a K-
variety Xo such that X 2 X @, K. For a finitely generated subfield K " of
K containing K, let My be the sct of v € M such that the restriction of
| |, to K’ is an absolute value. By Remark 10, the family

XU(MK’) = (XU(FU))'UEMK:

is an object of €. Note that it depends on the choice of K| and of Xj.

We form a new category €. An object in €' is a family (Ax+) of objects
in € (with K’ running over all sufficiently large, finitely generated subfields of
K'Y such that Az is a subsct of Ag» for K/ € K. Two such families {Ag)
and (Bgv) are viewed to be equal if and only if Ay = By for sufficiently
large K'. A morphism ¢ of the cbjects (Ax) and (Br) in €' is a family of
morphisms @y @ Agw — By in € for sufficiently large K7 compatible with
Agr © Apr and By C By for K/ € K”. An object (AKI) is called a
subsct of an object (By} if Ax: is a subset of By for K’ sufficiently large.
For two subsets (Ag) and (Ag), we get well-defined objects (Ax ) U (Ax),
(A )N (A, (A N\ (Agx:) in € by using these operations componcentwise
for sufficiently large K'. Similarly, we define the image and the inverse image
of an object in €'. A real function on an object (Ag:) is a morphism from
(Ag:) to the object (R} of €. With real functions on an object, we can form
the usual algebraic operations, the maximum and the minimum. Moreover,
if fis a real function on an object of €, then it is easy to define a subset
{f = 0} by proceeding componentwise.

For example, the family
X(M) = (Xo(Mg)),

where K’ runs over all finitely generated subfields of K containing Kj, is
an object of €. It does not depend on the choice of K} and Xy up to
isomorphisms. A morphism @ : X — X’ of K-varieties induces a natural
morphism X (M) — X'(M) in € also denoted by ¢, i.e. we get a functor
from the category of K-varieties to €. Let a be a regular function on X, If
K13 a finitely generated subfield of K containing Ky such that a is defined
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over XK', then we have a real function on Xg{My) given by (P, v} = |a(P)],.
This induces a real function |a| on X (M). If E is a subset of {|a] > 0}, then
we say {a(P)|, > 0oun E.

Definition 2.13. Let X be an affine K-variety, Then F < X (M) is said
to be M-bounded if for any regular function a on X, there is an integrable
function ¢ on M such that

on K.

Note that this definition coincides with the one in 11) under the assump-
tion that all v € M give absolute values on K.

Definition 2.14, For any variety X over K, & € X(M) is said to be
M-bounded if there is a covering of X by affine open subsets (U} =1, - and
a decomposition E = | J;_, E; with E; C U;(M) such that E; is M-bounded
in U for all § (in the sense of Definition 13).

Obviously, both definitions agree on affine varieties.

Lemma 2.15. Let E be an M-bounded subset of X (M) and let

(Vk)kzlj_ s be an open affine covering of X. Then there is a decomposi-
tion E = | J;_, Ef with E| M-bounded subsets of Vj, (7).

Proof: Let (U}, E;};=1, . be a decomposition as in Definition 14. We
may asswmne that the covenng (Vk) is a refinement of (U;). So we may assume
that X is affine and that V}, = {xg # 0} for some 1egula,r function zx on X,
Since (V) is a covering of X, we have regular functions a,,...,as on X with

21T+ -+ agry = 1.
We define a subset of £ by

Be 1= {lox(P)l, = max |o;(P)],} -

Obviously, we have E = J;_, Ex and Ex C V(M ). We have to prove that
Ey is M-bounded in Vi It is enough to check the inequality in Definition
13 for a set of generators of Ox (V) and hence for |/z;. Using the relation
above, we obtain

(/) (P, < |s|3* jmex |a_7 P,

on Fj, where §, is one if v is archimedean and zero otherwise. Since £ is
bounded in X, there is ¢ € LY(M, 1) with

max [y (P)], < e(v)
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on F, This proves the clalm, O

Proposition 2.16. Let ¢ : X — X’ be a morphism of varieties over K
and let £ C X(M). If E is M-bounded, ther ¢(F) is M-bounded in X’. If
@ is a closed immersion and ©(F) is M-bounded in X', then E is beunded
in X.

Proof: The first claim follows immediately from Lemima 15. The second
claim is trivial. a

Proposition 2.17. If X is a projective variety over K, then X (M) is
M-bounded.

Proof: By Proposition 16, we may assume X = PP}, Let rg,...,z, bea
set of coordinates on P™. We consider the decomposition P (M) = UJ;_, E;
and U := {z; # 0}, where

B = {la;(P), = max_|malP),}
Obviously, this decomposition satisfies the assumption of Definition 15, O

Proposition 2.18. Let ¢ : X — X' be a proper morphism of varieties
over K and let E' be an M-bounded subsct of X'{M). Then =1 {E') is M-
bounded in X. In particular, X (M) is M-bounded for a complete K-variety
X

Proof: By Chow’s Lemma and Proposition 16, we may assuime that ¢
is projective, i.e. it exists a closed immersion ¢ with a commutative triangle

X LA
© v
X.'

By Proposition 16, we may assume that X = IMy,. Moreover, Lemma 15
shows that we may assume X' affine. So we have

IP}! = PI‘Oj OX! (.Xr)[ﬂ?(], v ,iﬂﬂ] .
Let U, := {z; # 0} and let E, C U;(M) be given by

By = E) N {las(P)l, = mmax |ze(P)l,}

It is irnmediately checked that £} is M-bounded in U;. a

Definition 2.19, Let X be a variety over the M-field K and let o be a
real function on X (M). Then o is said to be locally M-bounded if and only

SN

by §
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if for any M-bounded subset £ of X{A7), there Is an integrable function ¢
on M such that
(v, P)| < cfv)

on E. The function e is called M-bounded if there is ¢ € LM, p} such that
the above inequality is true on X (M).

Corollary 2.20. For a complete K-variety X, a real function on X (M)
is M-bounded if and only if it is locally AM-bounded.

Proof: This follows from Proposition 18. O

2.21) Let L be a line bundle on the variety X over the M-field K,
Suppose that K} and X, are as in 11). Morcover, we may assume that it
exists a line bundle Lg on Xy with £ = [y Bk K compatible with X =

Xo ®; K. Recall that Lo(My) is given by the fainily (LO(FU))%MK, for
any finitely generated subfield K’ of K containing K. We define a metric
on Lo(Mg) as a family || ||, of metrics on Ly (K'Y for almost all v. Recall

that L{M) is given by the family (Lqo(My)).

Definition 2.22. An M-metric || || on L is a real function on L(M)
inducing a metric on Lg(Mg:) for all sufficlently large, finitely generated
subfields K'. Moreover, we assume that for any open subset IJ and any non-
vanishing section s € L{U), the real function log||s|| is locally M-bounded
on U/,

Remark 2.23. Clearly, the trivial metrics on Ox (M) induce an M-
metric on the trivial bundle Oy called the trival A{-metric. It is easy to
define the tensor preduct, the dual and the pull back of M-metrized line
bundles. The details are left to the reader

Now let || ||, || |" be two M-metrics on L. Using the ahove, we get a
metric || || /1] ' on Ox. Evaluating at the section 1, we get a real function
on X (M) also denated by || | /|| || It is easy to see from the definitions
that this real function ig locally M-bounded. By Corollary 20, we get:

Corollary 2.24. If X is a complete K-variety, then log(|| || /| I} is
M-bounded.

Example 2.25. Consider the line bundle L := Opn(1) on P%. The
family of standard metrics (Examples 1.2, 1.5) induces a metric on L(Mg)
for any finitely penerated subfield K7 of K. This gives rise to an M-metric
on L called the standard M -metric. The resulting M-metrized line bundle
is denoted by Op-(1}.
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3. Global Heights

Let K be an M-field. For any v € M, we want to fix a complete
theory of local heights {g", A} for varieties over K. Since the maps | |, are
not necessarily absolute values, we have to pass to sufficiently large, finitely
generated subfields as indicated in Remarks 2.9 and 2.10. This will be made
more precige in the next paragraph.

3.1) Let v € M and let K’ be a finitely generated subfield of K such that
the restriction of | |, to K’ Is an absolute value. We denote the corresponding
place of K’ by o', Then we fix a complete theory of local heights (gj, LA 'U"))
for t-dimensional varicties over the completion K7, (Definition 1.8, Example
1.20).

Now we consider M-metrized line bundles L on a t-dimensional complete
variety X over K. Then X and L are defined over a finitely generated subficld
K by a complete variety X¢ and a line bundle Ly on X;. By definition, L
induces a metrized line bundle L(K', v) on X, ® K} XK, for sufliciently large,
finitely generated subfields K of K and almost all . We require that the
restriction of L(K',v} to any irreducible component ¥ of X ®x; K is
in gy )y at least for sufficiently large K’ aud alnost all v € M. The set of
isometry classes of such M-metrized line bundles is denoted by gy . Similarly,
we define gk, Then g} is a submonoid and gy is a subgroup of the group
of isometry classes of M-metrized line bundles. Moreover, they are closed
under pull back with respect to K-rnorphisms.

Definition 3.2. Let Ig,...,L: € gx with non-zero meromorphic sec-
tions sq, ..., s;. We say that the local height of a t-dinensional subvariety ¥
of X is well-defined if and ouly if |div(sg)], ..., |div(s;)|, ¥ intersect properly
and if the local height of ¥ in the theory {g,,A(:,v'}) docs not depend on
the choice of the sufficiently large, finitely generated subfield K’ of K for
almost all v € M. For such a subvariety ¥, the local height is a p — ae
defined function

U AL sohiLesn (Fo U)

on M. By additivity, we extend this definition to all t-dirnensional cycles,

Proposition 3.3. Tor a conplete K-variety X let ‘43} be the set of
isometry classes ¢*Opn(1) (Example 2.25} where ¢ is ranging over all K-
morphisms of X into some projective space. Then QS} is a submonoid of g}.
Let Px be the subgroup of gx generated by P% and let Y, (I\Jj,Sj)j:D,___,t
as above, If f,j € Px for all 7, then the lecal height of ¥ with respect
to (L;,5;5)i=0, .+ is welldefined if and only if |div(so)l,. .., |div(s:)], |Y]
intersect properly.

Proof: This follows from Proposition 1.9. For compatibility of local
heights, it is enough to note that this is true for multi-projective spaces. U
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Lemma 3.4. Let P:=P™ x -.- x P and let Z be a t-dimensional
subvariety of Px. Suppose that the local height A(Z, v) of Z with respect to
the standard M-metrized line bundles Op{e;) with global sections s; (§ =
0,...,t) is well-defined. Then the function v — A(Z,v) is integrable on M.

Proof: Skipping & null-set in M and passing to a sufficiently large,
finitely generated subfield of K, we may assume that all elements of M give
absolute values on K. The non-archimedean part M, and the archimedean
part Mo, of M are measurable as they are given by {log (2|, < 1} and
{log 2|, > 1}. Using 1.8v), it is clear that the restriction of A(Z,v) to
My, is integrable. So we may assume that all absolute values in M are
archimedean. Replacing the measure g on M by an equivalent one, we may
assume that all absolute values in M are the usual ones. Then M has finite
measure with respect to |u[.

Let Fz be the Chow form of Z and let 5 be the product of unit spheres
in CV++1 (E = 0,...,t). For v € M, we have an isometry K, —— C and we
denote the image of Fy by 3. We have to show that

vn—)[glog |Fgiz)| dP(z)

is integrable on M (Definition 1.8v).

First, we prove that the function above is measurable on M. Us-
ing approximation by step functions, it's enough to see that log |FE(z)| is
measurable for any £ € 5. We can approximate £ by points with coor-
dinates in Q(v/—1) {lying not necessarily on $). So we may assume that
z € P{Q(v/—1)). Then we have

log | F(s)| = Clog | Ny /oy Fa ()]

where

1 ify1¢cK
{ % ifv-1¢ K .
Anyway, this proves measurability.
Let |Fz|, be the maximum of the absolute values of all coefficients. Then

jlog Fg(z)| dP(z) — log |Fz|,
5

is bounded in absolute value by a constant independent of v (for a proof, see
for example [BGS, 4.3]). Since M has finite measure and since log|Fx/|, is
integrable on M, we get the claim. O
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Let X be a complete variety over the M-field K.

Lemma 3.5. Let Z be a t-dimensional cycle on X. Suppose that
(s0,...,8;) and (s,. .., s{) are non-zero meromorphic sections of (ﬁg, N, )
€ (gx)'™* such that (|div(so)| + |div(s})|,. .., |div(se)| + |div(st)], | Z] inter-
sect properly. If the local height Az . .,(L.,st)(Z: v) is well-defined and
integrable on Af, then ’\(ﬁa,sg),-.-,(ﬁc,si)(Z"”) is also well-defined and inte-
grable on M.

Proof: From the theory of local heights, we have for almost all v € AL

t
)\(LD:SE),---:(EL:SL)(Z’ 'U) B )\(fm,sa),...,(f‘t,s‘;)(z1 U) = Z log |fJ(ZJ)|v ?
=0

where f; == s} /s; and
Zy = div(sp)...div(s}_;).div(s;41)...div(s).Z .
This implies the claim. O

Lemma 3.6. Let F be an infinite field and let ¥ be a proper variety
over F. Let yy,...,¥%, be not necessarily closed points of ¥ and let M be
a line bundle on ¥. Then there is a non-zero meromorphic section s of Af
such that

{v1, .. a0 div(s)| =10 .

Proof: By Chow’s Lemma, we may assume that ¥ is projective. There
is a very ample line bundle £ on ¥ such that £ ® M is also very ample.
Since F' is infinite, for any embedding of ¥ into projective space, there is
& hyperplane section not containing g1, ..., yn. Therefore we have non-zero
global sections s1, s of £ & M and A, respectively, with

yi & ldiv(sy)|Uldiv(sa)l (G =1,...,m).
The non-zero meromorphic section s = 31/s5 satisfies our claim. 0

Definition 3.7. A t-dimensional prime cycle Z on X is called integrable
with respect to Lg,...,L: € gx if the local height A(io,SD),---,(El.sn(Z’ v} is
well-defined and integrable for some set (sg,...,s;) of non-zero meromor-
phic sections of (Lo,...,L;). Then the global height of Z with respect to
(L, s3)j=0,. + is defined by

R(E) = higy ooy, (g (Z) = fM X s tinis (Z)0i(0)
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By additivity, we extend this definition to cycles.

Corollary 3.8. Let Z be a t-dimensional cycle on X, integrable with
respect to Lo,...,L¢ € gx. Then Alfag0) (L.e.sd(Z v) is well-defined
and integrable on M for all non-zero meromorphic sections (sq,...,s) of
(Loy. .., Lyy with |[divi{sg}|,. .., |div(s:}|, |Z| intersecting properly. More-
over, for non-zero meromorphic sections (s§, ..., st) of (Lg, ..., L¢) such that
|div{sg)| + |div{sg}!, ..., |div{s:)] + |div(s})|, |Z| intersect properly, we have

t
z)= dej(zj)
3=0

TR S FPRLC Bl 15 VAR AN

where d is the defect of product formula, f; = sg/sj and

Zj = le(S"O) oo .diV(S;_l).diV(SjJrl) oo le(St)Z .

Proof: Let (sf, ..., s}'} be non-zero meromorphic sections of (Lo, . . ., L¢)
satislying the hypothesis of Definition 7. We have to prove that the lo-
cal height A(L ol (L )(Z u) ig integrable on M., On a finite field,
any absolute vatue is trivial and we easily deduce that any local height
is zero. So we may assume that K is infinite. Using Lemma 6, it is
eagy to construct non-zero meromorphic sections (sf’, ..., sy ) of {Lg,..., L¢)

guch that \dlv(so)| + |div(sg)], .. Jdivis)| + |div(s ’”)I, Z and |div(s§)| +
|div(sgy], ..., |[div(ed)] + |div( ”’)| |Z] intersect properly

Applymg Lemma § two times, we get integrability. Finally, the last
claim is obvious from the proof of Lemma 5. 1

Lemma 3.9. Let X be a proper variety over the M-field K and let
LO=L1" Lf)L € gx-

a) If a t-dimensional cycle Z of X is integrable with respect to (Lose.s f;t}
and (fg, . ,J/LZ), then Z is integrable with respect to (Lg ®EE, oy Ly ®E§)
Moreover, if (sg,...,s:) and (s},...,s;) arc non-zero meromorphic sec-
tions of (Lg,..., L) and (Lf,..., L)), respectively, such that |div(sg)| +
Idiv(sg)], ..., |div{s¢)| + {div(s})|, | Z| intersect properly, then

h(LD.SO), --;(EL,SJ)(Z) + (Lu,bu)s-...(f’t,s’l)(z)
= Mt somiet). (EobsanZ)
b) If ¢ + X' -» X is a morphism of proper varieties over K and

if Z2’ is a t-dimensional cycle on X', then Z' is integrable with respect
to (¢*Lg,...,0*Ly) if and only if @.(Z") is integrable with respect to
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(Fq,... t) Moreover, if (sg,...,3;) are non-zero meromorphic sections
of (L(), ..., Li) such that |div(sg)],...,|div(s:}|, |¢+(Z')| intersect properly,
then

iy '
higm Lo o sehrt Eanpms0) ) = Wiig soy.iLasn (94(Z2)) -

Proof: Let us first prove a). As in the proof of Corollary 8, we may
agsume that K is infinite. Similarly as in the proof of Corollary 8, we see that
non-zero meromorphic sections {s;, 83} of (Lj, L)} (4 = 0,...,t) satisfying the
support condition in a) always exist. Then a) is obvious from Corollary 8 and
the multi-linearity of local heights. Claim b) is & consequence of Corollary 8
and the projection formula for local heights. 0

Example 3.10. Let ¢ = 0 and let X be a proper variety over the
algebraically closed M-field K. Then a point P € X(K) is integrable with
respect to the Af-metrized line bundle I of X if and only if, for any non-
zero A in the fibre over P, ||A]|, is measurable on M. (Note that log ||A|, is
hounded by an integrable function c(v), but no continuity assumption was
made in the definition of M-metrics.)

Proposition 3.11. Let X be a complete K-variety and let P x be as in
Proposition 3. Then any {-dimensional cycle on X is integrable with respect
to Lo, ..., L € Px.

Proof: Let Z be a prime cycle of dimension ¢. Using multi-linearity of
local heights, we can replace L; by LJ-_1 without changing integrability. So
,L; € P%. By Lemma 9 and the definition of %, we
may assume X = PR x --- x Py and L;j = Op(e;). Then integrability of Z
follows from Lemma 4 and Corollary 8. O

we may assume Lo, ...

3.12) Let X be a proper variety over the M-field K with Tl o o ndly
g}. Next we consider the effect of metric change. So let us consider
a second set of Al-metrics on Ly,...,L; with resulting M -metrized line
bundles 74,..., L} € 9%. Let (so,...,s:) be nonzero meromorphic sec-
tions of (Lg,...,Ly) and let Z be a t-dimensional cycle on X such that
(div(sg)l,. ., |div(s,})], |Z| intersect properly. Suppose that Z is inte-
grable with respect to (Lo,...,Ls) and (L§,...,Z4). Let | ||, and || ||}
be the M-metrics of L and L;-, respectively. Then we have real functions

log(]| || /ll;) on X (M) bounded by an integrable function ¢; on M (Corol-
lary 2. 24) Flom 1.8iii), we get

Ih‘(io,.qg) (f.! 5;)(2) - h[f..é,s'g),.. ,(f,i,st)(Z)

< ZC degyo 0,y Loea L Z)

i=0

[
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where the constants C; := [ ¢;(v)du(v) depend only on the metrics on Lj.
In other words, the diference of global heights is in O(81,,..,z,)(Z) where

t
6Lu.- -,LI(Z) = ZdegLu,.. g1, Ly, ,Lt(Z} D
7=0

Theorem 3.13. For any proper variety X over an M-field K and any
base-point free isomorphism classes of line bundles {Lq, . .., L,} with non-zero
meromorphic sections (sg,...,s;), there is a real function Agp; eo), .(Lise):
defined for all t-dimensional cycles Z on X such that |div(sg)|,...,|div(s:}],
|| intersect properly, which is uniquely determined up to O(6z,, . z,) by the
following condition:

i) If (Lg,...,L;) is a set of base-point free M-metrized line bundles in
g, then
Ritosa)sters) (€)= BLoysal . iLe,en)(Z) = O(8rc,...,L.(Z) -
where Z ranges over all t-dimensional cycles on X which are integrable with
respect to Lg, ..., L; and which satisfy the support condition above.
These global heights have the following properties;
i) If ¢ : X’ — X is a morphism of proper varieties over K such that

80, .., 8 are non-zero on p(X'}), then

B(Lo,s0),-1(Luys:) © P~ BlomLo,o sy (@ Lo ae) = O8Lo,...L, © @) -

iii) Let j € {0,...,t}. If L} is also a base-point free line bundle on X
with non-zero meromorphic section s;-, then

A(La,s0),. {Lj—1,8i 1) (L8L) a5@s ) (Ly 18541 )0 a(LhS:)(Z)
= A(Lg,50) 0ol Ly r83 Voo Lese) (Z)
F BLo,50)1e (L 1), (Layse) (£)
+O(‘SLO,...,Lj®L;,...,LL)(Z) ;
where Z ranges over all {-dimensional cyeles such that |div{(sg)], .. ., [div(s; )|+
|div(s})| vy div{sy)|, |Z] intersect properly.

iv) The global height hpy o), 1,5, I8 symmetric in the variables
(L;,84) up to Q{dr,y, . 1, )
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vy If (s),...,8}) is another set of non-zero meromorphic sections of
{Lo,...,L¢), then in the notation of Corollary 8, we have

t
RiLoso, s Les) (Z) = BLowst)n(Lost)(Z) = D dg 2,y + O6Lo,...1,)(Z)

7=0

where Z ranges over all {-dimensional cycles on X such that |div(sg)| +

[div(sg)]), ..., |div(se)| + |div(s})|, | Z] intersect properly.
vi) If the producs formula is satisfied for (K, M), then the global heights
are independent of the choice of sq,...,5: up to Oz, . 1,), and they are

defined for all ¢t-dimnensional cycles.

Proof: From Proposition 11, we know that Lg, ..., L have M-metrics in
P4 such that all t-dimensional cycles are integrable. Let hirg,sa)stLe,s:) DB
the global height with respect to these M-metrized line bundles. By 12), this
is well defined up to O(dy,,. r,) and satisfies 1). Properties ii) and iii} are a
consequence of Lemma 9. Claim iv) follows from the corresponding statement
for local heights. Corollary 8 implies v}, and vi) follows from v). In vi}, the
global height is defined for all t-dimensional cycles Z, since we may assume K

infinite as before and then we find non-zero meromorphic sections (sg, .. ., 3¢)
of (Lo,...,L;) such that |div(sg)|,...,|div({ss)|, |2} intersect properly by
Lemma 6. O

Note that the global heights h¢r, s0),.. (L,,s,)(X) in Theorem 13 do not
depend on the choice of the theory of local heights since we have used only
B inn the definition.

Example 3.14. Let K be a number field with ring of integers O . We
want to show that the absolute heights considered in arithmetic intersection
theory are the same as the global heights considered above for the Mg -field
structure defined in Example 2.6. Let X be a smooth projective variety over
K. Suppose that X is an Og-model of X which is projective and flat over
Og. If £ is a line bundle on X with restriction I on X, then it induces a
line bundle £, on X @0, KJ over the valuation ring K¢ of the completion
K, for any finite place v. The corresponding algebraic metric (Remark 1.23)
on L @y K, is denoted by | ||,. We denote by X, the disjoint union of the
complex manifolds corresponding to X @, C where ¢ runs over all complex
embeddings of K in €. On X, Fu operates by complex conjugation of
points. We consider an F,-invariant smooth hermitian metric || || on the
pull back of L to X,. For any archimedean place v of K, it induces a
smooth hermitian metric || |, on L ®@x K,. Clearly, the family (|| ||,)vent,
gives an Mpg-metric on L. If we consider the same complete theories of local
heights as in Example 1.20, then the My-metrized line bundle induced by
the hermitian line bundle (£, | |!) above isin gyx.
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Let ¢ be the dimension of X and let (£;, ]| ||);=0, .+ be hermitian line
hundles on X. Using arithmetic intersection theory, the absolute height of
X with respect to the hermitian line bundles is defined by

1 - =
m(cl(ﬁm )&l IDIXD
[BGS]. By definition, this expression cquals the global height of X with
respect to the corresponding M g -metrized line bundles. Under some restric-
tions on the metrics, Theorem 13 was proved in the number field case in

[Gu.

Example 3.15, Using Theorem 13, we can generalize the first main
theorem of Nevanlinna theory, Usually, it says that the height of a holomor-
phic map from C into a complex projective variety X with respect to the
closed dise with center 0 and radins R is canonical up to O{1) with respect
to B (cf. [La2|}. The generalization (Theorem 18) is in two ways. Iirst, we
consider holomorphic maps from any finite covering of € to X and then we
replace the maps, which are consider as points of X, by subvarieties of X
defined over the field of meromorphic functions on the covering,

We use the notation of Examples 2.4 and 2.8, For any A > 0, we have
an My field Kp. If v € Mg induces an absolute value on a finitely generated
subfield K’ of K, then this restriction is either archimedean or discrete. For
the corresponding place v' on K, we use the complete theory of local heights
for t-dimensional varicties over K/, considered in Example 1.20.

Let L be a line bundle on the t-diinensional proper variety X over C
Next, it is shown that any smooth hermitian metric || || on L induces a
canonical Mp-metric on L ®¢ K. Let v € #Mp and K’, v’ as above. Since
| |- is an absolute value on K', we have a homomorphism K — C given by
Fr F{v). So we may view K’ as a sublield of C and | |, is the restriction
of the usual absolute value. For almost all v € My and K’ sufficiently large,
we may assume that X @c Kr and L ®c Kg are defined over K'. Since
K™ = (, the hermitian metric on L induces a d Mp-metric on L ®¢ Kp
{Definition 2.22).

Now assume v € dMp. Then X ®¢ K§ is a canonical model of X ®¢ K
over the valuation ring I_{j“? and L @e K © 1s a canonical line bundle extending
L®g K. Replacing K g by sufficiently large, finitely generated sublields K7,
we get algebraic metrics | ||, on L(K7" ) (Example 1.20). Hence we get a
real function || || on L{Mp\@Mp) called the canonical metric. In the special
case PR and Opn(1), it is easily checked that the canonical metric agrees with
the standard metric induced by coordinates zo, ..., =z, of P2,

We claim that the canonical metric on L ®@¢ K is an Mp\@Mg-metric.
We have to prove that the real function || || is Mg\OMp-bounded. This is
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clear for X = P and L = Opn(1) (Example 2.25). In general, the canonical
metric is stable under pull back induced by complex morphisms, By Chow's
Lemma, we may assume that X is projective. Since the canonical wmetric is
preserved under tensor product, we can reduce the question to base-point
free line bundles. But then the claim follows from the special case above,

We conclude that a smooth hermitian metric on L induces an M g-metric
on L ®@¢ Kg.

Lemma 3.16. I'or j =0,...,¢ let Lj be a line bundle with a smooth
hermitian metric on the proper variety X over C. Then any tdimensional
cycle on X @¢ Kpis integrable with respect to the Mp-metrized line bundles
induced by (ﬁj)jzo,_ Lt

Proof: We may asswme that 7 is a subvariety of X®cKp. By projection
formula, we may assume that X is projective. In Pic(.X), any line bundle
is difference of two very awple ones. If we use standard metrics on very
ample line bundles, then the induced local height is integrable on Mp by
Proposition 11. S0 we may assmne that all L; are very ample and have
wetrics || ||, with positive Chern forms. There are non-zero global sections
s; of Lj such that |[div{s})|,...,|div(s})|, |Z] intersect properly where s is
the pullback of s; to L; ®c Kp. The local height A(Z, v} of Z induced by
(f_;-, §5)j=u, ¢ 18 well-defined. The compatibility of local heights required in
Definition 2 is clear in the archimedean case and follows from 1.8v) and the
projection formula in the nou-archimedean case. By Propesition 11, A(Z, v)
is integrable on Mp\&Mp.

Finally, we have to prove that A(Z,v) is integrable on dMg. Let || H;
be a standard metric on L; and let A'(Z, ) be the local height of Z with
respect to (L, | H;-)j=0,___,t. By arithmetic intersection theory, we have for
almost all v € 9M

MZ,v)— N(Z,v)

L
=5~ [ gl I /1 Bdentit) A+ Ae(Es) Aer(Ega) A Aea(Ee)
j=0"2u
where 2, 18 the specialization of Z in w. It is the closed subvariety of X
obtained in the following way: I'or almost all v € 80y, Z is defined over
a finitely generated field K’ where the restiiction of v induces an absolute
value. Using base chauge with respect to tlie canonical embedding K/ < C,
we get Z,. It is enough to show that all integrals [;(») on the right hand
side are integrable on dMg. Using positivity of the Chern forms and the
well-known

fcl(f:f])/\---/\cl(ﬁ;-_l)/\cl(ijﬂ)/\---/\cl(it)
Zy

m degLu, i Ao oI e Ln(Z) ’
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the function /;(v} is bounded on 8Mp. So it is enough to prove measurability
of I; on @M. Let V be an open subset of 844y such that A(Z, v) and N(Z,v)
are deﬁned for all v € V. Then the family (Z,).ev deﬁnes a holomorphic
subvariety of X x V. It follows from a classical result of Federer, Stoll and
King (cf.[Ki, 3.3]) that J;{v} is a continucus function on V. This proves
measurability. O

3.17) Let K be the field of meromorphic functions on C. For any finite
subextension L/K of the algebraic closure K over I, we have a canonical
finite holomorphic covering of C by a smooth holomorphic Riemann surface
M. For R >0, let M C MP° be the inverse image of the closed ball with
radius R, Similarly as in Example 2.8, we get an MT = 1Ean—structure

on K where L/K is ranging over all finite subextensions of X JK.

Under the assumptions of Lemma 16, we fix a {-dimensional cycle Z on
X ®c K. We choose non-zero meromorpiic sections s; of L; such that the
base change of div(sg),...,div(s,) to K and Z form a proper mtersectlon Le.
the intersection of Supports is empty. Similarly as in 13), the holomorphic
line bundles Lj induce M -metrized line bundles on X ®¢ K and Lemma
16 is true for K, M7 replacing Kg, Mp. Let hr(Z) be the global height of
Z induced by (Lj,s;,)_.,._g .+ using the M¥f-gtructure on K. An equivalent
way to define Ar(Z) is to use an embedding X C KR so that we can apply
Lemma, 16 directly for the M g-field structure on Krg.

Theorem 3.18. With Z fixed as above, the global height hx(Z) neither
depends on the choice of the hermitian metrics on L; nor on the choice of
the meromorphic sections s; up to O(1} with respect to varying H.

Proof: To estimate the difference of global heights of Z for a metric
change, we use the considerations in 12). Hence, we have to lock for an
integrable function c;(v) on M® bounding the real function log(|| H AP,
on X (M%), On the boundary 944%, this quantity is bounded by the same
constant c; as the corresponding term with the original metrics on Ly, Le,
c; neither depends on v nor on R. For v ¢ 3A%, the metric is canonical.
Hence, we can use ¢; = 0 on the complemert of the boundary. By 12}, this
proves the claim for the change of hermitian metrics.

To get the last claim, it is encugh to replace 8¢ by a non-zero meromor-

phic section ), of Ly such that the base change of di V{gh ). . divia) to K
and £ forin a proper intersection. By Carollary &, the difference of global
heights gl &) — A% 12) equals .:f_r (%) where the defees 47 is computed with
respect to the M- feld structure of K. We me woview iyl £y) a8 o meromor-

phic function on some finite covering M as in 17). By Example 2.8, we
have

R R
dfo(ze) = den (Zo)
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where n is the degree and N is the norm of L/K. Using the formula for the
defect in Example 2.4, we conclude that dﬁ( Zo) ig independent of F. This
proves the claim. 2
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