
ar
X

iv
:2

10
2.

07
39

2v
1 

 [
m

at
h.

A
G

] 
 1

5 
Fe

b 
20

21

PLURIPOTENTIAL THEORY FOR TROPICAL TORIC VARIETIES

AND NON-ARCHIMEDEAN MONGE–AMPÈRE EQUATIONS

JOSÉ IGNACIO BURGOS GIL, WALTER GUBLER, PHILIPP JELL, AND KLAUS KÜNNEMANN

Abstract. Tropical toric varieties are partial compactifications of finite dimensional real
vector spaces associated with rational polyhedral fans. We introduce plurisubharmonic
functions and a Bedford–Taylor product for Lagerberg currents on open subsets of a trop-
ical toric variety. The resulting tropical toric pluripotential theory provides the link to give
a canonical correspondence between complex and non-archimedean pluripotential theories
of invariant plurisubharmonic functions on toric varieties. We will apply this correspon-
dence to solve invariant non-archimedean Monge–Ampère equations on toric and abelian
varieties over arbitrary non-archimedean fields.
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1. Introduction

Pluripotential theory is a non-linear complex counterpart of classical potential theory.
It is the study of plurisubharmonic (short: psh) functions and the complex Monge–Ampère
equation. There are rich applications to multidimensional complex analysis, Kähler geom-
etry, algebraic geometry and to dynamics. A celebrated result was Yau’s solution [Yau78]
of the complex Monge–Ampère equation for smooth forms on a Kähler manifold more than
twenty years after Calabi proved uniqueness. Bedford and Taylor [BT82] showed that one
can go beyond the smooth case as there is a well-defined product for the positive (1, 1)-
currents associated to locally bounded psh functions and hence the Monge–Ampère measure
makes sense for such functions. Later, Demailly [Dem93] defined also a Bedford–Taylor
product for singular psh functions. Here, singular means that the functions ϕ are allowed
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to take the value −∞ and the product is only well-defined under certain restrictions on the
unbounded loci ϕ−1({−∞}).

In non-archimedean geometry, continuous semipositive metrics were introduced by Zhang
[Zha95]. Chambert-Loir [CL06] defined corresponding Monge–Ampère measures. Kontse-
vich and Soibelman [KS06] emphasized the role of non-archimedean geometry for mirror
symmetry, while Kontsevich and Tschinkel [KT02] proposed a strategy to solve the non-
archimedean Monge–Ampère equation. Yuan and Zhang [YZ17] showed uniqueness of the
solution up to scaling. Liu [Liu11] solved the non-archimedean Monge–Ampère equation for
totally degenerate abelian varieties. In case of a trivially or discretely valued complete field
K of residue characteristic zero, Boucksom, Favre and Jonsson [BFJ15] gave a global ap-
proach to non-archimedean pluripotential theory and presented a variational method which
gives the existence of a solution for any smooth projective variety over K.

The goal of this paper is to introduce a pluripotential theory for certain partial com-
pactifications of Rn called tropical toric varieties. Noting that convex functions are the
natural real analogue of psh functions, it is clear that the Monge–Ampère measure on such
a compactification is closely related to the classical real Monge–Ampère operator studied
by Aleksandrov. The classical real Monge–Ampère equation has several variants. The cor-
responding Dirichlet problem was solved by Aleksandrov [Ale58] and Bakelman [Bak57],
the corresponding second boundary problem (i.e. with prescribed gradient image) was done
by Pogorelov [Pog64].

Toric geometry is very useful for testing conjectures in algebraic and arithmetic geom-
etry. The reason is that invariant objects in toric geometry are completely described by
combinatorial means which comes handy for such tests. In particular, a toric variety with
dense split torus T is completely determined by a fan Σ in NR = N ⊗Z R where N is the
cocharacter lattice of T and so we denote the associated toric variety by XΣ. Note that XΣ

is naturally defined over SpecZ and by base change, we get a toric variety over any base
field. In the introduction, we consider the associated complex toric variety XΣ,∞ and the
associated toric variety XΣ,v for a non-archimedean field K with valuation v of rank one.

There is a tropical toric variety NΣ associated to the fan Σ which is a partial compacti-
fication of NR. For w ∈ {∞, v}, it comes with a canonical tropicalization map

tropw : Xan
Σ,w −→ NΣ

which is a continuous proper surjective map. We exploit trop∞ and tropv to relate the
complex space Xan

Σ,∞ and the non-archimedean Berkovich space Xan
Σ,v.

Lagerberg [Lag12] has introduced real valued (p, q)-forms on NR which form a bigraded
sheaf of algebras A·,·

NΣ
with differential operators d′ and d′′. Lagerbergs construction was

generalized by Jell, Shaw and Smacka [JSS19] to polyhedral spaces as NΣ. For an open
subset U of NΣ, the space D

p,q(U) of Lagerberg currents of bidegree (p, q) is the topological
dual of Ap,q

c (U). In [BGJK20], we have worked out a suitable positivity notion for Lagerberg
currents of bidegree (p, p). For a summary and a comparison to the corresponding notions
in complex and non-archimedean geometry, we refer to Section 2.

1.1. Tropical psh functions. In Section 3, we introduce psh functions on an open subset
U of NΣ. These are strongly upper-semicontinuous functions ϕ : U → R ∪ {−∞} which
restrict to convex functions on U ∩NR. We will show in Theorem 3.1.4 that every psh func-
tion on U is continuous. This is not true for classical psh functions on complex manifolds.
We show that psh functions on U share many properties with complex psh functions. In
Theorem 3.2.2, we prove that a function ϕ on U is psh if and only if ϕ is a locally inte-
grable strongly upper-semicontinuous function such that the associated Lagerberg current
is positive. In Theorem 3.3.4, we will see that any psh function on U is locally a decreasing
limit of smooth psh functions. In Section 4, we introduce a Bedford–Taylor product for psh
functions on the tropical toric variety NΣ associated to the fan Σ in NR ≃ Rn.
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Theorem A. For an open subset U of NΣ and locally bounded psh functions u0, . . . , uq on
U , there is a unique Lagerberg current

u0d
′d′′u1 ∧ . . . ∧ d′d′′uq ∈ Dq,q(U)

such that this product is determined locally in U , agrees with the product of Lagerberg forms
in the smooth case, and is continuous with respect to uniform convergence of psh functions.

For u0 ≡ 1, we show that the Bedford–Taylor product d′d′′u1 ∧ . . . ∧ d′d′′uq is a closed
positive Lagerberg current on U . For q = n, we get a positive Radon measure on U which
we call the associated Monge–Ampère measure. If Σ is a smooth fan, then we allow in
the Bedford–Taylor product in Theorem A additionally a factor given by a closed positive
(p, p)-current T (see Theorem 4.1.2). Moreover, we give in Theorem 4.2.2 a Bedford–Taylor
product for unbounded psh functions if the unbounded loci intersect transversally.

The proofs of the above results on the tropical Bedford–Taylor product use that the
functions vj := uj ◦ trop∞ are psh functions on the open subset V := trop−1

∞ (U) of the
complex toric manifold Xan

Σ,v and that T = trop∞,∗(S) for a canonical positive (p, p)-current

S on V by the main theorem in [BGJK20]. Then we define

u0d
′d′′u1 ∧ . . . ∧ d′d′′uq ∧ T := trop∞,∗(v0d

′d′′v1 ∧ . . . ∧ d′d′′vq ∧ S)
by using the corresponding complex Bedford–Taylor product on V and the claim follows
from the complex case and local regularization. For a non-smooth fan, we reduce Theorem
A to the smooth case by toric resolution of singularities and use a projection formula (see
Remark 4.3.3). In principle, it is possible to prove Theorem A purely by means of real
analysis, but a reduction to the complex case by using tropicalization is very handy and
gives the results much quicker. Such comparison principles in the toric case are a permanent
guideline in the whole paper.

1.2. Tropical θ-psh functions. For a complete fan Σ, we show in Proposition 3.1.9 that
psh functions on NΣ are constant. To get also an interesting global theory, we proceed
similarly as in the complex case and introduce θ-psh functions. Here, we fix a closed
(1, 1)-current θ given by a similar construction as the first Chern current associated with a
continuous metric of a line bundle in the complex or non-archimedean setting. In Section
5, we show that our construction makes sense also for non-complete fans and we introduce
θ-psh functions on any open subset U of NΣ. Since θ-psh functions can be locally identified
with psh functions, most of the properties of psh functions generalize to θ-psh functions.
In particular, we have a Bedford–Taylor product for θ-psh functions as in Theorem A.

In Theorems 5.2.12 and 5.3.11, we show the following correspondence theorem. We con-
sider any non-archimedean field K with valuation v. For w ∈ {∞, v}, let Sw be the maximal
compact torus in the dense torus orbit of Xan

Σ,w. We pick θ as above and set θw := trop∗w(θ).

Theorem B. Let Σ be a smooth fan and let U be an open subset of NΣ. Then there are
canonical isomorphisms between the following cones:

(i) the cone of continuous S∞-invariant θ∞-psh functions ϕ∞ on trop−1
∞ (U);

(ii) the cone of continuous θ-psh functions on U ;
(iii) the cone of continuous Sv-invariant θv-psh functions ϕ∞ on trop−1

v (U).

For w ∈ {∞, v}, the correspondence is given by ϕ 7→ ϕw := ϕ ◦ tropw.
The above bijective correspondence is true for any fan Σ. For simplicity, we consider in

this paper only psh functions on complex manifolds. There is also a theory of psh functions
on singular complex analytic spaces as described in [Dem85]. If π : XΣ′ → XΣ is a toric
desingularization, then pull-back gives an isomorphism from the space of psh-functions on
U to the space of psh-functions on π−1(U) [Dem85, Theorem 1.7] which can be used to
prove Theorem B and many other statements in this paper also in the singular case.
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We generalize the correspondences in Theorem B also to singular θ-psh functions. In
§5.4, we prove for a complete fan Σ a global regularization result for θ-psh functions.

1.3. Toric Monge–Ampère equations. In the non-archimedean case, we show that the
correspondence of continuous psh-functions in Theorem B is compatible with the tropical
and non-archimedean Bedford–Taylor products (see Theorem 6.1.1). Let µ be a positive
Radon measure on an open subset U of the n-dimensional tropical toric variety NΣ. In
the complex case, we assume again that Σ is a smooth fan, then there is a unique S∞-
invariant Radon measure on µ∞ on the toric manifold Xan

Σ,∞ with trop∞(µ∞) = µ. In the
non-archimedean case, there is a canonical section ιv : NΣ → Xan

Σ,v of tropv which allows
to identify NΣ with the canonical skeleton of Xan

Σ,v. There is a unique Radon measure µv
on Xan

Σ,v supported on the canonical skeleton NΣ and with tropv(µv) = µ. In Proposition

6.3.3, we show for w ∈ {v,∞} that

(1.1) (d′d′′ϕ+ θ)∧n = µ ⇔ (d′d′′ϕw + θw)
∧n = µw

using ϕw := ϕ ◦ tropw for continuous θ-psh functions ϕ on U as in Theorem B.
We assume that Σ is a complete fan and that L is an ample line bundle on the toric vari-

ety XΣ. For any non-archimedean field K with valuation v, Boucksom and Jonsson [BJ18,
Theorem 6.9] introduce a Monge–Ampère measure c1(L

an
v , ‖ ‖)∧n for singular semipositive

metrics ‖ ‖ on Lan
v which are (locally) bounded or more generally of finite energy. The con-

struction is based on the continuous case using continuity along decreasing nets. Similarly
as in complex geometry, we can define the non-pluripolar Monge–Ampère operator

µ‖ ‖ := lim
k→∞

1{‖ ‖<ek‖ ‖0}
c1(L

an
v ,min(‖ ‖v, ek‖ ‖0))∧n

for any singular semipositive metric ‖ ‖v on Lan
v . The construction does not depend on the

choice of a fixed model metric ‖ ‖0 of L. In general, we have µ(Xan
Σ,v) ≤ degL(X). We define

E (Lan
v ) to be the space of singular semipositive metrics on Lan

v where equality is achieved.

Theorem C. Under the above assumptions, let µv be a positive Radon measure on Xan
Σ,v

which is supported on the canonical skeleton NΣ satisfying µv(NΣ \ NR) = 0 and with
µv(X

an
Σ,v) = degL(XΣ). Then there is a metric ‖ ‖v in E (Lan

v ) solving the non-archimedean

Monge–Ampère equation c1(L
an
v , ‖ ‖v)∧n = µv.

If K is a discretely or trivially valued field of residue characteristic 0 and µv is a measure
of finite energy, then the above theorem follows from the solution of the non-archimedean
Monge–Ampère equation of Boucksom and Jonsson [BJ18, Theorem B]. However, there are
Radon measure µv as in Theorem C which are not of finite energy and the result holds for
any non-archimedean field K. In Remark 6.3.15, we give also a natural generalization of
Theorem C for L semiample and big.

In the proof of Theorem C, we show first the corresponding statement for θ-psh functions
on NΣ which can be done either by referring to the second boundary problem for the
real Monge–Ampère operator (see Theorem 6.2.13) or by referring to the solution of the
corresponding complex Monge–Ampère equation due to Boucksom, Eyssidieux, Guedi and
Zeriahi [BEGZ10]. Then the correspondence results for θ-psh functions yield the claim. For
details, we refer to the proof of Theorem 6.3.13.

1.4. Abelian varieties. In Section 7, we show that a similar correspondence as in Theorem
B is possible between θ-psh functions on polarized complex and non-archimedean totally
degenerate abelian varieties over any non-archimedean field K with non-trivial valuation v.
This is a bit surprising as abelian varieties are not defined over Spec(Z) in contrast to toric
varieties. For simplicity, we assume here in the introduction that K is algebraically closed.

An abelian variety Av over K is called totally degenerate if there is a non-archimedean
Tate uniformization Aan

v ≃ T an
v /Λ for a multiplicative torus T and a discrete subgroup
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Λ of A(K). Let N be the cocharacter lattice of T , then it is additionally required that
tropv : T

an
v → NR maps Λ isomorphically onto a complete lattice in NR and we will identify

Λ with this lattice. Note that Λ can be intrinsically attached to Aan
v and hence we get a

canonical tropicalization map

tropv : A
an
v −→ NR/Λ

onto the tropical abelian variety NR/Λ.
We consider now a polarization λ on the totally degenerate abelian variety Av over

K. This is an isogeny φ : Av → A∨
v to the dual abelian variety induced by an ample

line bundle Lv. Let T∨
v be the torus with character lattice Λ, then we have the Tate

uniformization (A∨
v )

an ≃ (T∨
v )

an/M for M := Hom(N,Z) and so the lift of ϕ to the Tate
uniformizations gives a homomorphism λ : Λ → M . Using that M is the character lattice
of T, set [γ,m] := m(γ) for γ ∈ Λ and m ∈ M . We define tropv(Av, φ) := (Λ,M, [·, ·], λ)
and we will see in §7.2 that the following properties hold:

(i) M and Λ are finitely generated free abelian groups of rank n;
(ii) the paring [·, ·] extends to a non-degenerate real bilinear form ΛR ×MR → R;
(iii) the homomorphism λ : Λ →M has finite cokernel of cardinality d;
(iv) the bilinear form [·, λ(·)] on Λ is symmetric and positive definite.

A tuple (Λ,M, [·, ·], λ) with these four properties is called a polarized tropical abelian variety
of degree d2 as studied in [FRSS18]. By (ii), we identify ΛR = NR and the bilinear form in
(iv) extends to an euclidean inner product b on NR. Similarly as in Riemannian geometry,
b induces a smooth positive (1, 1)-form ω on the underlying tropical abelian variety NR/Λ.
For details, we refer to §7.1 where we study polarized tropical abelian varieties.

Back to the case of a totally degenerate abelian variety (Av, φ), we get a canonical smooth
(1, 1)-form ωv := trop

∗
v(ω) on Aan

v which agrees with the first Chern form of a canonical
metric of the ample line bundle Lv.

It is well-known that a complex abelian variety A∞ has a complex Tate uniformization
Aan

∞
∼= Tan

∞/Λ for a multiplicative torus T∞ over C. Note that Tan
∞ is not simply connected.

The torus T and the lattice Λ are not intrinsically associated to A∞. This is in contrast to
the classical uniformization Aan

∞ ≃ V/U where V is the tangent space of Aan
∞ at 0 and U is

the complete lattice H1(A
an
∞ ,Z) in V .

We note that a polarization on a complex abelian variety A∞ is given by a Riemann
form H, i.e. a positive definite sesquilinear form H on V such that the alternate form
E = Im(H) takes values in Z on the lattice U . A symplectic basis for E in U generates
isotropic sublattices U1 and U2 of rank n with U = U1 ⊕ U2. We will see in §7.3 that we
have a complex Tate uniformization with cocharacter lattice N ≃ U1 of the torus T∞ and
with Λ ≃ U2. Similarly as in the non-archimedean case, we can associate to (A∞,H,U1, U2)
a canonical polarized tropical abelian variety trop∞(A∞,H,U1, U2) = (Λ,M, [·, ·], λ) and a
canonical tropicalization map trop∞ : Aan

∞ −→ NR/Λ. For the canonical (1, 1)-form ω of
trop∞(A∞,H,U1, U2), we note that ω∞ := trop

∗
∞(ω) is the canonical Kähler form of the

polarization H of A∞.
For any polarized totally degenerate abelian variety (Av, φ) over K, there is a corre-

sponding decomposed complex polarized abelian variety (A∞,H,U1, U2) with

trop∞(A∞,H,U1, U2) = (Λ,M, [·, ·], λ) = tropv(Av , φ).

We will see this in §7.4. For w ∈ {∞, v}, the maximal compact torus Sw in Tan
w acts on Aan

w

through the Tate uniformization. We will prove the following analogue of Theorem B for
corresponding polarized complex, tropical and totally degenerate abelian varieties:

Theorem D. For any open subset W of the tropical abelian variety NR/Λ, there are canon-
ical isomorphisms between the following cones:

(i) the cone of continuous S∞-invariant ω∞-psh functions ϕ∞ on trop
−1
∞ (W );
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(ii) the cone of ω-psh functions on W ;

(iii) the cone of continuous Sv-invariant θv-psh functions ϕ∞ on trop
−1
v (W ).

For w ∈ {∞, v}, the correspondence is given by ϕ 7→ ϕw := ϕ ◦ tropw.
This follows from Theorem B using that W can be locally lifted to an isomorphic open

subset of NR. Let µ be any positive Radon measure on the tropical abelian variety N/Λ
with polarization (Λ,M, [·, ·], λ) of degree d2. Assuming the necessary condition µ(NR/Λ) =

n! ·
√
d, we will see in Corollary 7.5.6 that the tropical Monge–Ampère equation

(1.2) (ω + d′d′′ϕ)∧n = µ

has an ω-psh function ϕ : NR → R as a solution, unique up to adding constants. Using
Theorem B, this follows from the corresponding case in complex Kähler geometry.

Section 8 is dedicated to solve the invariant Monge–Ampère equation for an arbitrary
abelian variety A over any non-trivially valued non-archimedean field K with non-trivial
valuation. Using Raynaud extensions, Berkovich [Ber90, §6.5] has introduced a canonical
skeleton as a compact subset of Aan which is a strong deformation retraction.

Theorem E. Let L be an ample line bundle on any abelian variety A over the non-trivially
valued non-archimedean field K. Let µ be a positive Radon measure on Aan supported
in the canonical skeleton of A and with µ(Aan) = degL(A). Then there is a continuous
semipositive metric ‖ ‖ on Lan, unique up to scaling, with

c1(L, ‖ ‖)∧ dim(A) = µ.

Uniqueness follows from a much more general result of Yuan and Zhang. Existence was
proven for totally degenerate abelian varieties by Liu [Liu11] in case of such a measure µ
with smooth density proving that the solution is a smooth metric. If A has good reduction,
then the canonical skeleton is a single point and the solution is the canonical metric on Lan.

In §8.4, we give a descent argument which reduces Theorem E to algebraically closed
fields K and for such fields we give the argument in §8.1–§8.3. For existence, we use that
a corresponding tropical Monge–Ampère equation as in (1.2) has a solution. Then we lift
the solution to Aan along the canonical tropicalization map and a similar approximation
argument as in [Gub10] shows semipositivity.

1.5. Notation and conventions. The set of natural numbers N includes 0. For any t ∈ R,
let R≥t := {r ∈ R | r ≥ t}. We write R∞ = R ∪ {∞} and R−∞ = R ∪ {−∞}. A lattice is a
free Z-module of finite rank. A lattice in a finite dimensional real vector space is a discrete
subgroup. For a ring A, the group of invertible elements is denoted by A×. A variety over
a field F is an integral scheme which is of finite type and separated over SpecF .

In this paper, we denote by K a non-archimedean field which is a field K complete with
respect to a given ultrametric absolute value | | : K → R≥0. The valuation is v := − log | |
and Γ := v(K×) is the value group. We have the valuation ring K◦ := {α ∈ K | v(α) ≥ 0}
with maximal ideal K◦◦ := {α ∈ K | v(α) > 0} and residue field K̃ := K◦/K◦◦. If Y is a
variety over K, then Y an denotes the analytification of Y as a Berkovich analytic space.

Let N be a free abelian group of rank n, M = HomZ(N,Z) its dual and denote by NR

resp. MR the respective scalar extensions to R. We also fix a subgroup Γ of R, usually the
value group of a non-archimedean field. A function f : NR → R is called affine if f = u+ c
for some u ∈MR and c ∈ R. We call u the slope of f and integral slope means u ∈M . We
say that f is integral Γ-affine if u ∈M and c ∈ Γ.

A polyhedron in NR is a finite intersection of half-planes {f ≤ 0} for affine functions
f on NR. A polytope is a bounded polyhedron. A polyhedron is integral Γ-affine if the
affine functions f can be chosen integral Γ-affine. The relative interior of a polyhedron σ
is denoted by relint(σ). We use ∆◦ for the interior of ∆ in NR. A face of a polyhedron
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σ is the intersection of σ with the boundary of a half-space containing σ. We also allow σ
and ∅ as faces of σ. We write τ ≺ σ if τ is a face of a polyhedron σ. The open faces of σ
are the relative interiors of the faces of σ. A polyhedral complex in NR is a finite set Π of
polyhedra in NR such that for σ ∈ Π all faces of σ are in Π and for another ρ ∈ Π we have
that σ ∩ ρ is a common face of σ and ρ. The support of Π is defined by |Π| := ⋃

σ∈Π σ.
We mean by a fan a finite polyhedral complex Σ in NR consisting of strictly convex

polyhedral rational cones. We denote by XΣ the corresponding toric variety with dense
torus T and by NΣ the corresponding partial compactification of NR. We refer to [BGJK20]
for details about NΣ which we often call the tropical toric variety associated to Σ.

A piecewise affine function f is usually defined on a finite union P of polyhedra σ such
that f |σ is affine. There is always a polyhedral complex Π with P = |Π| such that f |σ is
affine for every σ ∈ Π. Then we say that f is piecewise affine with respect to Π. If we may
choose Π as a fan Σ and if f |σ ∈MR for all σ ∈ Σ, then f is called piecewise linear.

We refer to [BGJK20, Appendix A] for our conventions about Radon measures. We
recall the following useful fact for a locally compact Hausdorff space Y with a continuous
action by a compact group G. Let π : Y → X := Y/G be the quotient which is also a locally
compact Hausdorff space. Then for any positive Radon measure µX on X, there is a unique
G-invariant positive Radon measure µY on Y with image measure π(µY ) = µX . This follows
by averaging compactly supported continuous functions with respect to the probability Haar
measure on G and then using the Riesz representation theorem, see [Bou63, chap. VII, §2].

Acknowledgements. We are grateful to Ana Botero, Yanbo Fang, Roberto Gualdi, Mat-
tias Jonsson, Yifeng Liu, and César Mart́ınez for their comments on a previous version.

2. Forms and currents

In this section we fix notation for forms and currents in the complex, tropical and non-
archimedean setting. We also introduce and discuss positivity of forms and currents. In the
toric setting, we relate complex (resp. non-archimedean) forms and currents to Lagerberg
forms and currents on the associated tropical variety.

2.1. The complex situation. Let X be a connected complex manifold of dimension n.
We denote by A = AX the sheaf of complex smooth differential forms on X, which is a
bigraded differential sheaf of complex algebras with respect to the differential operators ∂
and ∂. We will use also the differential operators d = ∂+∂ and dc = 1

2πi(∂−∂) on A. Note
that ddc = i

π∂∂ and our definition of dc follows the convention from pluripotential theory
as in [Dem12]. Observe that our dc is two times the dc-operator used in Arakelov theory
[GS90, Sou92].

Dually, we have the sheaf of complex currents onX which we denote byD. The bigrading
of Dp,q is made in such a way that a locally integrable form ω of bidegree (p, q) on an open
subset V of X gives rise to an associated current [ω] ∈ Dp,q(V ) by

[ω] : An−p,n−q
c (V ) −→ R, α 7→ [ω](α) :=

∫

V
ω ∧ α

where Ac(V ) denotes the space of compactly supported smooth differential forms as usual.
A differential form ω on V of bidegree (p, p) is called positive, if for some m ∈ N, there

exist non-negative functions fj : V → R and (p, 0)-forms αj for j = 1, . . . ,m, such that

ω =
m∑

j=1

ip
2
fjαj ∧ αj .

Here, we differ from the terminology used in [Dem12, III.1.A], where the weakly positive
forms from [BGJK20] are called positive. We observe that weakly positive forms are always
positive if p ∈ {0, 1, n − 1, n} and refer to [BGJK20, Proposition 2.3.5] for an explanation,
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why our positivity notation is more suitable for comparing with Lagerberg forms. A current
T ∈ Dp,p(V ) is called positive, if T (ω) ≥ 0 for all positive forms ω ∈ An−p,n−p

c (V ).
A function ϕ : V → R−∞ is called strongly upper semicontinuous if for every null set

E ⊂ V and every a ∈ V , we have

(2.1) ϕ(a) = lim sup
x→a, x/∈E

ϕ(x).

We refer to [Dem12, I.5] for the definition and the study of plurisubharmonic functions
(psh functions for short). For V connected, a function ϕ : V → R−∞, not identically −∞,
is psh if and only if ϕ is strongly usc, locally integrable and ddc[ϕ] is a positive current
[Lel68, Théorème II.3]. Bedford–Taylor theory shows that for locally bounded psh functions
v1, . . . , vq on V and a closed positive current T ∈ Dp,p(V ) on V , there is a unique way to
define a positive current

(2.2) v1dd
cv2 ∧ . . . ∧ ddcvq ∧ T ∈ Dp+q−1,p+q−1(V )

and a closed positive current

(2.3) ddcv1 ∧ . . . ∧ ddcvq ∧ T ∈ Dp+q,p+q(V )

such that the products (2.2) and (2.3) agree with the usual products in the case of smooth
psh functions v1, . . . , vq and such that these products are continuous along monotone de-
creasing sequences with respect to weak convergence of currents. For details and a gener-
alization to the unbounded case, we refer to [Dem12, Sections III.3-4].

2.2. The tropical situation. We recall some facts from [BGJK20]. Let N be a a free
abelian group of rank n with dual M = HomZ(N,Z) and let NR := N ⊗Z R. We con-
sider a fan Σ in NR and the associated partial compactification NΣ of NR. The partial
compactification NΣ is also called tropical toric variety and has a natural stratification

NΣ =
∐

σ∈Σ

N(σ)

with N(σ) := NR/〈σ〉R [BGJK20, Section 3.1]. The toric variety XΣ comes with a contin-
uous tropicalization map

trop∞ : Xan
Σ,∞ −→ NΣ

where Xan
Σ,∞ is the complex analytification of XΣ. We denote by A = ANΣ

the sheaf of
smooth Lagerberg forms on NΣ. It is a bigraded sheaf of real algebras with differentials
d′, d′′. We have the Lagerberg involution J which sends Ap,q to Aq,p. Similarly as in the
complex case, we have a bigraded sheaf D of Lagerberg currents on NΣ with differentials
d′, d′′ [BGJK20, Section 3.2]. By integration again, any locally integrable Lagerberg form
ω has an associated Lagerberg current [ω]. Note that integration on NR depends on the
underlying lattice N in NR. Sections of A

0,0 are called smooth functions.
A Lagerberg form ω of bidegree (p, p) on the open subset U of NΣ is called positive, if for

some m ∈ N there exist functions fj : U → R≥0 and (p, 0)-forms αj on U for j = 1, . . . ,m
such that

ω =

m∑

j=1

(−1)
p(p−1)

2 fjαj ∧ J(αj).

We call T ∈ Dp,p(U) symmetric if T (Jω) = (−1)qT (ω) for all ω ∈ Aq,q
c (U) where q := n−p.

A positive Lagerberg current is a symmetric T ∈ Dp,p(U) with T (ω) ≥ 0 for all positive
ω ∈ Aq,q

c (U).

Remark 2.2.1. Let (p, q) be with max(p, q) = n and let U ⊂ NΣ be open. By definition
of the forms on U , they are constant towards the boundary and hence any ω ∈ Ap,q(U)
has support in U ∩ NR. In particular, the inclusion Ap,q

c (U ∩ NR) → Ap,q
c (U) is an iso-

morphism. We conclude that the dual restriction map Dn−p,n−q(U) → Dn−p,n−q(U ∩NR)
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is an isomorphism. For a locally integrable form η ∈ An−p,n−q(U ∩ NR), we get [η] ∈
Dn−p,n−q(U ∩NR) = Dn−p,n−q(U). In particular, a locally integrable function f on U ∩NR

defines a current [f ] ∈ D0,0(U) on the whole U .

Remark 2.2.2. The partial compactification NΣ is a special case of a polyhedral space. We
refer to [JSS19, §2] for definitions and for an introduction of the sheaf A of smooth Lagerberg
forms on polyhedral spaces. Integration of compactly supported top dimensional forms is
well-defined on rational weighted polyhedral spaces. A special case of a rational weighted
polyhedral space is a tropical space where the weights satisfy a balancing condition.

Remark 2.2.3. Let N ′ be a free abelian group of finite rank and let Σ′ be a fan in N ′
R.

Recall that a morphism ψ : XΣ′ → XΣ is called toric if ψ restricts to a homomorphism on
the dense tori and if ψ is equivariant with respect to the torus actions. Toric morphisms
XΣ′ → XΣ are in bijective correspondence to group homomorphisms N ′ → N , which map
every cone of Σ′ into a cone of Σ [CLS11, Theorem 3.3.4].

More generally, let L : N ′ → N be a homomorphism of cocharacter lattices inducing the
homomorphism ρ : T′ → T of associated split complex tori. We recall from [BPS14, §3.2]
that a ρ-equivariant morphism ψ : XΣ′ → XΣ of T′-(resp. T-)toric varieties is given by the
composition of a translation by an element in T′ with a toric morphism to a stratum of
XΣ. Clearly, ρ-equivariant toric morphisms ψ : XΣ′ → XΣ are in bijective correspondence
to L-equivariant morphisms of tropical toric varieties E : N ′

Σ′ → NΣ as defined below.

Definition 2.2.4. Let N ′ be a free abelian group of finite rank and let Σ′ be a fan in N ′
R.

Let L : N ′ → N be a homomorphism of abelian groups. A map E : N ′
Σ′ → NΣ is called

L-equivariant morphism of tropical toric varieties (or of partial compactifications), if the
map E is continuous and LR-equivariant.

Remark 2.2.5. Let E : N ′
Σ′ → NΣ be an L-equivariant morphism of tropical toric varieties.

(i) The map E is a morphism of polyhedral spaces by [Jel16, §2.1.4]. Hence we have a
pull back E∗ : Ap,q(U ′) → Ap,q(U) for every open subset U of NΣ and U ′ := E−1(U).

(ii) The map E is proper (in the sense of topological spaces), if and only if the preimage
of |Σ| with respect to LR : N

′
R → NR equals |Σ′|. Observe that this is also equivalent

to properness of the corresponding ρ-equivariant morphism ψ : XΣ′ → XΣ from
Remark 2.2.3 [CLS11, Theorem 3.4.11].

(iii) Assume that E is proper. Then we get a linear map E∗ : Ap,q
c (U) → Ap,q

c (U ′) which
is continuous with respect to the locally convex topologies defined in [BGJK20,
3.2.4]. By duality, we get a linear map E∗ : D

p,q(U ′) → Dp+m−n,q+m−n(U) which is
continuous with respect to the weak topology of currents.

(iv) Pull back of forms and push forward of currents along E respect positivity.

2.2.6. We assume now that Σ is a smooth fan. Let U be an open subset of NΣ and let
V := trop−1

∞ (U) be the corresponding S-invariant open subset of the complex toric manifold
Xan

Σ,∞ where S = S∞ denotes the maximal compact torus in the dense orbit Tan
∞ of Xan

Σ,∞.

There is a unique homomorphism [BGJK20, Proposition 4.1.7]

trop∗∞ : A(U) −→ A(V )

with trop∗∞ ϕ = ϕ ◦ trop∞ for all ϕ ∈ A0,0(U) and which satisfies

(2.4) trop∗∞ ◦ d′ = π−1/2∂ ◦ trop∗∞, trop∗∞ ◦ d′′ = π−1/2i∂̄ ◦ trop∗∞ .

This homomorphism respects the bigrading, positivity of forms and integration of top di-
mensional forms. On the S-invariant forms in A(V ), we have defined an antilinear involu-
tion F . Let A(V )S,F be the real subalgebra of S- and F -invariant forms. Then we have
trop∗∞A(U) ⊂ A(V )S,F with equality if U ⊂ NR. By equation (2.4), we obtain

(2.5) trop∗∞ ◦ d′d′′ = ddc ◦ trop∗∞ .
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Let D(V )S,F be the space of S- and F -invariant currents on V . By duality, we get a
linear map

trop∞,∗ : D
p,p(V )S,F −→ Dp,p(U).

By [BGJK20, Theorem 7.1.5], trop∞,∗ maps the cone of closed positive currents inside of

Dp,p(V )S,F isomorphically onto the cone of closed positive Lagerberg currents in Dp,p(U).

Proposition 2.2.7. Let f be a function on an open subset U of NΣ with values in R∪{±∞}.
Assume that the function f ◦ trop∞ on the complex manifold V := trop−1

∞ (U) is locally
integrable. Then we have

trop∞,∗[f ◦ trop∞] = [f ].

Proof. Note first that local integrability of f ◦ trop∞ implies local integrability of f |U∩NR
.

Hence the Lagerberg current [f ] is well defined by Remark 2.2.1. It is enough to show that

(2.6)

∫

V
(f ◦ trop∞) · trop∗∞(ω) =

∫

U
f · ω

for all ω ∈ An,n
c (U ∩NR). By [BGJK20, Corollary 5.1.8], the identity (2.6) holds for smooth

functions f . Note that integration against the forms ω and trop∗∞(ω) give Radon measures
on U and V , respectively, with compact supports. Since we can approximate a continuous
function uniformly by smooth functions in a neighbourhood of supp(ω), we conclude that
(2.6) holds for all continuous functions f on U . Since a Radon measure with compact
support in U ∩NR is induced by a unique signed Borel measure, it follows that (2.6) is true
for all locally integrable functions f on U ∩NR. �

2.3. The non-archimedean situation. Let K be a non-archimedean complete field with
valuation v = − log | |. First, we recall the construction of forms and currents of Chambert-
Loir and Ducros on analytic spaces over K. For more algebraic approaches, we refer to
[Gub16], [GK19] and [Jel19]. Then we will study forms and currents in the toric setting.

2.3.1. Let X be an n-dimensional connected good K-analytic space whose topology is
Hausdorff (see [Ber90] and [Ber93, §1]). Chambert-Loir and Ducros have introduced forms
and currents on X and we refer to [CD12] for details about the following facts.

The sheaf A = AX of smooth differential forms on X has similar properties as in the
complex case. It is a bigraded differential sheaf of real algebras with respect to natural
differential operators d′ and d′′. Its construction is based on tropical charts and Lagerberg
forms as follows: A moment map on an open subset W of X is a morphism ϕ : W →
(Gr

m)
an leading to the tropicalization map tropϕ := tropv ◦ϕ : W → Rr. There is a bigraded

differential homomorphism trop∗ϕ from the sheaf of smooth Lagerberg forms on Rr to the
sheaf of differential forms on W . If tropϕ(W ) is contained in the compact support |C | of a
polyhedral complex C in Rr and α, β ∈ Ap,q(NR) have the same restriction to polyhedra in
C , then trop∗ϕ(α) = trop∗ϕ(β) in A

p,q(W ). For more details about the construction of A we
refer to [CD12, §3.1].

There is a unique involution J on A which sends Ap,q to Aq,p and which is compatible
with the Lagerberg involution on tropical charts. Smooth differential forms of bidegree
(0, 0) are functions which we call smooth functions.

A differential form ω ∈ Ap,p(V ) on an open subset V of X is called positive if there exist
m ∈ N, smooth functions fj : V → R≥0 and forms αj ∈ Ap,0(V ) for j = 1, . . . ,m such that

ω =

m∑

j=1

(−1)
p(p−1)

2 fjαj ∧ J(αj).

We assume now that X has no boundary in the sense of [Ber90, §2.5, §3.1]. This is the
case for example for an open subset in the Berkovich analytification of an algebraic variety
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over K. By duality there is also a bigraded sheaf D of currents on X with differentials d′, d′′.
Moreover, one can integrate compactly supported forms on X of bidegree (n, n). For every
open subset V of X, we get that any ω ∈ Ap,q(V ) has an associated current [ω] ∈ Dp,q(V ).
Symmetric and positive currents on V are defined similarly as the corresponding notions in
the tropical case.

2.3.2. Let N be a free abelian group of rank n with dualM and let T be the multiplicative
torus with character lattice M . From now on, we consider the T-toric variety XΣ associated
to a fan Σ in NR. Its Berkovich analytification over K is denoted by Xan

Σ,v. The Kajiwara–
Payne tropicalization map tropv : X

an
Σ,v → NΣ is the unique continuous map given by the

usual tropicalization map on Tan
v . The latter is characterized by

〈tropv(x), u〉 = v ◦ χu(x)

for x ∈ Tan
v and any u ∈M with associated character χu. Note that tropv is a proper map

of topological spaces. For details, see [Kaj08] and [Pay09].
We have a canonical section ι : NΣ → Xan

Σ,v of tropv. Since ι is a homeomorphism onto a
closed subset of Xan

Σ , we may view NΣ as a closed subset of Xan
Σ,v which we call the canonical

skeleton. For details, we refer to [BPS14, §4.1].

2.3.3. Let S = Sv denote the maximal affinoid torus in Tan
v acting on Xan

Σ,v by the morphism

m : S×Xan
Σ,v −→ Xan

Σ,v.

Let p2 the second projection of S × Xan
Σ,v, where we take products in the category of K-

analytic spaces. We consider an S-invariant open subset V of Xan
Σ,v, i.e. we require that

m−1(V ) = p−1
2 (V ). A form α ∈ Ap,q(V ) with m∗α = p∗2α is called S-invariant. Similarly, a

function f on V is said to be S-invariant, if f ◦m = f ◦ p2.
Note that S is a K-analytic group. However the underlying topological space of S does

not inherit a group structure. Nevertheless there are well-defined orbits [Ber90, Chapter 5].
The S-orbits of Xan

Σ,v are precisely the fibers of the map tropv, such that tropv : X
an
Σ,v → NΣ

is the quotient by S in the sense of topological spaces [BPS14, Proposition 4.2.15].

Using the identity on Tan
v as a moment map, we get from 2.3.1 a canonical homomorphism

(2.7) trop∗v : ANR
−→ (tropv)∗(ATan

v
)

of bigraded differential sheaves of algebras with respect to the differentials d′, d′′.

Proposition 2.3.4. The homomorphism in (2.7) extends uniquely to a homomorphism

(2.8) trop∗v : ANΣ
−→ (tropv)∗(AXan

Σ,v
)

of bigraded sheaves of algebras compatible with the differentials d′, d′′. For any open U in
NΣ and α ∈ Ap,q(U), we have that trop∗v(α) is an S-invariant form on trop−1

v (U).

Proof. By [Jel19], one can construct the sheaf of smooth forms on Xan
Σ,v using toric charts

with boundaries. The existence of the morphism (2.8) is a natural consequence of this
construction. For the convenience of the reader, we include a direct proof.

Complex forms and Lagerberg forms are determined by their restriction to the dense
stratum. This proves uniqueness. It remains to define trop∗v(α) ∈ Ap,q(trop−1

v (U))S for any
open subset U of NΣ and any α ∈ Ap,q(U). It is enough to give the definition locally around
a given point u ∈ U . There is a unique σ ∈ Σ with u ∈ N(σ). Let πσ : NR → N(σ) be the
quotient map. By definition of Lagerberg forms on U , there is an open neighbourhood Uu

of u in U such that α = π∗σαu on Uu for some αu ∈ Ap,q(Uu∩N(σ)). We note that πσ ◦tropv
is the tropicalization of a moment map and hence we can use 2.3.1 to define ω := trop∗v(α)
on Vu := trop−1

v (Uu). Since ω|Vu∩Tan
v

agrees with the definition in (2.7) proving existence.



12 J.I.BURGOS GIL, W. GUBLER, P. JELL, AND K. KÜNNEMANN

Note that Vu is an S-invariant open subset of V := trop−1
v (U). On S× Vu, we have

πσ ◦ tropv ◦p2 = πσ ◦ tropv ◦m.
These are tropicalizations of moment maps with p∗2ω = (πσ ◦ tropv ◦p2)∗(αu) and m∗ω =
(πσ ◦ tropv ◦m)∗(αu) on S× Vu. This proves S-invariance of ω on Vu and hence on V . �

In the complex situation (see 2.2.6),
the analogue of the morphism (2.7) is an isomorphism onto the subsheaf of S- and F -

invariant forms of (tropv)∗(ATan
v
). Since F is only related to the complex structure, one

might hope in the non-archimedean case that (2.7) gives an isomorphism onto the subsheaf
of S-invariant forms. The following is a counterexample.

Example 2.3.5. Let N := Z and Σ := {(0)} with XΣ = T = Gm and NΣ = R. We claim
that the function f := min(0, tropv)

2 is an S-invariant smooth function on Tan
v which is not

contained in trop∗v(A
0,0(R)).

Indeed, the function min(0, u)2 is not smooth on R and hence f 6∈ trop∗v(A
0,0(R)). Since

f factors through tropv, it is S-invariant. To show f ∈ A0,0(Tan
v ), note first that

f(x) = (− log |T (x)|)(− log |(T − 1)(x)|)
for x ∈ Tan

v where T is the toric coordinate on T. We consider the closed embedding
ϕ : T → T2, x 7→ (x, x− 1). Let u1, u2 denote the coordinates on tropv((T

an
v )2) = R2. Then

u1 · u2 ∈ A0,0(tropϕ(T
an
v )). We conclude that trop∗ϕ(g) = f ∈ A0,0(Tan

v ) proving the claim.

Proposition 2.3.6. Let XΣ be a toric variety of dimension n. Let ω be a (p, q)-form on
an open subset U of NΣ with max(p, q) = n. Then supp(trop∗v(ω)) = ι(supp(ω)), where
ι : NΣ → Xan

Σ,v is the embedding of the canonical skeleton as in 2.3.2.

Proof. We have seen supp(ω) ⊂ NR in Remark 2.2.1 and similarly supp(trop∗v ω) ⊂ Tan
v

by [CD12, Lemme 3.2.5], so we may assume XΣ = T. Let x ∈ Tan
v \ ι(NR) and let y =

ι(tropv(x)). Then there exists a regular function f on T such that |f(x)| 6= |f(y)|. By the
fundamental theorem in tropical geometry, the tropicalization tropv(f) is a piecewise affine
function on NR whose singularity locus V (tropv(f)) is an (n − 1)-dimensional polyhedral
complex in NR equal to tropv(V (f)anv ) for the zero set V (f) of f (see [MS15, §3.1]). For

ϕ : T −→ T× A1, z 7−→ (z, f(z)),

we see that tropϕ(x) 6= tropϕ(y) and tropϕ(x) /∈ tropϕ(ι(NR))). The first projection restricts
to a map π : tropϕ(T

an
v ) → tropv(T

an
v ) = NR which is injective away from V (tropv(f)). Let

W := trop−1
ϕ (tropϕ(T

an
v ) \ tropϕ(ι(NR))).

Since tropv is a proper map and since the canonical skeleton ι(NR) is closed in Tan
v , the set

W is an open neighborhood of x in Tan
v . For any x′ ∈W and y′ := ι(tropv(x

′)), we have

π(tropϕ(x
′)) = tropv(x

′) = tropv(y
′) = π(tropϕ(y

′)).

Since x′ ∈ W , we have x′ 6= y′ and hence the above shows that tropv(x
′) ∈ V (tropv(f)).

This yields tropv(W ) ⊂ V (tropv(f)). Since we have max(p, q) = n > dim(V (tropv(f))), we
have ω|V (tropv(f))

= 0 and hence trop∗v(ω)|W = 0. This shows x /∈ supp(trop∗v(ω)) and since
x was arbitrary in Tan

v \ ι(NR), we have supp(trop∗v(ω)) ⊂ ι(NR). By [CD12, Corollaire
3.2.3], we have tropv(supp(trop

∗
v(ω))) = supp(ω), and the claim follows. �

2.3.7. Let U be an open subset of NΣ and let V := trop−1
v (U). Then we have a linear map

tropv,∗ : D
p,q(V ) −→ Dp,q(U), T 7−→ T ◦ trop∗v .

For α ∈ Ar,s(U) and T ∈ Dp,q(V ), the projection formula

(2.9) tropv,∗(trop
∗
v(α) ∧ T ) = α ∧ tropv,∗(T ).

is an easy formal consequence of our definitions.
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3. Plurisubharmonic functions on partial compactifications

Let N be a free abelian group of finite rank n. We always consider R−∞ := R ∪ {−∞}
as an ordered additive monoid equipped with the unique topology which turns the natural
bijection exp: R−∞

∼→ [0,∞) ⊂ R into a homeomorphism. We fix a fan Σ in NR with
associated partial compactification NΣ. We denote by |Σ| the support of the fan Σ.

3.1. Definition and basic properties of plurisubharmonic functions.

Definition 3.1.1. Let U be an open subset of NR. A function ϕ : U → R−∞ is called
convex if

ϕ
(
(1− t)x+ ty

)
≤ (1− t)ϕ(x) + tϕ(y)

holds for all t ∈ [0, 1] and all x, y ∈ U such that the segment [x, y] := {(1−t)x+ty | t ∈ [0, 1]}
is contained in U . A function ϕ : U → R−∞ is called finite if ϕ(U) ⊂ R.

For p ∈ NR and v ∈ |Σ|, we have shown in [BGJK20, Lemma 3.1.4] that the limit
p+∞v := limµ→∞ p+µv exists in NΣ and p+∞v lies in the stratum N(σ) for the unique
cone σ ∈ Σ containing v in its relative interior. We will also use the compactified half line

[p, p+∞v] := {p + µv |µ ∈ [0,∞]}.

Definition 3.1.2. Let U ⊂ NΣ be an open subset. A function ϕ : U → R−∞ is called
plurisubharmonic (for short psh) if

(i) the function ϕ is upper-semicontinuous (for short usc),
(ii) the function ϕ|U∩NR

is convex (in the sense of Definition 3.1.1),
(iii) for any p ∈ NR and v ∈ |Σ| with [p, p +∞v] ⊂ U , we have ϕ(p +∞v) ≤ ϕ(p).

Proposition 3.1.3. Let U be open subset in NΣ and let (ϕi)i∈I be psh functions on U .

(i) Plurisubharmonicity is a local property.
(ii) Let ϕ(z) = supi∈I ϕi(z) ∈ [−∞,∞]. If we have ϕ(z) < ∞ for all z ∈ U and if

ϕ : U → R−∞ is usc (both conditions hold automatically if I is finite), then ϕ is
psh.

(iii) If ϕi+1(z) ≤ ϕi(z) for all i ∈ N and all z ∈ U , then the limit ϕ(z) = limi ϕi(z)
exists pointwise and the function ϕ : U → R−∞ is psh.

Proof. This is shown easily using standard properties of convex functions. �

Let U ⊂ NΣ be an open subset. We call a subset E ⊂ U a null set if E ∩NR is a null set
with respect to the Lebesgue measure on NR. A function ϕ : U → R−∞ is called strongly
upper semicontinuous if for every null set E ⊂ U and every a ∈ U , we have

(3.1) ϕ(a) = lim sup
x→a, x/∈E

ϕ(x).

Theorem 3.1.4. Let U ⊂ NΣ be an open subset. For a function ϕ : U → R−∞, the
following conditions are equivalent:

(i) The function ϕ is psh.
(ii) The function ϕ is continuous and ϕ|U∩NR

is convex.
(iii) The function ϕ is strongly upper semicontinuous and ϕ|U∩NR

is convex.
(iv) The function ϕ|U∩NR

is convex and for every point x ∈ U \NR we have

(3.2) ϕ(x) = lim sup
y∈U∩NR

y→x

ϕ(y).

The proof will be given after a series of lemmata.
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Lemma 3.1.5. Let ϕ : (M,∞) → R be a convex function for some M ∈ R such that
limx→∞ ϕ(x) <∞. Then ϕ is monotone decreasing.

Proof. This is an easy exercise and will be left to the reader. �

Lemma 3.1.6. Let ϕ : U → R−∞ be a psh function on an open subset U of NΣ and let
σ ∈ Σ. We consider p ∈ N(σ)∩U , v ∈ relint(σ) and q ∈ U ∩NR such that p = q+∞v and
[q, q +∞v] ⊂ U . Then the function ϕ|[q,q+∞v] is continuous.

Proof. We equip [q, p] with the subspace topology from U . By convexity, ϕ|[q,p) is contin-
uous [Roc70, Section 10]. Therefore we only need to show the continuity at the point p.
Combining upper semicontinuity and condition (iii) in Definition 3.1.2 we deduce that

ϕ(p) ≥ lim
µ→∞

ϕ(q + µv) ≥ ϕ(p)

proving continuity. �

Lemma 3.1.7. Let ϕ be a psh function on an open subset U of NΣ and let σ ∈ Σ such that
U ∩N(σ) is connected. Then ϕ|U∩N(σ) is either identically −∞ or a finite convex function.

Proof. We start by showing that ϕ|U∩N(σ) is convex. Let p, q, r ∈ U ∩N(σ) and λ ∈ (0, 1)
with q = λp + (1 − λ)r and [p, r] ⊂ U . We choose v ∈ relint(σ) and points p′, q′ and r′ in
U ∩NR such that q′ = λp′ + (1− λ)r′,

p = p′ +∞v, q = q′ +∞v, r = r′ +∞v

and for every µ ≥ 0 the inclusion [p + µv, r + µv] ⊂ U holds. This can easily be achieved
by the openness of U and the compactness of [p, r]. Then

ϕ(q′ + µv) ≤ λϕ(p′ + µv) + (1− λ)ϕ(r′ + µv)

for all µ ≥ 0. Therefore, using Lemma 3.1.6, we get

ϕ(q) = lim
µ→∞

ϕ(q′ + µv) ≤ lim
µ→∞

(
λϕ(p′ + µv) + (1− λ)ϕ(r′ + µv)

)
≤ λϕ(p) + (1− λ)ϕ(r)

showing that ϕ|U∩N(σ) is convex. The claim follows from the fact that a convex function
on a connected open set with values in R−∞ is either finite or identically −∞. �

Proof of Theorem 3.1.4. We recall first some useful facts. Fix p ∈ NΣ, then there is a
unique σ ∈ Σ with p ∈ N(σ) and we denote by πσ : NR → N(σ) the quotient map. For
p0 ∈ NR with πσ(p0) = p and an open bounded convex neighbourhood Ω of p0 in NR, set

(3.3) U(σ,Ω, p0) :=
∐

τ≺σ

πτ (Ω + σ)⊂ NΣ.

It follows from the second description of the topology of NΣ in [BGJK20, Remark 3.1.2]
that the sets U(σ,Ω, p0) form a basis of open neighbourhoods of p in NΣ. Note that the
strata πτ (Ω + σ) of the basic open sets U(σ,Ω, p0) are open convex subsets of N(τ). We
will use often that [u, u+∞v] ⊂ U(σ,Ω, p0) for any u ∈ U(σ,Ω, p0) ∩NR and any v ∈ σ.

To prove (i) ⇒ (ii), we have to show continuity of a psh function ϕ : U → R−∞ in p ∈ U .
We choose an open neighbourhood U(σ,Ω, p0) of p in U as above, fix v ∈ relint(σ) and let
ε > 0. For µ ∈ [0,∞], let ϕµ : Ω → R−∞, q 7→ ϕ(q + µv). By Lemmata 3.1.5 and 3.1.6, we
get a decreasing net (ϕµ)µ∈R+ of convex functions on Ω which converges pointwise to ϕ∞.
Since πσ(Ω) is an open convex neighbourhood of p = p0+∞v in N(σ), Lemma 3.1.7 shows
that ϕ∞ = ϕ ◦ (πσ |Ω) is either a finite convex function or identically −∞.

We assume first ϕ(p) > −∞ and hence ϕ∞ is a finite function on Ω. By [Roc70, Theorem
10.8], the convergence of ϕµ to ϕ∞ is uniform on compact subsets of Ω. Thus we can find
a compact neighborhood W of p0 in Ω and M ≫ 0 such that

(3.4) ϕ(p)− ε = ϕ∞(p0)− ε ≤ ϕµ(w) = ϕ(w + µv) ≤ ϕ∞(p0) + ε = ϕ(p) + ε
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for all µ ∈ [M,∞] and all w ∈ W . We pick an open convex neighbourhood Ω0 of p0
contained in W and set V := U(σ,Ω0 +Mv, p0 +Mv). Since πσ(p0 + µv) = p, we see that
V is a basic open neighbourhood of p in U . Continuity in p follows from the claim

(3.5) − ε+ ϕ(p) ≤ ϕ(q) ≤ ϕ(p) + ε

for any q ∈ V . There is a unique τ ≺ σ with q ∈ N(τ). Using (3.3), there is q0 ∈ Ω0 and
s ∈ σ such that q = πτ (q

′) for q′ := q0 +Mv+ s. We pick v′ ∈ relint(τ). Then q = q′+∞v′

and [q′, q′ + ∞v′] ⊂ V = U(σ,Ω0 + Mv, p0 + Mv). By Lemma 3.1.6, the restriction of
ϕ to [q′, q′ + ∞v′] is continuous and hence it is enough to prove (3.5) for q ∈ V ∩ NR.
Then we have q = q0 +Mv + s. We have [q, q + ∞v] ⊂ V and [qM , qM + ∞s] ⊂ V for
qM := q0 +Mv ∈ V . By Lemmata 3.1.5 and 3.1.6, the restrictions of ϕ to [qM , qM +∞s]
and to [q, q+∞v] are continuous and decreasing. Together with (3.4) for w = q0, this shows

ϕ(p)− ε ≤ ϕ∞(q) = ϕ(q +∞v) ≤ ϕ(q) = ϕ(q0 +Mv + s) ≤ ϕ(qM ) ≤ ϕ(p) + ε.

We assume now ϕ(p) = −∞. By Lemma 3.1.6, there is M ≫ 0 such that ϕM (p0) =
ϕ(p0 + Mv) < −1/ε. Since ϕM is convex, it is continuous. There is an open convex
neighbourhood Ω0 of p0 in Ω such that

(3.6) ϕM (w) = ϕ(w +Mv) < −1/ε

for all w ∈ Ω0. Let q ∈ V := U(σ,Ω0 +Mv, p0 +MV ). Then q = πτ (q
′) for q′ := qM + s,

q = q′ +∞v′ and [q′, q′ +∞v′] ⊂ V as in the first case. The same arguments show that the
restrictions of ϕ to [q′, q′+∞v′] and to [qM , qM +∞s] are continuous and decreasing, hence

ϕ(q) = ϕ(q′ +∞v′) ≤ ϕ(q′) = ϕ(qM + s) ≤ ϕ(qM ) = ϕ(q0 +Mv) < −1/ε

by using (3.6) for w = q0 ∈ Ω on the right. This shows continuity of ϕ in p.
Obviously, (ii) implies (iii) and (iii) implies (iv). It remains to prove that (iv) yields (i)

and so we assume that ϕ|U∩NR
is convex and (3.2) is satisfied. Note that (3.2) easily yields

that ϕ is usc. It remains to check (iii) of Definition 3.1.2. We argue by contradiction and
assume that there is p′ ∈ NR and v ∈ relint(σ) for some σ ∈ Σ such that [p′, p′ +∞v] ⊂ U
and ϕ(p′ +∞v) > ϕ(p′).

The function g : R≥0 → R, µ 7→ ϕ(p′ + µv) is convex. Using (3.2) and ϕ(p′ +∞v) 6= ∞,
we get limµ→∞ g(µ) < ∞. Lemma 3.1.5 yields that g is monotone decreasing. Note that
p := p′ + ∞v = πσ(p

′) ∈ N(σ). There is p0 ∈ NR with πσ(p0) = p and a bounded open
convex neighbourhood Ω of p0 such that U(σ,Ω, p0) ⊂ U . There is M ≫ 0 such that
p′M := p′ +Mv ∈ U(σ,Ω, p0). By assumption, there is ε > 0 such that ϕ(p′) < ϕ(p) − ε.
Since ϕ(p′M ) ≤ ϕ(p′) and ϕ|U∩NR

continuous, there is a bounded open convex neighbourhood
ΩM of p′M in U(σ,Ω, p0) ∩NR such that ϕ(w) < ϕ(p)− ε for all w ∈ ΩM . We claim that

(3.7) ϕ(q) < ϕ(p)− ε

for all q in the open neighbourhood V := U(σ,ΩM , p
′
M ) of p in U . This contradicts (3.2).

To prove (3.7), let q ∈ V . Then there is τ ≺ σ, qM ∈ ΩM and s ∈ σ such that q = πτ (q
′)

for q′ := qM +s. Note that [qM , qM +∞s] ⊂ V . For v′ ∈ relint(τ), we have q = q′+∞v′ and
[q′, q′ +∞v′] ⊂ V . By (3.2) and Lemma 3.1.5 again, the restrictions of ϕ to [q′, q′ +∞v′]
and to [qM , qM +∞s] are decreasing. Using qM ∈ ΩM , we get

ϕ(q) ≤ ϕ(q′) = ϕ(qM + s) ≤ ϕ(qM ) < ϕ(p)− ε

proving (3.7). This finishes the proof of (iv) ⇒ (i). �

We give now two results which hold similarly for complex psh functions.

Corollary 3.1.8. Let U be an open subset of NΣ and let ϕ be a psh function on U ∩NR.
If ϕ is locally bounded from above near the boundary U \ U ∩NR, then ϕ extends uniquely
to a psh function on U .
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Proof. We define the extension of ϕ to a ∈ U \NR by

(3.8) ϕ(a) = lim sup
x∈U∩NR

x→a

ϕ(x).

Using that ϕ is locally bounded near the boundary, we see that ϕ(a) < ∞. Since ϕ is psh
on U ∩NR, it is convex on U ∩NR. By Theorem 3.1.4, we deduce that ϕ is psh on U . �

Proposition 3.1.9. If Σ is a complete fan, then any psh function on NΣ is constant.

Proof. Let ϕ : NΣ → R−∞ be a psh function. For any line ℓ in NR, the restriction of ϕ is
a convex function. We may write ℓ = p + Rv for any p ∈ ℓ and a non-zero v ∈ NR. By
condition (iii) in Definition 3.1.2, we have limt→∞ f(p ± tv) < ∞. By Lemma 3.1.5, the
convex functions ϕ(p± tv) are decreasing in t ≥ 0 and hence constant. Since this holds for
any line, we get the claim. �

Proposition 3.1.10. Let L : N ′ → N be a homomorphism of free abelian groups of finite
rank, let E : N ′

Σ′ → NΣ be an L-equivariant morphism of tropical toric varieties as in
Definition 2.2.4 and let ϕ : U → R−∞ be a function on an open subset U of NΣ.

(i) If ϕ is psh on U , then ϕ ◦ E is psh on E−1(U).
(ii) If E is a surjective proper map and if ϕ ◦E is psh on E−1(U), then ϕ is psh on U .

Proof. We set U ′ := E−1(U). Let ϕ be psh on U . Note that E(N ′
R) ⊂ N(σ) for a unique

σ ∈ Σ and hence it follows from Lemma 3.1.7 that ϕ◦E is convex on U ′∩N ′
R. By Theorem

3.1.4, ϕ is continuous. It follows that ϕ ◦ E is continuous and hence psh. This proves (i).
To prove (ii), we observe that surjectivity of E yields that E|N ′

R

: N ′
R → NR is affine and

surjective. Since ϕ ◦ E is psh, the restriction ϕ ◦ E|U ′∩N ′
R

is convex. Therefore ϕ|NR∩U is

also convex. Using that E is proper and surjective, it is clear that ϕ is continuous if and
only if ϕ ◦ E is continuous. By Theorem 3.1.4, we get (ii). �

3.2. Relations to Lagerberg currents and complex geometry. For Proposition 3.2.1
below, we assume that the fan Σ is smooth to obtain a characterization of psh functions
on NΣ in terms of classical psh functions on the complex toric manifold Xan

Σ,∞ using the
complex tropicalization map trop∞ : Xan

Σ,∞ → NΣ.

Proposition 3.2.1. We assume that Σ is a smooth fan in NR. Let U be an open subset of
NΣ. Then ϕ : U → R−∞ is psh if and only if ϕ ◦ trop∞ is a psh function on trop−1

∞ (U).

Proof. We note first that the statement holds for an open subset U of NR. Indeed, if
ϕ◦trop∞ is psh, then [Dem12, Theorem I.5.13] shows that ϕ is psh. The converse implication
follows by approximating ϕ locally and uniformly by smooth convex functions.

Now we allow U to hit the boundary. Assume that ϕ ◦ trop∞ is psh. The above yields
that ϕ|NR∩U is convex. By definition of psh functions in complex geometry, the function
ϕ ◦ trop∞ is usc. Using that trop∞ is surjective, we get

{x ∈ U |ϕ(x) ≥ t} = trop
(
{y ∈ trop−1

∞ (U) |ϕ ◦ trop(y) ≥ t}
)

for all t ∈ R−∞ and these sets are closed as the map trop∞ is proper. Therefore ϕ is usc.
We next prove that (iii) in Definition 3.1.2 is satisfied. Let p ∈ NR and v ∈ |Σ| with

[p, p+∞v] ⊂ U . There is a unique cone σ ∈ Σ with v ∈ relint(σ). Choose a vector v0 ∈ N
with v0 ∈ relint(σ). This can always be done because the fan is rational. The description
of the topology of NΣ given in [BGJK20, Remark 3.1.2] and the proof of [BGJK20, Lemma
3.1.4] show that there is µ0 ≥ 0 such that p + µ0v + µv0 ∈ U for all µ ≥ 0 and that
p+∞v = p+ µ0v +∞v0. We have seen that ϕ|NR∩U is convex, ϕ is usc and does not take
the value ∞, hence Lemma 3.1.5 shows that ϕ(p) ≥ ϕ(p + µ0v). Thus is enough to prove
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that ϕ(p+µ0v) ≥ ϕ(p+∞v). We denote by E the complex unit disc and let E∗ := E \ {0}.
We choose a point x ∈ Xan

Σ,∞ with trop∞(x) = p+ µ0v and consider the map

h : E∗ −→ Xan
Σ,∞, t 7−→ v0(t) · x

where we view N as the group of 1-parameter subgroups of the torus T. This map extends

to a holomorphic curve h̃ : E → Xan
Σ,∞ with trop∞(h̃(0)) = p +∞v and h̃(E) ⊂ trop−1

∞ (U).
The restriction of ϕ ◦ trop to E is a psh function. Therefore

ϕ(p+∞v) = ϕ(trop∞(h̃(0)))

≤
∫ 1

0
ϕ(trop∞(h̃(e2πiθ)))dθ = ϕ(trop∞(h̃(1))) = ϕ(p+ µ0v).

Conversely, assume that ϕ is psh. The beginning of the proof yields that the restriction
of ϕ ◦ trop∞ to trop−1

∞ (U) ∩ Tan
∞ is psh. Using that ϕ is continuous by Theorem 3.1.4, we

deduce from [Dem12, Theorem I.5.24] that ϕ ◦ trop∞ is psh. �

Recall from Remark 2.2.1 that a function ϕ on an open subset of NΣ with ϕ|U∩NR
locally

integrable yields a Lagerberg current [ϕ] on U . This applies if ϕ|U∩NR
is finite and convex.

Theorem 3.2.2. Let Σ be a fan and let ϕ : U → R−∞ be a function on a connected open
subset U ⊂ NΣ such that ϕ 6≡ −∞. Then ϕ is psh if and only if

(i) ϕ is strongly upper semicontinuous;
(ii) ϕ|U∩NR

is locally integrable and d′d′′[ϕ] is a positive Lagerberg current on U .

Proof. Let ϕ be a psh function. We show that ϕ satisfies (i) and (ii). We first consider
the case where the fan Σ is smooth. Assume that ϕ is psh. By Theorem 3.1.4 the function
ϕ is strongly upper semicontinuous and the restriction ϕ|U∩NR

is locally integrable. By
Proposition 3.2.1, the function trop∗∞(ϕ) := ϕ ◦ trop∞ is psh on V := trop−1

∞ (U) and hence
ddc[trop∗∞(ϕ)] is a positive current on V . Note that

(3.9) trop∞,∗[trop
∗
∞(ϕ)] = [ϕ]

by Proposition 2.2.7. Using 2.2.6 and (3.9), we conclude that

(3.10) d′d′′[ϕ] = trop∞,∗ dd
c[trop∗∞(ϕ)]

is a positive current on U .
Now we consider the case of a general fan Σ. Assume that ϕ is psh. We choose a

smooth subdivison Σ′ of Σ in NR. There is a unique proper surjective morphism of tropical
toric varieties g : NΣ′ → NΣ which extends the identity on NR. By Proposition 3.1.10 the
function ϕ′ := ϕ ◦ r is psh on r−1(U). As Σ′ is smooth, ϕ′ satisfies conditions (i) and (ii).
Then ϕ is strongly usc as well and ϕ|U∩NR

= ϕ′|U∩NR
is locally integrable. From [ϕ] = r∗[ϕ

′]
we conclude that d′d′′[ϕ] = r∗d

′d′′[ϕ′] is positive as well.
For the converse implication, we need only that ϕ satisfies (i) and the weaker condition

(ii’) ϕ|U∩NR
is locally integrable and d′d′′[ϕ] is a positive Lagerberg current on U ∩NR.

As in the proof of [Lag12, Proposition 2.5], we construct from ϕ|U∩NR
a sequence (ϕǫ)ǫ of

convex smooth functions on U ∩NR such that ϕǫ converges weakly to a convex function g
on U ∩ NR. From [ϕ|U∩NR

] = [g], we get that ϕ|U∩NR
= g outside of a null set. As ϕ is

strongly usc, this shows convexity of ϕ|U∩NR
= g. Theorem 3.1.4 implies that ϕ is psh. �

3.3. Regularisation. Recall that Σ is a fan and U is an open subset of the partial com-
pactification NΣ. For a face τ of σ ∈ Σ, the canonical map N(τ) → N(σ) is denoted by
πσ,τ . We say that a function ϕ : U → R is constant towards the boundary if for each σ ∈ Σ
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and each p ∈ Uσ := U ∩ N(σ) there is a neighborhood V of p such that for all τ ≺ σ we
have

Vτ = (πσ,τ |Vτ )
−1(Vσ) and ϕ|Vτ = (πσ,τ |Vτ )

∗(ϕ|Vσ ).(3.11)

By definition, smooth functions on U are constant towards the boundary.
We recall that a smoothing kernel in NR is a non-negative smooth function η : NR → R

with compact support and
∫
NR

η(y)dy = 1. Here dy denotes the Haar measure on NR such

that the lattice N has covolume one.

Lemma 3.3.1. Let ϕ : U → R be a continuous function which is constant towards the
boundary and let U ′ be a relatively compact open subset of U . Then there exists a smoothing
kernel η with compact support in NR such that the convolution

ϕ ⋆ η : U ′ ∩NR −→ R, ϕ ⋆ η(x) =

∫

NR

ϕ(x− y)η(y)dy

is defined and extends uniquely to a smooth function ϕ ⋆ η : U ′ → R.

We call such an η a smoothing kernel for ϕ and U ′.

Proof. Since ϕ is constant towards the boundary, we can pick for any p ∈ U an open
neighbourhood V (p) such that ϕ satisfies (3.11) for V = V (p). We choose an open neigh-
bourhood V ′(p) of p which is relatively compact in V (p) and hence there is a relatively
compact convex subset W (p) ⊂ NR, symmetric with respect to zero and such that

(3.12) V ′(p) ∩NR +W (p) ⊂ V (p) ∩NR.

Since the closure of U ′ is compact in U , it can be covered by open subsets V ′(p) with p
ranging over a finite I ⊂ U . Then W :=

⋂
p∈I W (p) is a relatively compact convex and

symmetric subset of NR with U ′ ∩ NR +W ⊂ U ∩ NR by (3.12). For a smoothing kernel
η with compact support in W , we conclude that the convolution ϕ ⋆ η is well defined on
U ′ ∩NR. Since η is smooth, it is clear that ϕ ∗ η is smooth on U ′ ∩NR.

We have to check that ϕ ∗ η can be extended to a smooth function on U ′. We can check
this locally. Hence it is enough to check for any p ∈ I that ϕ ⋆ η extends from V ′(p) ∩NR

to a smooth function on V ′(p). There is a unique σ ∈ Σ with p ∈ N(σ). Let πσ : NR → Nσ

be the quotient map. For x, x′ ∈ V ′(p) ∩ NR with πσ(x) = πσ(x
′) and any y ∈ W (p), we

have πσ(x− y) = πσ(x
′ − y). Since ϕ satisfies (3.11) on V (p), we get ϕ(x− y) = ϕ(x′ − y)

and hence

ϕ ⋆ η(x) =

∫

NR

ϕ(x− y)η(y)dy =

∫

NR

ϕ(x′ − y)η(y)dy = ϕ ⋆ η(x′).

Since V ′(p) is dense, we deduce that ϕ ⋆ η has a unique extension from V ′(p) ∩ NR to a
function on V ′(p) satisfying (3.11). By definition, this extension is smooth.

Uniqueness is clear by density of U ′ ∩NR in U ′ and continuity. �

Lemma 3.3.2. Let ϕ be a continuous real function on U which is constant towards the
boundary. Let η be a smoothing kernel for ϕ and a relatively compact open subset U ′ of U .
If ϕ is psh in U , then ϕ ⋆ η is psh in U ′ and ϕ ⋆ η ≥ ϕ in U ′.

Proof. If ϕ is psh, then ϕ|U∩NR
is convex. This readily implies that ϕ⋆η ≥ ϕ and that ϕ⋆η

is convex on U ′ ∩NR. By Lemma 3.3.1, we know that ϕ ⋆ η is continuous on U ′ and hence
Theorem 3.1.4 shows that it is psh. �

Lemma 3.3.3. Let ϕ be a continuous real function on U and let U ′ be a relatively compact
open subset of U . Then there exists a sequence of smoothing kernels (ηk)k≥1 for ϕ and U ′

such that (ϕ ⋆ ηk)k≥1 converges pointwise to ϕ on U ′. If ϕ is psh, then the convergence is
monotone decreasing.
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Proof. Let η and W be as in the proof of Lemma 3.3.1. For k ≥ 1, we consider the
smoothing kernels ηk(x) = knη(kx). Since W is convex and symmetric, the support of
ηk is also contained in W . On NR, the measures ηkdx converge weakly to the Dirac delta
measure δ0 centered at zero. Since ϕ is constant towards the boundary, (ϕ⋆ηk)k≥1 converges
pointwise to ϕ on U ′. If ϕ is psh, then Lemma 3.3.2 shows that ϕ ⋆ ηk is psh and ≥ ϕ,
hence ϕ ⋆ ηk and ϕ restrict to convex functions on U ′ ∩NR and we get

(ϕ ⋆ ηk)(x) =

∫

Rn

ϕ(x− y)knη(ky)dy =

∫

Rn

ϕ
(
x− y

k

)
η(y)dy

≤
∫

Rn

(
1

k
ϕ(x) +

k − 1

k
ϕ
(
x− y

k − 1

))
η(y)dy

=
1

k
ϕ(x) +

k − 1

k
(ϕ ⋆ ηk−1)(x) ≤ (ϕ ⋆ ηk−1)(x)

for x ∈ U ′ ∩NR, k ≥ 2. Hence the convergence is monotonically decreasing on U ′. �

The next Theorem gives local regularization of psh functions. In §5.4, we will discuss
global regularization of θ-psh functions.

Theorem 3.3.4. Let Σ be a fan and let U be an open subset of NΣ. A function ϕ : U →
R−∞ is psh if and only if ϕ is locally a decreasing limit of smooth psh functions.

Proof. By Proposition 3.1.3, any decreasing limit of psh functions is psh. Conversely, we
assume that ϕ is psh. The claim is local and so we may assume U connected. The claim
is obvious for ϕ ≡ −∞ and so we may assume that ϕ is not identically equal to −∞. The
difficulty is that our definition of a smooth function on U means that it is a smooth function
on U ∩ NR which is constant towards the boundary, therefore a function ϕ with ϕ ◦ trop
smooth is not necessarily smooth on U .

By Proposition 3.1.3 the function ϕ can be approximated monotonically decreasing by
the finite psh functions ϕM := max(ϕ,−M) for M ∈ N.

Now we show that a finite function ϕ is locally a decreasing limit of continuous psh
functions which are constant towards the boundary. So let us check this in p ∈ U ∩N(σ).
Passing to an open neighbourhood, we may assume that Σ contains a single maximal cone
σ and that U satisfies the first condition in (3.11) for V (p) = U . Fix ε > 0 and let εσ := ε.
For each τ ∈ Σ with τ ≺ σ, we fix ετ > 0 satisfying ετ1 < ετ2 whenever τ1 ≺ τ2. Since we
are assuming that Σ contains a single maximal cone, there is a unique continuous extension
πτ : NΣ → N(τ) of the quotient map NR → N(τ). Using that πτ (U) = U ∩N(τ), we define

g : U −→ R, x 7−→ max
τ≺σ

ϕ(πτ (x)) + ετ .

Since πτ is an equivariant morphism of tropical toric varieties and ϕ is psh, Proposition
3.1.10 shows that ϕ ◦ πτ is psh and hence g is psh by Proposition 3.1.3. Using that ϕ is
decreasing towards the boundary, we have |ϕ− g| ≤ ε. Since ϕ is a finite function which is
continuous by Theorem 3.1.4, the choice of the family ετ shows that g is constant towards
the boundary. Choosing εk and εσ,k as above converging monotonically to zero for k → ∞,
we obtain a sequence of continuous psh functions which are constant towards the boundary
and converge monotonically decreasing to ϕ.

Now assume that ϕ is a finite psh function which is constant towards the boundary. We
prove the claim for ϕ locally in p ∈ U . We pick a relatively compact open neighbourhood
U ′ of p in U . Then applying the sequence of smoothing kernels ηk from Lemma 3.3.3 we
see that ϕ is a decreasing limit of smooth psh functions on U ′.

Finally, applying a standard diagonal argument based on Dini’s theorem, we deduce from
the above steps that locally any psh function ϕ is a limit of a decreasing sequence of smooth
psh functions. �
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4. Bedford Taylor calculus on a partial compactification

In this section, Σ denotes a smooth fan in NR for a free abelian group N of rank n. The
goal is to develop a Bedford–Taylor calculus on the partial compactification NΣ using the
Bedford Taylor calculus on the complex manifold Xan

Σ . At the end, functoriality will help
us to construct Bedford–Taylor products for psh functions also for non-smooth fans.

4.1. Locally bounded case. Let U be an open subset of NΣ. Let Dp,p
cl,+(U) denote the

space of positive Lagerberg currents on U of bidegree (p, p) which are closed with respect
to the differentials d′ and d′′. Let u1, . . . , uq be smooth psh functions on U and let T ∈
Dp,p(U)cl,+ with p+ q ≤ n. From the calculus of smooth Lagerberg forms and currents on
U (see §2.2 and [BGJK20, Section 3]), we get products

u1d
′d′′u2 ∧ . . . ∧ d′d′′uq ∧ T ∈ Dp+q−1,p+q−1(U),(4.1)

d′d′′u1 ∧ . . . ∧ d′d′′uq ∧ T ∈ Dp+q,p+q
cl,+ (U).(4.2)

The second type of currents is called Monge-Ampère currents. We want to extend the
construction of the products (4.1) and (4.2) to locally bounded psh functions. By Theorem
3.1.4, a psh function is locally bounded if and only if it is finite continuous.

Remark 4.1.1. For smooth psh functions u1, . . . , uq on U and a current T as above, we
write vj = trop∗∞(uj) for j = 1, . . . , q. By Proposition 3.2.1, the functions vj are psh on
V = trop−1

∞ (U). By the main theorem in [BGJK20] recalled in 2.2.6, there is a unique closed
positive current S ∈ Dp,p(V )S,F with trop∞,∗(S) = T . The projection formula [BGJK20,
Proposition 5.1.7] and (2.5) imply

u1d
′d′′u2 ∧ . . . ∧ d′d′′uq ∧ T = trop∞,∗(v1dd

cv2 ∧ . . . ∧ ddcvq ∧ S),
d′d′′u1 ∧ . . . ∧ d′d′′uq ∧ T = trop∞,∗(dd

cv1 ∧ . . . ∧ ddcvq ∧ S).
Theorem 4.1.2. For any open subset U of NΣ, locally bounded psh functions u1, . . . , uq
on U and T ∈ Dp,p(U)cl,+, there are unique Lagerberg currents

u1d
′d′′u2 ∧ . . . ∧ d′d′′uq ∧ T ∈ Dp+q−1,p+q−1(U),

d′d′′u1 ∧ . . . ∧ d′d′′uq ∧ T ∈ Dp+q,p+q
cl,+ (U)

such that these products are given locally in U and satisfy the following two properties:

(i) If u1, . . . , uq are smooth, then the product currents agree with (4.1) and (4.2).
(ii) If there are psh functions {uj,k}k≥0 converging locally uniformly to uj for j =

1, . . . , q and if there are closed positive Lagerberg currents {Tk}k≥0 converging weakly
to T , then we have the weak convergence of Lagerberg currents

u1,kd
′d′′u2,k ∧ . . . ∧ d′d′′uq,k ∧ Tk k→∞−−−→ u1d

′d′′u2 ∧ . . . ∧ d′d′′uq ∧ T,

d′d′′u1,k ∧ . . . ∧ d′d′′uq,k ∧ Tk k→∞−−−→ d′d′′u1 ∧ . . . ∧ d′d′′uq ∧ T.
Proof. For j = 1, . . . , q, Proposition 3.2.1 shows that vj := trop∗∞(uj) is psh on V :=

trop−1
∞ (U). As seen in Remark 4.1.1, there is a unique closed positive S ∈ Dp,p(V )S,F with

trop∞,∗(S) = T . In [Dem12, §III.3] there is an inductive definition of v1dd
cv2∧ . . .∧ddcvq ∧

S ∈ Dp+q−1,p+q−1(V ) and ddcv1 ∧ . . . ∧ ddcvq ∧ S ∈ Dp+q,p+q
cl,+ (V ). Then we define

u1d
′d′′u2 ∧ . . . ∧ d′d′′uq ∧ T := trop∞,∗(v1dd

cv2 ∧ . . . ∧ ddcvq ∧ S)
d′d′′u1 ∧ . . . ∧ d′d′′uq ∧ T := trop∞,∗(dd

cv1 ∧ . . . ddcvq ∧ S).
This definition is local in U as the complex construction is local in V . By Remark 4.1.1,
we get (i). By Theorem 3.1.4, any psh function on U is continuous and hence (ii) follows
from the corresponding fact on complex manifolds given in [Dem12, Corollary III.3.6]. It
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follows from the regularization in Theorem 3.3.4 that these two properties and locality in
U characterize the product currents uniquely. �

4.2. The unbounded case. We will now consider a version of the previous theorem for
unbounded psh-functions. Similarly as in [Dem12, §3.4], we will replace uniform convergence
by pointwise monotone convergence and the sequence (Tk) by one current T . Additionally,
the loci of unboundedness of the psh functions and supp(T ) have to intersect properly.

We still assume that Σ is a smooth fan in NR and that U is an open subset of NΣ. A
stratum of U is a connected component of U ∩N(σ) for some σ ∈ Σ. A strata subset of U
is a union of strata of U . Given a psh function u on U , we will write

L(u) := {x ∈ U | u(x) = −∞}.

By Theorem 3.1.4 and Lemma 3.1.7, the set L(u) is a closed strata subset of U .
In the following definition, the closed strata subsets D1, . . . ,Dq should morally be viewed

as supports of divisors.

Definition 4.2.1. Let B be a closed strata subset of U and let D1, . . . ,Dq be closed strata
subsets of U of codimension at least one. For d ∈ N, we say that D1, . . . ,Dq intersect B
d-properly if for any subset I ⊂ {1, . . . , q} we have

(4.3) dim


B ∩

⋂

j∈I

Dj


 ≤ d− |I|

Note that for I = ∅, this gives that the dimension of B is bounded by d.

Theorem 4.2.2. Let D1, . . . ,Dq be closed strata subsets of U of codimension at least one
which intersect the closed strata subset B of U (n − p)-properly for some p ∈ N. For
j ∈ {1, . . . , q}, let uj be a psh function on U with L(uj) ⊂ Dj and let T ∈ Dp,p

cl,+(U) with

supp(T ) ⊂ B. Then there are product currents

u1d
′d′′u2 ∧ . . . ∧ d′d′′uq ∧ T ∈ Dp+q−1,p+q−1(U),

d′d′′u1 ∧ . . . ∧ d′d′′uq ∧ T ∈ Dp+q,p+q
cl,+ (U)

that agree with the ones in Theorem 4.1.2 when the functions uj are locally bounded. The
formation of the product currents is local in U . If there are decreasing sequences {uj,k}k≥0

of psh functions converging pointwise to uj for j = 1, . . . , q, then we have

u1,kd
′d′′u2,k ∧ . . . ∧ d′d′′uq,k ∧ T k→∞−−−→ u1d

′d′′u2 ∧ . . . ∧ d′d′′uq ∧ T,

d′d′′u1,k ∧ . . . ∧ d′d′′uq,k ∧ T k→∞−−−→ d′d′′u1 ∧ . . . ∧ d′d′′uq ∧ T

as weak convergence of currents. These conditions determine the product currents uniquely.

Proof. Let V , vj and S be as in the proof of Theorem 4.1.2. For every I ⊂ {1, . . . , q}, the
set B ∩⋂

j∈I Dj is a closed stata subset of U . If N(σ) is a stratum of NΣ, then

dimR(trop
−1(N(σ))) = 2dimC(trop

−1(N(σ))) = 2dimR(N(σ))

and hence our Assumption (4.3) yields

dimR trop−1


B ∩

⋂

j∈I

Dj


 ≤ 2n− 2p − 2|I| < 2n− 2p− 2|I|+ 1.
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Therefore, the functions vj and the current S satisfy the hypotheses of [Dem12, Theorem
III.4.5], where the role of p and n− p is interchanged. It follows that the currents

v1dd
cv2 ∧ . . . ∧ ddcvq ∧ S ∈ Dp+q−1,p+q−1(V ),

ddcv1 ∧ . . . ∧ ddcvq ∧ S ∈ Dp+q,p+q
cl,+ (V )

are well defined. As in Theorem 4.1.2, we define the product currents on U as the direct
image of the corresponding currents in V with respect to trop: V → U . The continuity
result is a consequence of the weak continuity of trop∗ and [Dem12, Theorem III.4.5].
Uniqueness of the product currents follows again from the regularization in Theorem 3.3.4
and from locality in U . Since the current ddcv1 ∧ . . . ∧ ddcvq ∧ S is closed and positive, the
same is true for d′d′′u1 ∧ . . . ∧ d′d′′uq ∧ T by [BGJK20, Proposition 5.1.13]. �

Remark 4.2.3. In the above proof, we have seen that the tropical Bedford–Taylor products
of the psh functions u1, . . . , uq and T ∈ Dp,p

cl,+(U) satisfying the hypotheses in Theorem 4.2.2

are compatible with the Bedford–Taylor products of the psh functions vj := uj ◦ trop∞ on

the complex manifold V = trop−1
∞ (U) and the unique closed positive S ∈ Dp,p(V )S,F with

trop∞,∗(S) = T in the sense that we have

u1d
′d′′u2 ∧ . . . ∧ d′d′′uq ∧ T = trop∞,∗(v1dd

cv2 ∧ . . . ∧ ddcvq ∧ S)
d′d′′u1 ∧ . . . ∧ d′d′′uq ∧ T = trop∞,∗(dd

cv1 ∧ . . . ddcvq ∧ S).

4.3. Functoriality. LetN,N ′ be free abelian groups of finite rank n and n′ respectively. As
in Definition 2.2.4, we consider a homomorphism L : N ′ → N and a proper L-equivariant
morphism E : N ′

Σ′ → NΣ of tropical toric varieties for fans Σ and Σ′ in NR and N ′
R,

respectively. Let U be an open subset of NΣ and U ′ := E−1(U).

Lemma 4.3.1. For T ∈ Dr,s(U ′) and α ∈ Ap,q(U) we have

α ∧ E∗T = E∗(E
∗α ∧ T ) ∈ Dr+n−n′+p,s+n−n′+q(U).

Proof. This follows directly from testing against a form β ∈ An′−r−p,n′−s−q
c (U). �

By Proposition 3.1.10, the pull-back of a psh function on U with respect to E is psh.

Proposition 4.3.2. In the above setting, assume that Σ,Σ′ are smooth fans. Let T be a
closed positive current on U ′ and let u1, . . . , uq be locally bounded psh-functions on U . Then

E∗

(
E∗(u1)d

′d′′E∗(u2) ∧ . . . ∧E∗(uq) ∧ T
)
= u1d

′d′′u2 ∧ . . . ∧ uq ∧ E∗T

Proof. When the ui are smooth, this follows from Lemma 4.3.1. In general, we use Theorem
3.3.4 to approximate the ui locally by decreasing sequences of smooth psh functions. Then
we use locality and continuity of the product in Theorem 4.1.2 and of E∗. �

Remark 4.3.3. In the same setting, the projection formula in Proposition 4.3.2 holds
more generally for unbounded psh-functions u1, . . . , uq on U if we assume L(uj) ⊂ Dj and
supp(T ) ⊂ B for strata subsets Dj of codimension at least one in U and a strata subset B
of U ′ such that E−1(D1), . . . , E

−1(Dq) intersect B (m− p)-properly.
Indeed, then E∗(T ) ∈ Dn−m+p,n−m+p(U) andD1, . . . ,Dq intersect the closed stata subset

E(B) (m− p)-properly. The projection formula follows as above by using Theorem 4.2.2.

Remark 4.3.4. We can use functoriality to define Bedford–Taylor products also in the
case of a non-smooth fan Σ in NR. Let u1, . . . , uq be locally bounded psh functions on the
open subset U of NΣ. By toric resolution of singularities, there is a smooth fan Σ′ in NR

refining Σ. The associated morphism E : NΣ′ → NΣ is a proper idN -equivariant morphism
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of tropical toric varieties and we define the product currents by

u1d
′d′′u2 ∧ . . . ∧ d′d′′uq := E∗

(
E∗(u1)d

′d′′E∗(u2) ∧ . . . ∧ E∗(uq)
)
∈ Dq−1,q−1(U),

d′d′′u1 ∧ . . . ∧ d′d′′uq := E∗

(
E∗(u1)d

′d′′E∗(u2) ∧ . . . ∧ E∗(uq)
)
∈ Dq,q

cl,+(U).

It follows from Proposition 4.3.2 that the definition of the product currents does not de-
pend on the choice of Σ′. Obviously, the above product currents are still local in U and
are continuous along monotonically decreasing sequences of psh functions. Moreover, the
projection formula in Proposition 4.3.2 holds also for not necessarily smooth fans.

5. Semipositive metrics and θ-psh functions

We recall properties of semipositive metrics on line bundles over complex manifolds or
non-archimedean analytic spaces and discuss the equivalent concept of θ-psh functions for
a closed first Chern current θ of the line bundle. We also introduce θ-psh functions on
tropical toric varieties. For toric varieties, tropical θ-psh functions serve as a link between
invariant θ-psh functions in the complex and the non-archimedean situation. We prove
correspondence theorems which will later be applied to solve Monge–Ampère equations.

5.1. The complex setting. Let L be a holomorphic line bundle on a complex manifold
X. We first introduce singular psh metrics on L and θ-psh functions in this general setting.
Then we restrict to the toric setting.

5.1.1. A continuous metric ‖ ‖ on L is given by continuous functions − log ‖s‖ : U → R

for all frames (i.e. nowhere vanishing sections) s ∈ H0(U,L) on open subsets U of X such
that for frames s on U and s′ on U ′ we have log ‖s‖ − log ‖s′‖ = log |s/s′| on U ∩ U ′.

A singular metric of L is defined similarly, but without assuming continuity and with
allowing the function − log ‖s‖ to take the value −∞ as well.

Definition 5.1.2. A singular metric ‖ ‖ of L is called psh if for all local frames s of L on
any open subset U of X, the function − log ‖s‖ : U → R−∞ is psh.

Remark 5.1.3. If X is connected, then a singular metric ‖ ‖ of L is psh if and only if
either the function − log ‖s‖ is identically −∞ or the function − log ‖s‖ is strongly usc as
defined in (2.1), locally integrable and the first Chern current c1(L, ‖ ‖) := ddc[− log ‖s‖]
is positive for all local frames s of L [Lel68, Théorème II.3]. Note that a smooth metric
is psh if and only if the first Chern form is a positive form. Some authors would call the
latter form semipositive, but we use here the positivity notions of forms and currents given
in [Dem12, §III.1.A, §III.1.B] following also our conventions from Section 2.

Definition 5.1.4. We fix a continuous reference metric ‖ ‖0 on L and we set θ := c1(L, ‖ ‖0)
for the associated first Chern current. A θ-psh function ϕ on X is a function ϕ : X → R−∞

such that for every connected open subset U of X, we have either ϕ|U ≡ −∞ or ϕ|U is
strongly usc, locally integrable and ddc[ϕ|U ] + θ is a positive current on U .

Observe that if ‖ ‖0 is a smooth metric, then θ is a smooth (1, 1)-form on X.

Remark 5.1.5. Note that every singular metric ‖ ‖ on L induces a function

ϕ:= − log(‖ ‖/‖ ‖0) := − log(‖s‖/‖s‖0) : X → R−∞

independent of the choice of a local frame s of L. Obviously, the singular metric ‖ ‖ is psh
if and only if the function ϕ is θ-psh.

Remark 5.1.6. For a line bundle L on a complex smooth proper variety Y , there is another
semipositivity notion for metrics on L introduced by Zhang [Zha95]: Let Y an be the complex
analytification of Y . A metric ‖ ‖ on Lan is called semipositive, if ‖ ‖ is a uniform limit
of smooth psh metrics ‖ ‖k on Lan, i.e. the Chern forms c1(h

∗Lan, h∗‖ ‖k) are assumed to
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be positive forms. Obviously, a semipositive metric is continuous. It is easy to see that for
every semipositive metric ‖ ‖ on Lan, the first Chern current c1(L, ‖ ‖) is a positive current
on Xan and hence ‖ ‖ is a psh metric as in Definition 5.1.2. The converse requires existence
of global regularization and holds for L ample [Mai00, Theorem 4.6.1].

5.1.7. Let N be a lattice with dual lattice M . Let Σ be a smooth fan in NR with associated
smooth complex toric variety XΣ. Recall from [BPS14, Definition 3.3.4], that a toric line
bundle L on XΣ is given by a line bundle L on XΣ together with a fixed trivialization of
the fiber of L over the origin of the generic torus T of XΣ. A meromorphic section s of a
toric line bundle is called toric if it is regular and nowhere vanishing on T and the fixed
trivialization is induced by s. The choice of a toric section of a toric line bundle corresponds
precisely to the choice of a T-linearization of the toric line bundle [BPS14, Remark 3.3.6].

Let s be a toric meromorphic section of a toric line bundle L on XΣ. Associated with
L and s there is a piecewise linear function Ψ = Ψ(L, s) : Σ → R, whose construction
we now recall: The invariant Cartier divisor of s is given on the affine open subset Uσ =
SpecC[σ∨ ∩M ] associated to the cone σ ∈ Σ by a character χ−m and then Ψ is given on σ
by the corresponding linear form m ∈M .

For a continuous metric ‖ ‖ on Lan, we call g := − log ‖s‖ the associated Green function
for div(s). A metric on Lan is called toric if it is invariant under pull-back with respect to
the action of the compact torus S in Tan.

If Σ is complete, then a result of Burgos, Philippon and Sombra [BPS14, Theorem 4.8.1]
shows that for a fixed toric meromorphic section s of L the invariant continuous semipositive
toric metrics on Lan are in bijection to the concave functions ψ on NR with ψ = Ψ+O(1).
The correspondence is given by

(5.1) ψ ◦ trop = log ‖s‖.
We will generalize this correspondence below. The canonical metric on a nef toric line
bundle L on the proper toric variety XΣ corresponds to the choice ψ = Ψ. This canonical
metric does not depend on the choice of s and is continuous but not necessarily smooth.

5.2. The Lagerberg setting. Let Σ be a fan in NR for a lattice N of rank n. Our goal
is to transfer the notions from the previous subsection to an open subset U of the partial
compactification NΣ. As usual, we set M := HomZ(N,Z).

In the tropical world, there is no perfect analogue of line bundles and so we prefer to
establish the analogue of θ-psh functions. According to 5.1.7, a good way to replace the
holomorphic line bundle is to fix a function Ψ: |Σ| → R which is piecewise linear with
respect to the fan Σ which means that Ψ is linear on each cone σ of Σ. We also require
that the slope of Ψ|σ is integral, i.e. Ψ|σ = mσ for some mσ ∈ M . This makes sure that
there is an associated line bundle L on the complex toric variety XΣ by the reverse of the
construction in 5.1.7. This will be important for comparing to semipositive metrics in the
complex setting. Note that Ψ might be seen as a tropical Cartier divisor on NΣ and linear
equivalence is given by adding linear functions from M [AR10].

The role of continuous metrics is played in the following by Green functions.

Definition 5.2.1. A continuous Green function for Ψ is a function g : U ∩ NR → R such
that for all σ ∈ Σ and all mσ ∈ M with Ψ|σ = mσ|σ, there exists an open neighbourhood
Ωσ of U ∩ N(σ) in U and a continuous function hσ : Ωσ → R which extends the function
g+mσ|Ωσ∩NR

. We say that g is a smooth Green function for Ψ if we may choose hσ smooth
for all σ ∈ Σ.

A continuous singular Green function for Ψ is defined as above, but allowing the contin-
uous function hσ to take the value −∞. Note that the function g is still assumed to have
finite values on U ∩NR. Therefore hσ can only take the value −∞ on U \NR.
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Remark 5.2.2. A partition of unity argument shows that there exists a smooth Green
function for Ψ. In case of a complete fan, a canonical continuous Green function is given
by g := −Ψ|U∩NR

.

We use in the following that a real valued continuous or more generally locally integrable
function f on U ∩NR induces a Lagerberg current [f ] ∈ D0,0(U), see Remark 2.2.1.

Definition 5.2.3. Let g be a continuous singular Green function for Ψ. For a cone σ ∈ Σ,
we pick an open subset Ωσ and mσ ∈ M as in Definition 5.2.1 and define the first Chern
current c1(Ψ, g) on Ωσ by c1(Ψ, g) := d′d′′[g +mσ]. Since the open sets Ωσ cover U and
since the first Chern currents agree on overlappings, we get a well-defined Lagerberg current
c1(Ψ, g) ∈ D1,1(U).

It is easy to see that c1(Ψ, g) is a d′- and d′′-closed symmetric Lagerberg current in
D1,1(U) and does not depend on the choice of the linear functions mσ.

We fix a reference continuous Green function g0 for Ψ and we set θ := c1(Ψ, g0)∈ D1,1(U).

Definition 5.2.4. A function ϕ : U → R−∞ is called θ-psh if it is strongly upper semicon-
tinuous (see (3.1)) and for any connected componentW of U , the function ϕ either restricts
to a locally integrable function W ∩NR → R and d′d′′[ϕ]+ θ is a positive Lagerberg current
on W or ϕ is identically −∞ on W .

The following characterization of θ-psh functions uses the open sets Ωσ and mσ ∈ M
from Definition 5.2.1 for the reference continuous Green function g0 instead of g.

Proposition 5.2.5. A function ϕ : U → R−∞ is θ-psh if and only if ϕ + g0 +mσ|Ωσ∩NR

extends to a psh function on Ωσ for all σ ∈ Σ. Hence any θ-psh function is continuous.

Proof. We may assume that U is connected and that ϕ is not identically −∞ on U . By
Definition 5.2.1, the function g0+mσ extends to a continuous function hσ : Ωσ → R for any
σ ∈ Σ. On Ωσ, we have

d′d′′[ϕ+ hσ] = d′d′′[ϕ+ g0 +mσ] = d′d′′[ϕ] + θ.

Since the open subsets Ωσ cover U , it follows from Theorem 3.2.2 that ϕ is θ-psh if and
only if ϕ+ hσ is psh on Ωσ for every σ ∈ Σ. Now Theorem 3.1.4 yields continuity. �

Proposition 5.2.6. A function ϕ : U → R−∞ is θ-psh if and only if the restriction of
ϕ+ g0 to U ∩NR is convex and for every point x ∈ U \NR we have

ϕ(x) = lim sup
y∈U∩NR

y→x

ϕ(y).

Proof. Follows from Theorem 3.1.4, Theorem 3.2.2 and Proposition 5.2.5. �

Next, we deal with functoriality of θ-psh functions.

Remark 5.2.7. Let L : N ′ → N be a homomorphism of free abelian groups of finite rank.
Let E : N ′

Σ′ → NΣ be an L-equivariant morphism of tropical toric varieties as in Definition
2.2.4. Then Ψ′ := Ψ ◦ L is a function on |Σ′| which is piecewise linear with respect to Σ′.
There exists a unique cone σ ∈ Σ such that E(N ′

R) ⊂ N(σ). Adding to Ψ a linear function
in M , we may assume that Ψ|σ = 0. Then g′0 := g0 ◦ E is a continuous Green function for
Ψ′ on U ′ := E−1(U) and we set θ′ := c1(Ψ

′, g′0) = E∗(θ). If we use the characterization of
psh functions in Proposition 5.2.5, we can conclude from Proposition 3.1.10 the following
properties of functions ϕ : U → R−∞:

(i) If ϕ is θ-psh on U , then ϕ ◦ E is θ′-psh on U ′.
(ii) If E is a surjective proper map and if ϕ ◦ E is θ′-psh on U ′, then ϕ is θ-psh on U .
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Proposition 5.2.8. Let E : NΣ′ → NΣ be a proper surjective L-equivariant morphism of
tropical toric varieties, θ′ := E∗(θ) and U ′ := E−1(U) as above. If ϕ′ : U ′ → R−∞ is a
θ′-psh function, then there is a unique θ-psh function ϕ : U → R−∞ with ϕ′ = ϕ ◦E.

Proof. Let x ∈ U . Since E is L-equivariant, the fiber E−1(x) is isomorphic to a partial
compactification NΣ′′ . Using that E is proper, we conclude that the fiber is compact and
hence Σ′′ is a complete fan. Let σ ∈ Σ be the unique cone with x ∈ N(σ). It follows from
Proposition 5.2.5 that ϕ′ + g0 ◦E +mσ ◦E extends to a psh function ψ on neighbourhood
of E−1(x). By Proposition 3.1.10, the pull-back of ψ to NΣ′′ is psh and hence constant
by Proposition 3.1.9. We conclude that ϕ′ is constant on each fiber and hence there is a
unique ϕ : U → R−∞ with ϕ′ = ϕ ◦ E. By Remark 5.2.7 (ii), the function ϕ is θ-psh. �

Remark 5.2.9. If Σ is not a smooth fan, then we can apply toric resolution of singularities
[CLS11, Theorem 11.1.9] to get a smooth fan Σ′ which is a subdivision of Σ. The induced
morphism E : NΣ′ → NΣ of tropical toric varieties is idN -equivariant and proper. By
Remark 5.2.7, the function ϕ : U → R−∞ is θ-psh if and only if the function ϕ′ := ϕ ◦ E is
E∗(θ)-psh on U ′ := E−1(U). Moreover, we can use Proposition 5.2.8 to descend a E∗(θ)-psh
function on U ′ to a θ-psh function on U .

Bedford–Taylor theory extends to θ-psh functions as follows. Similarly as in Theorem
4.2.2, we consider closed strata subsets D1, . . . ,Dq of U of codimension at least one inter-
secting a closed strata subset B of U (n− p)-properly for some p ∈ N.

Theorem 5.2.10. Assume that Σ is smooth. For j = 1, . . . , q, let gj be a continuous
Green function for the piecewise linear function Ψj with respect to the fan Σ and let θj :=
c1(Ψj, gj). For θj-psh functions ϕj with L(ϕj) ⊂ Dj and any T ∈ Dp,p

cl,+(U) with supp(T ) ⊂
B, there are unique product currents

(ϕ1 + g1)(d
′d′′ϕ2 + θ2) ∧ . . . ∧ (d′d′′ϕq + θq) ∧ T ∈ Dp+q−1,p+q−1(U),

(d′d′′ϕ1 + θ1) ∧ . . . ∧ (d′d′′ϕq + θq) ∧ T ∈ Dp+q,p+q
cl,+ (U)

such that the products are local in U , depend only on the factors and not on the choice of
ϕj ,Ψj, gj , θj, and agree with the product currents in Theorem 4.2.2 in case that all θj = 0.
All properties of product currents for psh functions seen in Section 4 extend to the above
product currents.

Proof. Let σ ∈ Σ and for j = 1, . . . , q let mσ,j ∈ M such that Ψj |σ = mσ,j |σ. There is an
open neighbourhood Ωσ of U ∩N(σ) in U such that for j = 1, . . . , q we have a continuous
map hj,σ : Ωσ → R extending gj + mσ,j|Ωσ∩NR

. By definition of θj-psh, the function
uj := ϕj + hj,σ is psh on Ωσ. Using Theorem 4.2.2, we define product currents on Ωσ by

(ϕ1 + g1)(d
′d′′ϕ2 + θ2) ∧ . . . ∧ (d′d′′ϕq + θq) ∧ T := u1d

′d′′u2 ∧ . . . ∧ d′d′′uq ∧ T,
(d′d′′ϕ1 + θ1) ∧ . . . ∧ (d′d′′ϕq + θq) ∧ T := d′d′′u1 ∧ . . . ∧ d′d′′uq ∧ T.

Since a continuous function on Ωσ satisfies d′d′′[f ] = 0 if and only if f is an affine bounded
function on each connected component of Ωσ, we deduce that the above definition of the
product currents on Ωσ depends only on the factors and not on ϕj , gj and not on the
choice of mσ,j . Since the products in Theorem 4.2.2 are local and since the Ωσ cover U ,
we get globally defined product currents. All the required properties are obvious from the
corresponding properties for products of psh functions in Section 4 as they can be checked
locally. Uniqueness is clear by construction. �

Remark 5.2.11. If Σ is not necessarily smooth and Ψj , gj , θj are as in Theorem 5.2.10,
then for locally bounded θj-psh functions ϕj on U , there are unique product currents

(ϕ1 + g1)(d
′d′′ϕ2 + θ2) ∧ . . . ∧ (d′d′′ϕq + θq) ∈ Dq−1,q−1(U),

(d′d′′ϕ1 + θ1) ∧ . . . ∧ (d′d′′ϕq + θq) ∈ Dq,q
cl,+(U)
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such that the products are local in U , depend only on the factors and not on ϕj and θj,
and agree with the product currents in Remark 4.3.4 in case that all θj = 0. This follows
again by applying locally Remark 4.3.4. All the properties of the product currents of psh
functions seen in Section 4 extend to the products above.

Now we want to compare the Lagerberg setting with the complex situation. We assume
that Σ is a smooth fan. By [BPS14, §3.3], the piecewise linear function Ψ induces a toric line
bundle L on XΣ together with a toric meromorphic section s on XΣ. Let V := trop−1

∞ (U) ⊂
Xan

Σ . The reference continuous Green function g0 gives rise to a unique continuous metric
‖ ‖0 on Lan|V such that

(5.2) ‖s‖0 := exp ◦(−g0).
Let θ∞ := c1(L, ‖ ‖0) ∈ D1,1(V ) be the associated first Chern current . Choosing mσ ∈

M with Ψ|σ= mσ|σ, the function g0+mσ extends from U∩NR to a continuous real function
hσ on a neighbourhood Ωσ of U ∩N(σ) for any σ ∈ Σ. This corresponds to a change to a
nowhere vanishing section over Wσ := trop−1

∞ (Ωσ) and hence θ∞ is given on Wσ by

(5.3) θ∞ = ddc[hσ ◦ trop∞] = ddc[(g0 +mσ) ◦ trop∞].

For θ := c1(Ψ, g0), Proposition 2.2.7 and (2.5) yield that

(5.4) trop∞,∗(θ∞) = θ.

Theorem 5.2.12. Let Σ be a smooth fan, U an open subset of NΣ and V := trop−1
∞ (U).

In the above notation, the following conditions are equivalent for a function ϕ : U → R−∞:

(i) The function ϕ is θ-psh on U .
(ii) The function ϕ ◦ trop∞ is θ∞-psh on V .
(iii) The singular metric ‖ ‖ϕ := e−ϕ◦trop∞‖ ‖0 on Lan|V is psh.

This induces bijections between the set of θ-psh functions on U , the set of S-invariant θ∞-
psh functions on V and the set of singular psh toric metrics of Lan|V .
Proof. By Remark 5.1.5, the equivalence of (ii) and (iii) is obvious. The equivalence of (i)
and (ii) can be checked locally in U . Using Proposition 5.2.5, we easily reduce the claim to
the case of psh functions. Then (i) is equivalent to (ii) by Proposition 3.2.1.

By [BGJK20, Remark 3.1.3], the tropicalization map induces the identification Xan
Σ /S =

NΣ and hence the S-invariant functions V → R−∞ correspond bijectively to the functions
U → R−∞. This makes the remaining claims obvious. �

Remark 5.2.13. Clearly, a function ϕ : U → R−∞ is continuous real valued if and only
if ϕ ◦ trop∞ is continuous real valued on V and the latter holds if and only if ‖ ‖ϕ is

a continuous metric on Lan|V . It follows that Theorem 5.2.12 is a generalization of the
archimedean part of a result of Burgos, Philippon and Sombra [BPS14, Theorem 4.8.1]
where the continuous case for a complete fan Σ and for U = NΣ was handled.

Remark 5.2.14. We give a canonical map from the set of θ∞-psh functions on V to the set
of θ-psh functions on U , which induces the inverse of the construction in Theorem 5.2.12:

Let Φ: V → R−∞ be any θ∞-psh function on V := trop−1
∞ (U). We denote by Φav the

S-invariant function on V obtained from Φ averaging over the fibers of trop∞ with respect
to the probability Haar measure on S. Since θ∞ is S-invariant by the construction in (5.2),
we conclude that Φav is an S-invariant θ∞-psh function on V . Hence, there is a function
ϕ : U → R−∞ with Φav = ϕ ◦ trop∞. By Theorem 5.2.12, the function ϕ is θ-psh.

Remark 5.2.15. Suppose that we have chosen a smooth reference Green function g0 and
hence θ is a smooth Lagerberg form. Then our normalizations of trop∗∞ yield that

trop∗∞(θ) = θ∞.
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Note that if ϕ is a smooth θ-psh function on U , then ϕ◦trop∞ is a smooth θ∞-psh function
on V and hence ‖ ‖ϕ is a smooth psh metric on Lan|V . However, the converse is not true,

i.e. a smooth psh toric metric on Lan|V is not necessarily of this type as the smooth functions
on U have to be constant towards the boundary.

Remark 5.2.16. We have assumed through Subsection 5.2 that the piecewise linear func-
tion Ψ on the fan Σ has integral slopes. The reason was to get an induced line bundle
L on XΣ. If one is willing to abandon this geometric point of view working exclusively
with θ∞-psh functions on V for θ∞ defined by (5.3), then the equivalence of (i) and (ii) in
Theorem 5.2.12 holds also without the assumption that the slopes of Ψ are integral.

5.3. The non-archimedean setting. We consider a non-archimedean field K with val-
uation v := − log | |. We will study psh metrics and θ-psh functions in non-archimedean
geometry. Let X be a boundaryless separated K-analytic space of pure dimension n. Ob-
serve that X is then a good K-analytic space whose topology is Hausdorff [Tem15, 4.2.4.2].
We define continuous metrics and singular metrics on a line bundle L over X as in the
complex case in 5.1.1. We will use forms and currents on X introduced in §2.3.

5.3.1. As in complex geometry, a continuous metric on L is given by continuous functions
− log ‖s‖ : U → R for all frames s on open subsets U of X such that for frames s on U
and s′ on U ′ we have log ‖s‖ − log ‖s′‖ = log |s/s′| on U ∩ U ′. A singular metric is defined
similarly, but without assuming continuity and with allowing the function − log ‖s‖ to take
the value −∞. A continuous singular metric is a singular metric such that the functions
− log ‖s‖ : U → R−∞ are continuous for all frames s of L on open subsets U of X.

5.3.2. A Borel measurable function f : X → R ∪ {±∞} is called locally integrable, if∫
X |f |η < ∞ for all positive forms η ∈ An,n

c (X). Hence a locally integrable function f
yields a well-defined current [f ] on X. A singular metric ‖ ‖ on L is called locally integrable
if the functions − log ‖s‖ : U → R−∞ are locally integrable for all frames s of L on open
subsets U of X.

For a locally integrable singular metric ‖ ‖ on L, the first Chern current c1(L, ‖ ‖) ∈
D1,1(X) is defined similarly as in complex geometry. Locally for a frame s of L over U , it is
given by c1(L, ‖ ‖)|U = d′d′′[− log ‖s‖]. For a smooth metric, we get a smooth Chern form.

Pluripotential theory in non-archimedean geometry is not yet as well developed as in
complex geometry. In [CD12, §5], a local approach to continuous finite psh functions is
given in terms of positive currents. We generalize this approach slightly below by allowing
the continuous functions to take also the value −∞. We will apply this generalization in
the toric setting and there we expect that invariant psh functions are always of this form
for all reasonable notions of psh functions. We refer to [BFJ16] for a global approach to
θ-psh functions in case of a discretely valued field of residue characteristic zero where the
functions are only assumed to be usc.

Definition 5.3.3. We fix a continuous reference metric ‖ ‖0 on L and set θ := c1(L, ‖ ‖0)
as a current on X. Let U ⊂ X be an open set. A continuous function f : U → R−∞ is
called θ-psh on U if for every connected component C of U , the restriction f |C is either
identically −∞ or locally integrable and d′d′′[f |C ]+θ is a positive current on C.

We say that a function f : X → R−∞ is psh if it is θ-psh for θ = 0.

5.3.4. A continuous singular metric ‖ ‖ of L is called psh if for any frame s of L on an
open U ⊂ X the function − log ‖s‖ is psh on U . A smooth metric ‖ ‖ is psh if and only
if c1(L, ‖ ‖) is a positive form. Similarly to Remark 5.1.5, our choice of a reference metric
‖ ‖0 leads to a bijection of the set of continuous singular psh metrics of L onto the set of
continuous θ-psh functions X → R−∞.
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Remark 5.3.5. Following [CD12, §6.3], a (continuous) metric on L is called locally psh
approximable if it is locally a uniform limit of smooth psh metrics on L. It is obvious that
a locally psh approximable metric is psh in the sense of 5.3.4.

Remark 5.3.6. If L is a line bundle on a proper variety Y over K, then Zhang [Zha95]
introduced semipositive metrics of L as uniform limits of metrics of L induced by semipos-
itive model metrics (see [GM19] for details). Here, we call ‖ ‖ a model metric on L if there

is a k ∈ N \ {0} such that ‖ ‖⊗k is a metric of L⊗k induced by a line bundle L on a proper
scheme Y over the valuation ring K◦ such that

(Y,L⊗k) = (Y ⊗K◦ K,L |Y ⊗K◦K).

The model metric is called semipositive if L is nef. By construction, semipositive metrics
are continuous on Y an where the latter denotes the analytification of Y as a Berkovich
space. We note that Y an is a good K-analytic space whose topology is Hausdorff.

5.3.7. Let XΣ be a toric variety over K induced by a fan Σ in NR for the lattice N . In 2.3.2,
we have defined the tropicalization map tropv : X

an
Σ → NΣ in the non-archimedean setting.

Again, a toric line bundle L with toric meromorphic section s is given by a piecewise linear
function Ψ on the fan Σ such that Ψ has integral slopes. Here and in the following, we
always refer to [BPS14] for more details about the toric setting.

Let T be the dense torus of Xan
Σ with character lattice M = HomZ(N,Z). Then we have

the compact torus

S := Sv := {x ∈ Tan | |χm(x)| = 1 ∀m ∈M}
in Tan. We note that NΣ is the canonical skeleton of Xan

Σ given as follows. The map
tropv : X

an
Σ → NΣ has a canonical section ι : NΣ → Xan

Σ which identifies NΣ homeomorphi-
cally with a closed subset of Xan

Σ and then tropv is a strong deformation retraction.
For any open subset U of NΣ and V := trop−1(U), we get from 2.3.3 that

(5.5) trop∗v : C(U) −→ C(V )S, f 7−→ f ◦ tropv
is an isomorphism from the space of continuous functions on U onto the space of S-invariant
continuous functions on V and the inverse is given by restriction to U = V ∩NΣ. Obviously,
the same holds for the spaces of usc functions on U and V .

If Σ is a complete fan and if the valuation on K is non-trivial, then the S-invariant
semipositive toric metrics on L are in bijection to the concave functions ψ on NR with
ψ = Ψ + O(1) by a result of Burgos, Philippon and Sombra (see [BPS14, Theorem 4.8.1]
for discrete valuations and [GH17, Theorem II] for algebraically closed non-trivially val-
ued non-archimedean fields which implies the general case by [GM19, Lemma 3.3]). The
correspondence is given by

ψ ◦ tropv = log ‖s‖.(5.6)

The canonical metric on a nef toric line bundle L on the proper toric variety XΣ corresponds
to the choice ψ := Ψ and again this metric is not necessarily smooth.

Remark 5.3.8. Let Σ be any fan in NR. For an open subset U of NΣ, we set V :=
trop−1

v (U). It follows from the definition of integration of top dimensional forms on V that

(5.7) tropv,∗(δV ) = δU

for the currents of integration over V and over U . If ω is any smooth Lagerberg form of type
(p, p) on U , then ω is positive on U if and only if trop∗v(ω) is positive on V . To prove this,
we note ω positive obviously implies trop∗v(ω). On the other hand, assume that trop∗v(ω) is
positive. By autoduality of positivity [BGJK20, Corollary 2.2.5], it is enough to show that
the current [ω] is positive which follows from the other direction and (5.7).
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5.3.9. In the following, we fix a fan Σ in NR for a lattice N of rank n. Let (L, s) be a
toric line bundle on XΣ inducing the piecewise linear function Ψ as in 5.3.7. Let U be an
open subset of NΣ and let V := trop−1

v (U). As before Definition 5.2.4, we fix a reference
continuous Green function g0 for Ψ and set θ := c1(Ψ, g0)∈ D1,1(U). Our choices also
determine a continuous reference metric ‖ ‖0 on Lan|V by requiring that − log ‖s‖0 = g0.
Then we set θv := c1(L, ‖ ‖0) as the corresponding first Chern current on V .

Proposition 5.3.10. Under the hypotheses 5.3.9, let ϕv be a θv-psh function on V and let
ϕ be the restriction of ϕv to the canonical skeleton V ∩NΣ = U .

(i) We have tropv,∗(θv) = θ.

(ii) If ‖ ‖0 is a smooth metric, then θ ∈ A1,1(U) and trop∗v(θ) = θv.
(iii) The function ϕ is θ-psh on U .
(iv) If ϕv|C 6≡ −∞ for any connected component C of V , then [ϕ] = tropv,∗([ϕv ]).

Proof. If the metric ‖ ‖0 is smooth, then (ii) follows easily from the definitions and in this
special case we deduce (i) from (ii) and (5.7). In general, θ has locally a finite continuous
potential ρ with d′d′′[ρ] = θ. By [BGJK20, Corollary 3.2.13], we have locally a uniform
approximation of ρ by smooth functions and so we deduce (i) from the smooth case.

To prove the remaining claims, we may assume that ϕv is not identically −∞ on any
connected component of V . Since ϕ is the restriction of ϕv, it is clear that ϕ is continuous.
For α ∈ An,n

c (U), the (n, n)-form trop∗v(α) has support in the canonical skeleton V ∩NΣ by
Proposition 2.3.6 and hence the associated measure also has support in V ∩NΣ. We get∫

V
ϕv trop

∗
v(α) =

∫

V ∩NΣ

ϕ trop∗v(α) =

∫

V ∩NΣ

trop∗v(ϕα) =

∫

V
trop∗v(ϕα) =

∫

U
ϕα

using (5.7) as above for the last equality. We get [ϕ] = trop∗([ϕv ]) proving (iv). Note that

d′d′′[ϕ] + θ = d′d′′ tropv,∗[ϕv] + tropv,∗(θv) = tropv,∗(d
′d′′[ϕv ] + θv).

Since tropv,∗ maps positive currents to positive Lagerberg currents (use duality in Remark
5.3.8), Theorem 3.2.2 yields that d′d′′[ϕ] + θ is positive and hence ϕ is θ-psh. �

Theorem 5.3.11. Under the hypotheses 5.3.9, the following conditions are equivalent for
a function ϕ : U → R−∞.

(i) The function ϕ is θ-psh on U .
(ii) The function ϕ ◦ tropv is a continuous θv-psh function V → R−∞.
(iii) ‖ ‖ϕ := e−ϕ◦tropv‖ ‖0 is a continuous singular psh metric on Lan|V .

This induces bijections between the set of θ-psh functions U → R−∞, the set of S-invariant
continuous θv-psh functions V → R and the set of toric continuous singular psh metrics of
Lan|V . Moreover, the following are equivalent:

(i’) The function ϕ is finite and θ-psh on U .
(ii’) The function ϕ ◦ tropv is finite, θv-psh and continuous on V .
(iii’) The metric ‖ ‖ϕ := e−ϕ◦tropv‖ ‖0 on Lan|V is a continuous psh metric.

(iv’) The metric ‖ ‖ϕ is locally psh approximable on Lan|V .
If the valuation on K is non-trivial, Σ is complete and U = NΣ (hence V = Xan

Σ ), then
(i’)–(iv’) are also equivalent to:

(v’) ‖ ‖ϕ is a continuous semipositive metric on Lan.

Proof. It follows from Remark 5.3.4 that our choice of a continuous reference metric ‖ ‖0
on Lan induces a bijection from the set of continuous θv-psh functions V → R−∞ onto the
set of continuous singular psh metrics on Lan|V proving the equivalence of (ii) and (iii) as
well as the equivalence of (ii’) and (iii’). We will show now the equivalence of (i) and (ii)
which also proves the equivalence of (i’) and (ii’).
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Assume first that ϕ◦ tropv is a continuous θv-psh function V → R−∞. Then Proposition
5.3.10 shows that ϕ = ϕ ◦ tropv |V ∩NΣ

is θ-psh on U = V ∩ NΣ. Conversely, we assume
that ϕ is θ-psh on U . We want to prove that ϕ ◦ tropv is θv-psh on V . Similarly as in the
proof of Theorem 5.2.12, this can be checked locally and again we just have to prove that
ϕ ◦ tropv is psh on V for any psh function ϕ on U . Since ϕ is continuous by Theorem 3.1.4
and since tropv is continuous, it is clear that ϕ ◦ tropv is continuous. We may assume that
U is connected and that ϕ is not identically −∞. Then ϕ is a finite continuous function
on U ∩ NR. Since any (n, n)-form on V has support in Tan ∩ V as the boundary is of
lower dimension (see [CD12, Lemme 3.2.5] or [Gub16, Corollary 5.12]), the continuity of
the function ϕ ◦ tropv : Tan ∩ V → R yields that ϕ ◦ tropv is locally integrable (see [GK17,
Proposition 6.13]). As we may argue locally in U , the regularization in Theorem 3.3.4 shows
that we may even assume that the function ϕ is a decreasing limit of smooth psh functions
ϕn on U . Since trop∗v(d

′d′′(ϕn)) = d′d′′(ϕn ◦ tropv) and since the pull-back of positive
Lagerberg forms with respect to tropv is positive (see Remark 5.3.8), we conclude that
ϕn ◦ tropv is psh. By the dominated convergence theorem, we deduce that d′d′′[ϕ ◦ tropv]
is a positive current on V . This proves the equivalence of (i) and (ii).

If ϕ is a finite continuous function in the above argument, then Dini’s theorem shows
that ϕ is locally the uniform limit of the smooth psh functions ϕn which shows that (i’)
yields (iv’). We have noted in Remark 5.3.5 that (iv’) yields (iii’). We conclude that (i’)
to (iv’) are all equivalent.

The functions ϕ ◦ tropv are S-invariant which in turn is equivalent for the metrics ‖ ‖ϕ
to be toric. Conversely, it follows from 5.3.7 that any S-invariant continuous function
ϕv : V → R−∞ is of the form ϕv = ϕ◦tropv for a unique continuous function ϕ : U → R−∞.
By Proposition 5.3.10 again, it follows that ϕ is θ-psh. We get a bijection from the set of
θ-psh functions on U onto the set of S-invariant continuous θv-psh functions V → R−∞.

We assume that the valuation v is non-trivial, Σ is complete and U = NΣ. It follows
from the above that continuity of ϕ and ‖ ‖ϕ are equivalent. For a continuous function
ϕ : U → R, we deduce from the result of Burgos, Philippon and Sombra mentioned in 5.3.7
that ‖ ‖ϕ is semipositive if and only if ψ = log ‖s‖ϕ = −g0−ϕ is concave on NR. The latter
condition is equivalent for ϕ to be θ-psh by Proposition 5.2.6. This proves the equivalence
of (i’) and (v’). �

Remark 5.3.12. Similarly as in Remark 5.2.16, the equivalences of (i) with (ii) and of
(i’) with (ii’) hold more generally for any piecewise linear function Ψ on the fan Σ without
assuming integral slopes.

5.4. Global regularization. Our goal is to show a global regularization result for θ-psh
functions. In this subsection, we fix a piecewise linear function Ψ on the fan Σ of NR with
integral slopes. So far, we have used Green functions only as a reference to define θ. We will
show first that the concept of θ-psh functions is equivalent to considering convex singular
Green functions for Ψ. The latter have the advantage that we can omit a reference Green
function and the corresponding θ which means that we do not have to impose regularity
conditions on θ later during the regularization.

Proposition 5.4.1. Let g0 be a continuous Green function for Ψ on a connected open
subset U of NΣ and let θ := c1(Ψ, g0). Then the map ϕ → ϕ+ g0 is an isomorphism from
the cone {ϕ : U → R−∞ | ϕ θ-psh, ϕ 6≡ −∞} onto the cone of continuous singular Green
functions g : U ∩NR → R for Ψ that are convex.

Proof. Since g0 is a continuous Green function for Ψ, it is clear for a function ϕ : U → R−∞

with ϕ 6≡ −∞ that ϕ is continuous if and only if ϕ + g0 is a continuous singular Green
function for Ψ. If such a ϕ : U → R−∞ is continuous, then it follows from Proposition 5.2.6
that ϕ is a θ-psh function if and only if (ϕ+ g0)|U∩NR

is convex. �
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Definition 5.4.2. A rational piecewise affine function f on NR is given by a finite poly-
hedral complex Π with support equal to NR and with vertices in NQ such that for every
τ ∈ Π, there are mτ ∈MQ and γτ ∈ Q with f = mτ + γτ on τ , where M := HomZ(N,Z).

We start with global regularization by rational piecewise affine functions.

Proposition 5.4.3. Let Ψ be a piecewise linear concave function on the complete fan Σ with
integral slopes. Then every convex continuous singular Green function for Ψ is the point-
wise limit of a decreasing sequence of rational piecewise affine convex continuous Green
functions for Ψ.

Proof. By definition of a Green function and compactness of NΣ, the function g + Ψ is
bounded from above on NR. For k ∈ N, let gk := max(g,−Ψ − k). Since g is a convex
continuous singular Green function for Ψ and −Ψ−k is a convex continuous Green function
for Ψ, it is clear that gk is a convex continuous Green function for Ψ with gk +Ψ bounded.
Since gk + Ψ is bounded, it follows from [BPS14, Propositions 2.5.23, 2.5.24] that the
convex function gk is the uniform limit of a sequence of convex rational piecewise affine
functions (gk,j)j∈N on NR. Obviously, we have gk,j + Ψ bounded for all k, j and hence
gk,j is a continuous Green function for Ψ. As (gk)k∈N is a decreasing sequence converging
pointwise to g, and (gk,j)j∈N is a sequence converging uniformly to gk, one can find jk ∈ N

and εk ∈ R>0 such that the sequence (gk,jk + εk)k∈N of rational piecewise affine continuous
Green functions for Ψ is decreasing and converges pointwise to g. �

Now we obtain our main global regularization result by smooth Green functions for Ψ.

Theorem 5.4.4. Let Ψ be a piecewise linear concave function on the complete fan Σ of
NR with integral slopes and let g be a convex singular Green function for Ψ. Then g is the
pointwise limit of a decreasing sequence of convex smooth Green functions for Ψ.

Proof. Using piecewise linear regularization in Proposition 5.4.3, it is enough to show that
every piecewise affine convex continuous Green function g for Ψ is a uniform limit of convex
smooth Green functions. Such a function g can be written as

g = max(a1, . . . , ap)

for affine functions a1, . . . , ap on NR. For any ε > 0, we replace max by the regularized
maximum Mε from [Dem12, Lemma I.5.18] to obtain a function gε. The properties of the
regularized maximum show that gε is a smooth convex function on NR with |g−gε| ≤ ε. This
shows that gε is a convex continuous Green function for Ψ. Since g is piecewise affine and
a continuous Green function for Ψ, it is clear that g +Ψ is constant towards the boundary
which implies that gε is a smooth Green function in the sense of Definition 5.2.1. �

Corollary 5.4.5. Let Ψ be a piecewise linear concave function on the complete fan Σ with
integral slopes and let g0 be a smooth Green function for Ψ with θ := c1(Ψ, g0). Then
any θ-psh function on NΣ is the pointwise limit of a decreasing sequence of smooth θ-psh
functions.

Proof. This follows from Proposition 5.4.1 and Theorem 5.4.4. �

6. Toric Monge–Ampère equations

In this section, we compare the tropical Bedford–Taylor product with the Bedford–Taylor
product defined by Chambert–Loir and Ducros on the corresponding toric variety over any
non-archimedean field K with valuation v := − log | |. Using Bedford–Taylor products one
can define the Monge–Ampère operators and look at the Monge–Ampère equations. We will
extend the correspondence theorems to Monge–Ampère equations comparing the complex
solutions with the tropical solutions and with the non-archimedean solutions.
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6.1. Bedford–Taylor theory on a non-archimedean toric variety. Chambert-Loir
and Ducros have introduced a wedge product of first Chern currents of locally psh approx-
imable metrized line bundles on a boundaryless separated equidimenional Berkovich space,
similar to the Bedford–Taylor product in complex differential geometry. The product is
constructed first in the case of smooth metrics where it is the wedge product of smooth first
Chern forms. Psh approximable metrics are locally uniform limits of smooth psh metrics
and then the Bedford–Taylor product is obtained locally as a weak limit of currents from
the smooth case (see [CD12, §5.6, §6.4]).

In this subsection we will show that, for toric metrics, the above product in the non-
archimedean case corresponds to our Bedford–Taylor product on the tropicalization. In the
case of a smooth fan, as a consequence of Remark 4.2.3, we obtain a precise correspondence
to the complex Bedford–Taylor product on the associated complex toric variety.

We keep the assumptions and notations from Theorem 5.3.11, i.e. XΣ is any toric variety
over a non-archimedean field K with associated fan Σ in NR, also U is an open subset of
NΣ and V := trop−1

v (U). For j = 1, . . . , p, we consider a toric line bundle Lj on XΣ with
non-trivial toric meromorphic section sj and corresponding piecewise linear function Ψj on
Σ. We fix a continuous Green function gj,0 : U ∩NR → R for Ψj (see Definition 5.2.1) and
denote by θj = c1(Ψj , ψj,0) the first Chern current from Definition 5.2.3.

Theorem 6.1.1. For j = 1, . . . , q, let ‖ ‖j be the locally psh approximable toric metric on
Lan
j corresponding to the continuous θj-psh function ϕj : U → R by Theorem 5.3.11. Then

tropv,∗
(
c1(L1, ‖ ‖1) ∧ . . . ∧ c1(Lq, ‖ ‖q)

)
= (d′d′′[ϕ1] + θ1) ∧ . . . ∧ (d′d′′[ϕq] + θq)

as positive Lagerberg currents on U . On the left hand side, we use the Bedford–Taylor
product on the Berkovich space V introduced by Chambert–Loir and Ducros and on the
right hand side, we use the product introduced in Remark 5.2.11.

Proof. The claim is local in the target U of tropv, hence, by using Proposition 5.2.5 and
the multilinearity of the Bedford-Taylor product we may assume that θ = 0 and that the
functions ϕi are finite continuous psh functions on U . It remains to show that the identity

(6.1) tropv,∗
(
d′d′′[ϕ1 ◦ tropv] ∧ . . . ∧ d′d′′[ϕq ◦ tropv]

)
= d′d′′[ϕ1] ∧ . . . ∧ d′d′′[ϕq]

of Lagerberg currents on U holds in this case. Arguing locally on U , the regularization
in Theorem 3.3.4 shows that we may assume that the continuous psh functions ϕj are
decreasing limits of smooth psh functions on U . By Dini’s theorem and arguing again locally
in U , we may assume that the limit is uniform. Since the Bedford–Taylor type product
of Chambert–Loir and Ducros on the left hand side of (6.1) is continuous with respect to
uniform convergence of psh metrics and weak limits of currents [CD12, Corollaire 5.6.5]
and since Theorem 4.1.2 gives a similar kind of continuity on the right hand side of (6.1),
it is enough to prove the identity (6.1) for smooth psh functions ϕj on U . Then the claim
follows from the compatibility of trop∗v with d, d′ and the product of smooth forms, the
projection formula (2.9) and equation (5.7). �

6.2. The Monge-Ampère equation. In this subsection, we recall some facts about the
complex, the non-archimedean, and the real Monge-Ampère equation.

Remark 6.2.1. Let X be either a complex manifold or a boundaryless separated Berkovich
analytic space of pure dimension n and V ⊂ X an open subset. Then to each top degree
positive current T ∈ Dn,n(V ) we can associate a positive Radon measure λ(T ) on U and con-
versely every positive Radon measure defines a positive current [CD12, Proposition 5.4.6].
To avoid cumbersome notation, we will identify the spaces of positive Radon measures and
that of top degree positive currents. Similarly, if Σ is a fan, NΣ is the corresponding partial
compactification and U ⊂ NΣ is an open subset, then we can identify the space of positive
Lagerberg currents on U with the space of positive Radon measures on U .
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We will introduce the Monge–Ampère measure in the three situations mentioned above.
First, we do it from the local perspective restricing our attention to continuous metrics.
Then we will also allow certain singular metrics in a global compact setting.

6.2.2. Let L be a holomorphic line bundle on a complex manifold X of pure dimension n.
Let ‖ ‖ be a continuous psh metric on L. Then Bedford–Taylor theory gives c1(L, ‖ ‖)∧n
as a positive (n, n) current. We view it as a positive Radon measure on X which we call
the associated Monge–Ampère measure.

Fix a continuous reference metric ‖ ‖0 on L with first Chern current θ := c1(L, ‖ ‖0).
Using the Bedford–Taylor products for locally bounded psh functions from (2.3), we define
the Monge–Ampère measure

(6.2) (ddcϕ+ θ)∧n := c1(L, ‖ ‖ϕ)∧n

for any continuous or more generally bounded θ-psh function as the corresponding bounded
metric ‖ ‖ϕ := e−ϕ‖ ‖0 on L is psh.

6.2.3. Let L be a line bundle on a boundaryless separated Berkovich analytic space X of
pure dimension n over a non-archimedean field K with valuation v := − log | |. For a locally
psh-approximable metric ‖ ‖ on L, the Monge–Ampère measure c1(L, ‖ ‖)∧n is defined as
a positive Radon measure by using Theorem 6.1.1.

Fixing a continuous reference metric ‖ ‖0 on L with associated first Chern current θ, we
define (d′d′′ϕ + θ)∧n for a θ-psh function ϕ corresponding to a locally psh-approximable
metric ‖ ‖ϕ similarly as in (6.2).

6.2.4. Let Σ be a fan in NR for a free abelian group N of rank n and let U be an open
subset of NΣ. In this tropical toric situation, we stick to θ-psh functions, where Ψ is a
piecewise linear function on Σ with integral slopes and θ := c1(g0,Ψ) for a fixed continuous
Green function g0 for Ψ (see §5.2). For a θ-psh function ϕ : U → R, Remark 5.2.11 gives
(d′d′′ϕ + θ)∧n as a positive Lagerberg current of type (n, n) on U which we identify again
with a positive Radon measure on U called the Monge–Ampère measure of ϕ.

Remark 6.2.5. The constructions of the Monge–Ampère measures in 6.2.2–6.2.4 are con-
tinuous along uniformly converging sequences ([Dem12, Corollary I.3.6], [CD12, Corollaire
5.6.5], Theorem 4.1.2 and Remark 5.2.11) and local in X resp. U .

Remark 6.2.6. If U is an open subset of NΣ for a smooth fan Σ in NR and if ϕ is a θ-psh
function on U as in 6.2.4, then ϕ∞ := ϕ ◦ trop∞ is a θ∞-psh function on trop−1

∞ (U) by
Theorem 5.2.12 and we have the compatiblity

trop∞,∗(dd
cϕ∞ + θ∞)∧n = (ddcϕ+ θ)∧n

of Monge–Ampère measures using Remark 4.2.3 and Theorem 5.2.10. If v is the valuation
of a non-archimedean field K, then the same compatiblity holds replacing ∞ by v. This is
based on Theorem 5.3.11 and Theorem 6.1.1, and does not need that Σ is smooth.

We now discuss the global Monge-Ampère equation starting with the complex case.

6.2.7. Let (X,ω) be a connected compact Kähler manifold of dimension n. Recall that an
ω-psh function is a strongly usc function u : X → R−∞ which is either identically −∞ or
is locally integrable with ddc[u] + ω a positive current. Let µ be a positive Radon measure
on X such that

µ(X) =

∫

X
ω∧n.

We are interested in solutions of the Monge-Ampère equation

(6.3) (ω + ddcu)∧n = µ
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with u an ω-psh function. First, we will specify the class of Radon measures and the class
of ω-psh functions that are allowed in that equation.

Locally, ω is of the form ddcw for a smooth real function w and hence 6.2.2 gives a
well-defined Monge–Ampère measure (ω + ddcu)∧n for any bounded ω-psh function u on
X. Guedj and Zeriahi [GZ07] introduced the space E (X,ω) of ω-psh functions u with full
mass

∫
X ω

n on X \ {u = −∞}. More precisely, for an ω-psh function u on X one defines
the non-pluripolar Monge–Ampère operator by a strong convergence of measures

(6.4) µu := lim
k→∞

1{u>−k}

(
ω + ddc(max(u,−k))

)∧n

using that max(u,−k) is bounded. By Stokes’s theorem on X, one has µu(X) ≤
∫
X ω

n.
Hence µu is a positive Radon measure on X. Guedj and Zeriahi define

E (X,ω) :=
{
u : X → R−∞

∣∣∣ u is ω-psh and µu(X) =

∫

X
ωn

}
.

For u ∈ E (X,ω), the Monge-Ampère measure is defined by (ddcu + ω)∧n := µu. The
continuous and more generally the (locally) bounded ω-psh functions on X are included
in E (X,ω) and the above Monge–Ampère measure agrees with the previously constructed
Monge–Ampère measures on these subspaces.

Guedj and Zeriahi introduced also the subspace E 1(X,ω) of E (X,ω) of ω-psh functions
of finite energy. It is given by all u ∈ E (X,ω) such that u ∈ L1((ω + ddcu)∧n). The main
result of [GZ07] is the existence of solutions of the Monge–Ampère equation in the space
E (X,ω) and uniqueness up to adding constants in the subspace E 1(X,ω). Later, Dinew
proved in [Din09] uniqueness of the solution up to adding constants in E (X,ω).

Theorem 6.2.8 ([GZ07, Din09]). Let X be a complex Kähler manifold and ω a Kähler
form on X. Let µ be a positive Radon measure on X that does not charge any pluripolar
set and satisfies µ(X) =

∫
X ω

n. Then there exists a function u ∈ E (X,ω) such that

(ω + ddcu)∧n = µ.

Moreover, if u1 and u2 are two solutions in E (X,ω), then u1 − u2 is constant.

6.2.9. In the case of a non-archimedean field K, we stick to a projective geometrically
integral K-variety Y of dimension n with an ample line bundle L. We follow the global
approach to pluripotential theory on Y an by Boucksom, Favre and Jonsson in [BFJ16] and
[BFJ15] with generalizations in [BJ18]. We refer to [BJ18, Definition 2.1] for the definition
of a Fubini–Study–metric. In the non-trivially valued case, the metric ‖ ‖ of L is a Fubini–
Study metric if and only if ‖ ‖⊗m is a model metric associated to a globally generated model
of L, see [BE18, Theorem 5.14]. Fubini–Study metrics are globally decreasing (uniform)
limits of smooth psh metrics (see [CD12, Corollaire 6.3.4], [BJ18, Lemma 2.9]) and there is
always a Fubini–Study metric of L. In the following, we fix a Fubini–Study metric ‖ ‖0 of
L as a reference metric.

A possibly singular metric ‖ ‖ on L is called semipositive if it is the pointwise limit of
an increasing net of Fubini–Study metrics of L. As in [BJ18, Definition 5.1], we exclude
the metric which is identically equal to ∞ outside the zero section (note that in loc.cit. a
logarithmic notion of metrics is used). It follows from [BE18, Theorem 7.8] that for a non-
trivially valued field and a for a continuous metric on Lan, the above semipositivity notion
agrees with the one introduced by Zhang (see Remark 5.3.6).

The Monge–Ampère measure of a Fubini–Study metric ‖ ‖ is defined by 6.2.3. It is
shown in [BJ18, §6.2] that there is a unique extension of the Monge–Ampère measure to
the space of (locally) bounded metrics which is continuous along increasing nets of singular
semipositive metrics. This positive Radon measure has total mass degL(Y ) (note that the
measures were normalized in [BJ18] to obtain probablity measures).
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The Monge–Ampère measure c1(L, ‖ ‖)∧n for (locally) bounded metrics ‖ ‖ on L satisfies
the locality principle from [BFJ16, Theorem 5.1]. In loc.cit., this is shown for a discretely
valued field K of residue characteristic zero, but the arguments extend to the general case
using that the Monge–Ampère operator for Fubini–Study metrics is local in the analytic
topology. For any semipositive metric ‖ ‖ on L, we define the non-pluripolar Monge–Ampère
operator

(6.5) µ‖ ‖ := lim
k→∞

1{‖ ‖<ek‖ ‖0}
c1(L,min(‖ ‖, ek‖ ‖0))∧n

similary as in (6.4) using the Monge–Ampère measure for (locally) bounded metrics on the
right hand side. Locality shows as in [BFJ15, §6.3] that this is a limit of positive Radon
measures. Moreover, the total mass of the limit is at most degL(Y ). Similarly as in the
complex case, we define E (L) to be the set of singular semipositive metrics ‖ ‖ on L with
µ‖ ‖(Y

an) = degL(Y ) and for such a metric we define the Monge–Ampère measure

c1(L, ‖ ‖)∧n := µ‖ ‖.

In analogy with 6.2.7, we define E 1(L) to be the set of metrics ‖ ‖ in E (L) such that
− log(‖ ‖/‖ ‖0) is integrable with respect to c1(L, ‖ ‖)n. In [BJ18, §6.1], E 1(L) is defined
as the set of possibly singular metrics of L with finite energy. Using that the summands
of the energy in [BJ18, §3.8] are decreasing, the properties of the Monge–Ampère operator
for metrics of finite energy given in [BJ18, §6.2] show that the definitions agree. Note that
E 1(L) contains all singular (locally) bounded semipositive metrics and hence all continuous
semipositive metrics.

A positive Radon measure µ on Y an is called of finite energy if

(6.6)

∫

Y an

− log
‖ ‖
‖ ‖0

dµ > −∞

for all ‖ ‖ ∈ E 1(L). This is independent of the choice of L and ‖ ‖0 [BJ18, Corollary 7.10].
We define M r(Y an) as the space of positive Radon measures µ on Y an with µ(Y an) = r.

Theorem 6.2.10 ([BJ18]). Let K be a field that is complete with respect to a discrete or
trivial valuation and such that the residue field has characteristic zero, Y a smooth projective
variety over K and L an ample line bundle on Y of degree r. Then the Monge-Ampère
measure induces a bijection E 1(L)/R −→ M r(Y an).

The case where the residue field of K has positive or mixed characteristic remains open.

6.2.11. As we will see in the next section, for toric varieties, it is also useful to study the
real Monge-Ampère equation. The real Monge–Ampère problem that is relevant for us is
the second boundary problem that deals with the asymptotic behavior of the solutions. Let
N be a free abelian group of finite rank n and let M := HomZ(N,Z). We choose a basis
u1, . . . , un of M leading to coordinates on NR and to an identification NR ≃ Rn. Let λ
be the corresponding Lebesgue measure. For a C2 function ϕ on N , the Monge-Ampère
measure is given by

(6.7) MA(ϕ) = n! det
(
(ϕij)1≤i,j≤n

)
λ, ϕij =

∂2ϕ

∂ui∂uj
.

This real Monge-Ampère operator can be extended to arbitrary convex functions on NR. It
is then a positive Radon measure, not necessarily absolutely continuous with respect to λ.

Remark 6.2.12. Through the identification of Remark 6.2.1, the Monge–Ampère operator
for convex functions is given by

MA(ϕ) = (d′d′′ϕ)∧n.
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This is a direct computation in the case of a C2 function and follows in general from regu-
larization using the continuity of both sides for decreasing sequences of convex functions.

Each convex function ϕ on NR has a stability set ∆(ϕ) ⊂MR defined as the convex set

∆(ϕ) = {x ∈MR | the map u 7→ ϕ(u) − 〈u, x〉 is bounded below}.
The following result solves the second boundary problem.

Theorem 6.2.13. Let ∆ ⊂ MR be a convex body, i.e. a compact convex set with non
empty interior ∆◦. Let µ be a positive Radon measure on NR such that µ(NR) = n!vol(∆).
Then there exists a convex function ϕ : NR → R such that

MA(ϕ) = µ and ∆◦ ⊂ ∆(ϕ) ⊂ ∆.

Moreover, if ϕ1 and ϕ2 are two such solutions, then ϕ1 − ϕ2 is constant.

The second boundary problem was originally solved by Pogorelov [Pog64]. In Bakelman’s
book [Bak94, Theorem 17.1], this was shown for positive Radon measures µ which are
absolutely continuous with respect to the Lebesgue measure. Existence of a solution in the
more general situation of Theorem 6.2.13 was shown by Berman and Berndtsson [BB13,
Theorem 2.19]. We add a proof for uniqueness in Appendix A.

The next result will come in handy when we want to understand the solutions of the
second boundary value problem as singular psh metrics on toric varieties.

Recall that given a compact convex set ∆ ⊂ MR, its convex support function is the
function Φ∆ : NR → R defined as

Φ∆(u) := sup
x∈∆

〈x, u〉.

Lemma 6.2.14. Let ∆ ⊂MR be a compact convex set and ϕ : NR → R a convex function.
Then ∆(ϕ) ⊂ ∆ if and only if ϕ− Φ∆ is bounded from above.

Proof. Let ϕ∗ : ∆(ϕ) → R be the Legendre dual to ϕ given by ϕ∗(x) = supu∈NR
〈x, u〉−ϕ(u).

Then ϕ∗ is a convex function and ϕ is the Legendre dual of ϕ∗ [Roc70, Corollary 12.2.1]:

ϕ(u) = sup
x∈∆(ϕ)

〈x, u〉 − ϕ∗(x).

In particular, we have ϕ(0) = supx∈∆(ϕ)(−ϕ∗(x)) ∈ R. Assume that ∆(ϕ) ⊂ ∆. Then

ϕ(u) = sup
x∈∆(ϕ)

〈x, u〉 − ϕ∗(x) ≤ sup
x∈∆(ϕ)

〈x, u〉+ ϕ(0) ≤ sup
x∈∆

〈x, u〉 + ϕ(0) = Ψ∆(u) + ϕ(0).

Therefore ϕ(u) − Φ∆(u) ≤ ϕ(0) for any u ∈ NR. Conversely, if ϕ − Φ∆ is bounded from
above and x ∈ ∆(ϕ), then ϕ(u)− 〈u, x〉 is bounded below. Hence

Φ∆(u)− 〈u, x〉 = (ϕ(u)− 〈u, x〉) − (ϕ(u) − Φ∆(u))

is also bounded below. So x ∈ ∆(Φ∆) = ∆. �

6.3. Toric Monge-Ampère equations. In this subsection we will compare the real, the
complex and the non-archimedean Monge–Ampère equations for toric varieties. First, we
will compare Monge-Ampère equations in the local case and then in the global case. The
local case will be applied in the next sections to solve Monge–Ampère equations on abelian
varieties over non-archimedean fields and the global case leads to a solution of toric Monge–
Ampère equations over non-archimedean fields at the end of this subsection.

Let Σ be a fan in NR for a lattice N of rank n. Let K be a non-archimedean field.
Let us denote the valuation of K by v. We denote by Xan

Σ,∞ (resp. Xan
Σ,v) the complex

(resp. Berkovich) analytification of the associated toric variety over C (resp. over K) with
tropicalization map trop∞ (resp. tropv) onto NΣ. In the complex case, we assume for
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simplicity that Σ is smooth in order to have Xan
Σ,∞ as a complex manifold. Let U be an

open subset of NΣ and let V∞ := trop−1
∞ (U) (resp. Vv := trop−1

v (U)).
Let Ψ be a piecewise linear function on Σ with integral slopes, which comes as in 5.1.7

(resp. 5.3.7) from a toric line bundle Lan
∞ on Xan

Σ,∞ (resp. Lan
v on Xan

Σ,v). We choose a

continuous Green function g0 : U ∩NR → R for Ψ with Lagerberg current θ = c1(Ψ, g0) on
U as in §5.2. As in (5.2) and in 5.3.9, the Green function g0 induces a reference metric on
Lan
∞ (resp. Lan

v ) and we denote the corresponding first Chern current by θ∞ (resp. θv).
The Monge–Ampère measures introduced in 6.2.2, 6.2.3 and 6.2.4 are related as follows.

Proposition 6.3.1. Let ϕ : U → R be a θ-psh function and let ‖ ‖∞ (resp. ‖ ‖v) be the
corresponding toric continuous psh metric on Lan

∞|V∞
(resp. Lan

v |Vv) (see Theorems 5.2.12
and 5.3.11). Then we have the identities

(trop∞)∗(c1(L
an
∞ |V∞

, ‖ ‖∞)∧n) = (d′d′′ϕ+ θ)∧n = (tropv)∗(c1(L
an
v |Vv , ‖ ‖v)∧n)

of positive Radon measures on U . Observe that for the left-hand equality we are assuming
that the fan Σ is smooth whereas for the right-hand equality we are not.

Proof. The complex case follows from the projection formula for θ-psh functions with re-
spect to trop∞, see Remark 4.2.3 and Theorem 5.2.10. The non-archimedean case follows
from Theorem 6.1.1 and the definition of the Bedford–Taylor product on U . �

6.3.2. Recall that the S∞-invariant positive Radon measures on V∞ are in canonical bi-
jection with the positive Radon measures on U [BGJK20, Corollary 5.1.17]. We consider
a positive Radon measure on U and we denote the corresponding S∞-invariant positive
Radon measure on V∞ by µ∞, i.e. we have

(6.8) trop∗(µ∞) = µ.

In the non-archimedean situation, we have seen in Remark 5.3.7 that we may view NΣ as
the canonical skeleton in Xan

Σ,v and hence U may be viewed as a subset of Vv. Let µv be the
image measure of µ to Vv with respect to this inclusion. Since the inclusion is proper as a
section of the proper map tropv, we deduce that µv is a positive Radon measure.

Proposition 6.3.3. Under the above hypotheses, let ϕ : U → R be a θ-psh function. Let
‖ ‖∞ be the corresponding continuous toric psh metric on Lan

∞ |V∞
and let ϕ∞ := ϕ ◦ trop∞

be the corresponding θ∞-psh function on V∞ from Theorem 5.2.12. Similarly, we pick
a corresponding continuous toric psh metric ‖ ‖v on Lan

v |Vv and a corresponding θv-psh
function on Vv from Theorem 5.3.11. For the measures µ, µ∞ and µv from 6.3.2, the
following are equivalent:

(i) The complex Monge–Ampère equation c1(L
an
∞ |V∞

, ‖ ‖∞)∧n = µ∞ is satisfied on V∞.
(ii) The complex Monge–Ampère equation (ddcϕ∞ + θ∞)∧n = µ∞ is satisfied on V∞.
(iii) The tropical Monge–Ampère equation (d′d′′ϕ+ θ)∧n = µ is satisfied on U .
(iv) The non-arch. Monge–Ampère equation c1(L

an
v |Vv , ‖ ‖v)∧n = µv is satisfied on Vv.

(v) The non-arch. Monge–Ampère equation (ddcϕv + θv)
∧n = µv is satisfied on Vv.

The equivalences of (iii), (iv) and (v) do not require the fan Σ to be smooth.

Proof. Clearly, (i) is equivalent to (ii) and (iv) is equivalent to (v). Proposition 6.3.1 yields

(trop∞)∗
(
c1(L

an
∞ |V∞

, ‖ ‖∞)∧n
)
= (d′d′′ϕ+ θ)∧n.

Therefore (iii) follows from (i) by (6.8). Conversely, if (iii) is satisfied, then, equation (i) is
satisfied after applying trop∗. Since the metric ‖ ‖∞ is toric, the current c1(L

an
∞ |V∞

, ‖ ‖∞)∧n

is S∞-invariant. Since µ∞ is also S∞-invariant, (i) is satisfied by [BGJK20, Corollary 5.1.17].
Again by Proposition 6.3.1, we have

(tropv)∗
(
c1(L

an
v |Vv , ‖ ‖v)∧n

)
= (d′d′′ϕ+ θ)∧n.
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Note that µv agrees with µ on the canonical skeleton NΣ. As tropv is the identity on the
canonical skeleton, we have (tropv)∗(µv) = µ. We conclude that (iv) yields (iii).

Now we show that (iii) implies (iv). Arguing as above, it is enough to show that the
non-archimedean Monge–Ampère measure c1(L

an
v |Vv , ‖ ‖v)∧n has support in the canonical

skeleton Vv ∩ NΣ = U . We may argue locally and so, by Lemma 5.2.5, after replacing ϕ
by ϕ + g0 + mσ, we may assume that ϕ is psh on U . As a consequence the continuous
function ϕ is by Theorem 3.3.4 a decreasing limit of smooth psh-functions ϕj on U . By
Dini’s theorem, the limit is uniform and so by construction the Bedford–Taylor product
c1(L

an
v |Vv , ‖ ‖v)∧n on Vv is the weak limit of the currents associated to the smooth Lagerberg

forms trop∗v
(
(d′d′′ϕj)

∧n
)
∈ An,n(Vv). By Lemma 2.3.6 we know that such an (n, n)-form

has support in the canonical skeleton Vv ∩ NΣ = U and hence the same is true for the
associated Radon measure. Passing to the weak limit of currents, we prove the claim. �

Lemma 6.3.4. Let U be an open subset of NΣ and assume that the fan Σ is smooth. Let
µ be a positive Radon measure on U such that µ(U ∩ (NΣ \ NR)) = 0. Let µ∞ denote
the invariant positive Radon measure on V := trop−1

∞ (U) defined by µ. Then µ∞ does not
charge pluripolar subsets of Xan

Σ,∞.

Proof. By construction, µ∞ does not charge V \ Tan
∞. Hence it is enough to check that µ∞

does not charge any pluripolar subset D of V ∩ Tan
∞. Let D be such a pluripolar subset.

Then Josefson’s Theorem (see [Jos78] or [Kli91, Theorem 4.7.4]) yields a psh function
u : Tan

∞ → R−∞ not identically −∞ such that D ⊂ {u = −∞}. Let U0 be a bounded convex
open subset of NR and V0 = trop−1

∞ (U0). Since a countable union of such subsets U0 covers
NR, in order to show µ∞(D) = 0, is enough to show that µ∞({u = −∞}∩V0) = 0. Assume
that µ∞({u = −∞} ∩ V0) > 0. It follows from [Dem12, Corollary I.5.14] that the function

ρ : U0 −→ R, r 7−→
∫

trop−1
∞ ({r})

u(t)dPr(t)

is convex on the convex open subset U0 of NR where Pr is the unique S∞-invariant probabil-
ity measure on trop−1

∞ ({r}). As U0 is bounded, we have
∫
V0
udµ∞ =

∫
U0
ρdµ ∈ R. However,

this integral is −∞ by our assumption µ∞({u = −∞} ∩ V0) > 0, which gives the desired
contradiction. �

We switch to the global case. In the following, we assume that Σ is a complete fan in
NR. We will see in this toric setting that the global approaches to psh functions descibed
in 6.2.7 and 6.2.9 have natural combinatorial analogues.

6.3.5. We consider a concave piecewise linear function Ψ on Σ with integral slopes and with
dual polytope ∆ = {x ∈MR |Ψ(u) ≤ 〈x, u〉 ∀u ∈ NR} of dimension n. This means that the
induced toric line bundle L is big and semiample on the proper toric variety XΣ. Moreover,
we have degL(X) = n! · vol(∆) using the normalized volume such that vol(NR/N) = 1.
Then the canonical Green function g0 := −Ψ is convex and we set θ := c1(Ψ, g0). The
non-pluripolar Monge–Ampère operator of a θ-psh function ϕ : NΣ → R−∞ is defined by

(6.9) µϕ := lim
k→∞

1{ϕ>−k}(θ + d′d′′ max(ϕ,−k))∧n

as a strong limit of measures. We omit here and in the following the case ϕ ≡ −∞.

Proposition 6.3.6. Under the hypotheses above, the following properties hold.

(i) µϕ is a positive Radon measure of total mass µϕ(NΣ) ≤ n! · vol(∆).
(ii) If ϕ is bounded, then µϕ is equal to the Monge–Ampère measure (d′d′′ϕ+ θ)∧n from

6.2.4 and we have µϕ(NΣ) = n! · vol(∆).
(iii) µϕ is the image measure of the Monge–Ampère measure (θ|NR

+ ddc(ϕ|NR
))∧n on

NR with respect to the inclusion j : NR → NΣ.
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Proof. The first claim in (ii) is obvious from the definition in (6.9). Then the second claim
in (ii) follows directly from Proposition 6.3.1 if Σ is smooth and L is ample using the
corresponding claim in the complex case. In general, the second claim follows from this
special case by passing to a projective toric desingularization and writing the pull-back of
L as a limit of ample Q-line bundles. This proves (ii).

For unbounded ϕ, we deduce from (ii) that µϕ(NΣ) ≤ vol(∆) and hence the Borel
measure µϕ on NΣ is locally finite. This proves (i).

It is clear that µϕ and (θ|NR
+ ddc(ϕ|NR

))∧n agree on the bounded subsets {ϕ > −k} of
NR for every k ∈ N. Since these subsets form a covering of NR, the measures agree on NR

and we get (iii). �

Definition 6.3.7. We define E (NΣ, θ) as the set of θ-psh functions ϕ : NΣ → R−∞ with
µϕ(NΣ) = n! · vol(∆) and E 1(NΣ, θ) := {ϕ ∈ E (NΣ, θ) | ϕ ∈ L1(µϕ)}. For ϕ ∈ E (NΣ, θ),
we define the Monge–Ampère measure (d′d′′ϕ+ θ)∧n := µϕ.

Remark 6.3.8. To compare with the global complex approach in 6.2.7, we assume that
Σ is a smooth fan and that Ψ is a strictly concave function on the complete fan Σ with
integral slopes. This means that the corresponding toric line bundle L is ample. Let θ∞
be the first Chern current of a fixed canonical metric of the toric line bundle Lan

∞ . There
is also a smooth Fubini–Study metric on Lan

∞ such that the associated first Chern form is
a Kähler form ω on the complex manifold Xan

Σ,∞. These two reference metrics lead to an
isomorphism from the space of θ∞-psh functions to the space of ω-psh functions. Let u be
the ω-psh function corresponding to a θ-psh function f , then we define the non-pluripolar
Monge–Ampère operator of f by µf := µu and then we can subsequently adjust all the
definitions in 6.2.7 replacing ω by θ.

Let ϕ be a θ-psh function on NΣ. By Theorem 5.2.12, the corresponding S∞-invariant
function ϕ∞ := ϕ◦trop∞ on Xan

Σ,∞ is θ∞-psh. It follows immediately from the definitions of

the non-pluripolar Monge–Ampère operators that µϕ = trop∞,∗(µϕ∞
). By Theorem 5.2.12,

the map ϕ→ ϕ∞ induces canonical isomorphisms between E (NΣ, θ) (resp. E 1(NΣ, θ)) and
the space of S∞-invariant functions in E (Xan

Σ,∞, θ∞) (resp. E 1(Xan
Σ,∞, θ∞)).

We now give two proofs of the existence and uniqueness of solutions of the tropical toric
Monge–Ampère equation. The first one uses convex analysis through Theorem 6.2.13 and
the second one uses the comparison with the complex situation.

Lemma 6.3.9. Let ∆1 ⊂ ∆2 be bounded convex sets with the same Lebesgue measure. Then
the interior ∆◦

2 of ∆2 in NR is contained in ∆1.

Proof. Assume that ∆◦
2 6⊂ ∆1. Then there is a point p ∈ ∆◦

2 \ ∆1 and a ball B(p, ε)
centered at p which is contained in ∆◦

2. By the separation theorem for convex sets, there
is a non-zero affine function H such that H(p) ≥ 0 and H(x) ≤ 0 for all x ∈ ∆1. The set
B(p, ε) ∩ {H > 0} has positive Lebesgue measure and is contained in ∆◦

2 \∆1. Therefore
the Lebesgue measure of ∆2 is strictly bigger than the Lebesgue measure of ∆1. �

Theorem 6.3.10. Let Σ, Ψ, ∆ and θ be as in 6.3.5. Let µ be a positive Radon measure
on NΣ such that

µ(NR) = µ(NΣ) = n!vol(∆).

Then there exists a θ-psh function ϕ ∈ E (NΣ, θ) such that (d′d′′ϕ+ θ)∧n = µ. Moreover, if
ϕ1 and ϕ2 are two such functions, then ϕ1 − ϕ2 is constant.

Proof using convex analysis. Since µ(NR) = µ(NΣ) = n!vol(∆), the measure µ is the image
measure of a Radon measure µ0 in NR such that µ0(NR) = n!vol(∆). By Theorem 6.2.13
there exist a convex function f : NR → R such that MA(f) = µ0 and ∆◦ ⊂ ∆(f) ⊂ ∆. We
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define the function ϕ : NΣ → R−∞ by

ϕ(x) = lim sup
y→x
y∈NR

(f(y) + Ψ(y)).

Note that the values of this function belong to R−∞ because, by Lemma 6.2.14 the function
f+Ψ is bounded from above. By Proposition 5.2.6, the function ϕ is θ-psh. By Proposition
6.3.6, the measure µϕ is the image measure of (θ|NR

+ ddc(ϕ|NR
))∧n = MA(f) and hence

µϕ = µ. We conclude that µϕ(NΣ) = µ(NΣ) = n!vol(∆) proving ϕ ∈ E (NΣ, θ).
For uniqueness, assume that ϕ1 and ϕ2 are θ-psh functions in E (NΣ, θ) which solve the

Monge–Ampère equation. For i = 1, 2, write fi = ϕi|NR
− Ψ. Since ϕi is θ-psh, we get

a convex function fi on NR. Since ϕi is continuous on the compact set NΣ and does not
attain the value +∞, it is bounded above. By Lemma 6.2.14, we have ∆(fi) ⊂ ∆. Since
ϕi ∈ E (NΣ, θ), the Lebesgue measure of ∆(fi), that agrees with the total mass of the
Monge–Ampère measure of fi, agrees with the Lebesgue measure of ∆. By Lemma 6.3.9,
we have ∆◦ ⊂ ∆(ϕi). It follows from Theorem 6.2.13 that f1 − f2 is constant. �

Proof using the complex Monge–Ampère equation. We assume first that Σ is a smooth fan
and that Ψ is strictly concave in Σ. Then Xan

Σ,∞ is a complex manifold and Ψ induces a
toric meromorphic section s of the holomorphic ample toric line bundle Lan

∞ on Xan
Σ,∞ again

by 5.1.7. The canonical Green function g0 = −Ψ induces the canonical metric ‖ ‖∞,can

on the toric line bundle Lan
∞ and we set θ∞ := c1(L

an
∞ , ‖ ‖∞,can). Let µ∞ be as in 6.3.2.

Introducing a Kähler form ω as in 6.3.8 and applying Theorem 6.2.8, we deduce that there
is ϕ∞ ∈ E (Xan

Σ,∞, θ∞), unique up to adding a constant, solving the complex Monge–Ampère
equation

(ddcϕ∞ + θ∞)∧n = µ∞.

Uniqueness shows that ϕ∞ is S∞-invariant. By Theorem 5.2.12, there is a θ-psh function
ϕ with ϕ∞ = ϕ ◦ trop∞. By Remark 6.3.8, we have ϕ ∈ E (NΣ, θ) and (6.8) yields (ddcϕ+
θ)∧n = µ and ϕ is uniquely determined by these conditions up to adding a constant.

If Ψ is not strictly concave, but only concave, and the polytope ∆ is full dimensional,
then the line L is no longer ample but it is still big and nef. Then we use the generalization
of Theorem 6.2.8 in [BEGZ10, Theorem A] and proceed in the same way as before.

If Σ is not smooth, we choose a projective toric desingularisation XΣ′ → XΣ correspond-
ing to a smooth fan Σ′ subdividing Σ. Then the pull back L′ of L to XΣ′ is still big and nef.
Let θ′∞ be the first Chern current of the canonical metric of (L′)an∞ and let θ′ := c1(Ψ,−Ψ)
the canonical first Chern current on NΣ′ . Applying again [BEGZ10, Theorem A], we de-
duce that there is a θ′∞-psh function ϕ′

∞ on Xan
Σ′,∞, unique up to adding a constant, solving

the complex Monge–Ampère equation (ddcϕ′
∞ + θ′∞)n = µ′∞ for the invariant measure µ′∞

on Xan
Σ′,∞ induced by µ. Here, we note that µ does not charge the boundary and hence

may be seen as a Radon measure on NΣ′ . As above, we get a θ′-psh function ϕ′ on NΣ′

solving the real Monge–Ampère equation (ddcϕ′ + θ′)∧n = µ and which is unique up to
adding a constant. It follows from Remark 5.2.9 that ϕ′ descends to a θ-psh function ϕ and
since the Monge–Ampère measures and µ do not charge the boundary, we see that ϕ solves
(ddcϕ+ θ)∧n = µ, and is unique up to adding a constant. �

6.3.11. To compare with the global approach in 6.2.9 for a non-archimedean field K with
valuation v, we do not have to assume that the fan Σ is smooth. We fix as before a
continuous Green function g0 for the polarization function Ψ of the toric line bundle (L, s)
and put θ = c1(Ψ, g0). For a θ-psh function ϕ : NΣ → R−∞, Theorem 5.3.11 gives a
corresponding toric continuous singular psh metric ‖ ‖v on Lan

v . We claim that ‖ ‖v is also
semipositive in the sense of the global approach of Boucksom–Jonsson explained in 6.2.9.

Indeed, we apply Proposition 5.4.3 to the convex Green function g := ϕ+ g0. We obtain
a decreasing sequence (gn)n∈N of rational piecewise affine convex Green functions with
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pointwise limit g. Let ‖ ‖v,n be the metric on Lan
v corresponding to the Green function gn.

Then ‖ ‖v,n is by construction a Fubini–Study metric, ‖ ‖v is the increasing limit of the

metrics ‖ ‖v,n, and hence the metric ‖ ‖v is semipositive in the sense of 6.2.9.

For non-pluripolar Monge–Ampère operators, we have µϕ = tropv,∗(µ‖ ‖v
). The map

ϕ 7→ ‖ ‖v induces canonical isomorphisms between E (NΣ, θ) (resp. E 1(NΣ, θ)) and the
space of toric metrics in E (Lan

v ) (resp. E 1(Lan
v )). Since µ‖ ‖v

does not charge the boundary

Xan
Σ,v \ Tan

v , we have the useful formula

(6.10) µ‖ ‖v
= jv

(
c1(L

an
v |Tan

v
, ‖ ‖v)∧n

)

where we use the image measure with respect to the inclusion jv : Tan
v → Xan

Σ,v. Applying
Proposition 6.3.3 to the dense torus T and using that the real and the non-archimedean non-
pluripolar Monge–Ampère operators do not charge the boundaries, we see that µ‖ ‖v

= µϕ,v,
i.e. µ‖ ‖v

is the push-forward measure of µϕ with respect to the inclusion NΣ → Xan
Σ,v of

the canonical skeleton.

We illustrate the theory in the case of a projective line.

Example 6.3.12. Let XΣ = P1, then the associated tropical toric variety NΣ is [−∞,∞].
We pick the piecewise linear function Ψ(u) = min(u, 0) on R. The associated toric divisor
on P1 is [∞]. It induces the very ample toric line bundle L = OP1(1). The dual polytope
is ∆ = [0, 1] and we have degL(X) = vol(∆) = 1. Then the canonical Green form is the
convex function g0 := max(−u, 0) on R and θ := c1(Ψ, g0) is the Dirac current δ{0} on
[−∞,∞]. In the following, we fix a real parameter 0 < α < 1 and consider the function

ϕ(u) := ϕα(u) :=





1 if u ≤ 0,

1− u if 0 ≤ u ≤ 1,
1−uα

α if 1 < u,

−∞ if u = ∞.

We also allow α = 0 by using ϕ0(u) := − log(u) for 1 < u. The unbounded function ϕ is
θ-psh and solves the real Monge–Ampère equation d′d′′ϕ + θ = µ for the positive Radon
measure

(6.11) µ := µα := (1− α)1{u≥1}
d′u ∧ d′′u
u2−α

on [−∞,∞]. Note here that µ([−∞,∞]) = 1 and hence ϕ ∈ E (NΣ, θ). Basic analysis shows
that we have ϕ ∈ E 1(NΣ, θ) (i.e. ϕ integrable with respect to µ) if and only if α < 1/2.

Now we switch to the complex setting. We fix a toric coordinate z on P1
C with trop∞(z) =

− log |z|. Then S∞ is the unit circle. The canonical metric on Lan
∞ induced by Ψ has first

Chern current θ∞ induced by the Haar probability measure on S∞. Note that θ∞ is the
positive (1, 1)-current with trop∞,∗(θ∞) = θ illustrating [BGJK20, Theorem 7.1.5]. The
S∞-invariant positive Radon measure µ∞ from 6.3.2 is here given by

(6.12) µ∞ =
α− 1

4πi
· 1{|z|≤1/e} ·

dz ∧ dz̄
(− log |z|)2−αzz̄

.

Note that µ∞ is the unique S∞-invariant Radon measure with trop∞,∗(µ∞) = µ. Hence
(6.12) follows from (6.11), (2.4) and the projection formula in [BGJK20, Corollary 5.1.8].
For α = 0, we recover the Poincaré metric of the punctured disk. Applying Remark 6.3.8
or a direct computation show that ϕ∞ := ϕ ◦ trop∞ is an unbounded θ-psh function in

E (P1,an
C , θ∞) solving the Monge–Ampère equation ddcϕ∞ + θ∞ = µ∞. Moreover, we have

ϕ∞ ∈ E 1(P1,an
C , θ∞) if and only if α < 1/2.

Finally, we look at a non-archimedean field K with valuation v. Similary as in the
complex setting, Sv is the unit circle in P

1,an
K . Let ‖ ‖v,can be the canonical metric on Lan

v



TROPICAL TORIC PLURIPOTENTIAL THEORY 43

induced by Ψ, then ϕ induces the continuous singular psh metric ‖ ‖v := e−ϕ‖ ‖v,can on Lan
v

which is in E (Lan
v ) and solves the Monge–Ampère equation c1(L

an
v , ‖ ‖v)n = µv by 6.3.11.

Moreover, we have ‖ ‖v ∈ E 1(Lan
v ) if and only if α < 1/2.

We claim that µv = µα,v has finite energy if and only if α < 1/2. Indeed, if α < 1/2,
then ϕv = ϕα,v ∈ E 1(Lan

v ) and hence µα,v is of finite energy by [BJ18, Proposition 7.2]. It is
clear that µα,v has not finite energy for α > 1/2 by integrating against the θv-psh function
ϕβ,v for any β with 1/2 > β ≥ 1− α. For α = 1/2, we see that µα,v has infinite energy by
integrating against another test function g from E 1(Lan

v ) which is defined by

g(u) :=
1− u1/2

(1 + log(u))/2

for u ≥ 1, by 1− u for u ≤ 1 and by u = −∞ at the boundary points.

The example above shows that there is a finite positive Radon measures µv on the
canonical skeleton NΣ of Xan

Σ,v which does not charge the boundary NΣ \NR and which is

not of finite energy. This explains that the following theorem goes beyond [BJ18].

Theorem 6.3.13. Let L be an ample toric line bundle on a proper toric variety XΣ over a
non-archimedean field K with valuation v. Let µv be a positive Radon measure on Xan

Σ,v sup-

ported in the canonical skeleton NΣ with µv(NΣ \NR) = 0 and with µv(X
an
Σ,v) = degL(XΣ).

Then there exists a unique up to scaling toric continuous singular psh metric ‖ ‖v on Lan
v

solving the non-archimedean Monge–Ampère equation

(6.13) c1(L
an
v , ‖ ‖v)∧n = µv.

Proof. Choosing a toric meromorphic section s of L, we have seen in 5.1.7 that (L, s) induces
a piecewise linear function Ψ on Σ with integral slopes. Since L is ample, the function Ψ is
concave on NR. Choosing the canonical Green function g0 := −Ψ, we set θ := c1(Ψ, g0). Let
µ be the measure on NΣ determined by µv. It satisfies the hypothesis of Theorem 6.3.10.
Hence, there exists a θ-psh function ϕ ∈ E (NΣ, θ) such that (d′d′′ϕ+ θ)∧n = µ.

Applying Proposition 6.3.3 to the dense torus T and using that the real and the non-
archimedean Monge–Ampère measures do not charge the boundaries, we see that the psh
metric ‖ ‖v on Lan

v corresponding to ϕ solves (6.13) and is the unique up to scaling toric
continuous singular metric solving this non-archimedean Monge–Ampère equation. �

Remark 6.3.14. If the measure µv is of finite energy, then Theorem 6.3.13 follows from
Theorem 6.2.10 of Boucksom–Jonsson which goes beyond the toric case and also gives then
uniqueness of solutions in the space E 1(Xan

Σ,v). As we have seen in Example 6.3.12, there are

positive Radon measures µv on the canonical skeleton NΣ in Xan
Σ,v with µv(NΣ \ NR) = 0

which do not charge the boundary and which are not of finite energy. Hence Theorem
6.3.13 is also a strengthening of Theorem 6.2.10 and holds without any restrictions on the
non-archimedean field K.

Remark 6.3.15. The above proof shows that Theorem 6.3.13 generalizes to L big and nef.
In this toric case, we can use (6.10) as a definition of the non-pluripolar Monge–Ampère
operator.

7. Monge–Ampère equations on totally degenerate abelian varieties

We apply our toric correspondence results to totally degenerate abelian varieties over a
non-trivially valued non-archimedean field (K, | |). The goal is to generalize Liu’s solution of
the non-archimedean Calabi–Yau problem [Liu11]. We denote by v := − log | | the additive
valuation of K and by Γ := v(K×) ⊂ R the additive valuation group.
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7.1. Polarized tropical abelian varieties. Recall from [FRSS18, Definition 2.4] the def-
inition of a polarized tropical abelian variety.

Definition 7.1.1. A polarized tropical abelian variety of dimension n with polarization of
degree d2 is given by a quadruple (Λ,M, [·, ·], λ) where

(i) M and Λ are finitely generated free abelian groups of rank n,
(ii) the pairing [·, ·] : Λ×M → R is bilinear,
(iii) the bilinear form ΛR ×MR → R induced by [·, ·] is non-degenerate,1
(iv) λ : Λ →M is a homomorphism with # coker(λ) = d,
(v) the induced pairing [·, λ(·)] : Λ× Λ → R is symmetric and positive-definite.

A polarized tropical variety (Λ,M, [·, ·], λ) is called Γ-rational if [Λ,M ] ⊂ Γ. A morphism
of polarized tropical abelian varieties (f, g) : (Λ,M, [·, ·], λ) → (Λ′,M ′, [·, ·]′, λ′) is given by
homomorphisms f : Λ → Λ′ and g : M ′ →M such that [f(·), ·]′ = [·, g(·)] and λ = g ◦λ′ ◦ f .

Let (Λ,M, [·, ·], λ) be a polarized tropical abelian variety. We put N := HomZ(M,Z).
The natural pairing 〈·, ·〉 : NR×MR → R leads to a unique monomorphism ι : Λ → NR such
that [·, ·] = 〈ι(·), ·〉. Note that (iii) is equivalent to require that ι(Λ) is a lattice in NR. From
now on, we will identify Λ with this sublattice of NR using ι. Then we have [·, ·] = 〈·, ·〉 on
Λ×M . We write

deg(Λ,M, [·, ·], λ) := d2 := (#coker(λ))2

for the degree of (Λ,M, [·, ·], λ).
The associated tropical abelian variety is the real torus NR/Λ with integral structure

given by N and we will always denote the quotient homomorphism by π : NR → NR/Λ.
Tropical abelian varieties were first considered in [MZ08]. Furthermore the tropical abelian
varieties NR/Λ are tropical spaces in the sense of [JSS19] and hence Lagerberg forms are
defined on NR/Λ (see Remark 2.2.2).

Remark 7.1.2. Let b(·, ·) : NR × NR → R be the unique symmetric bilinear form which
satisfies b(·, ·) = [·, λ(·)] on Λ× Λ. The non-degeneracy in (iii) yields that λ extends to an
isomorphism λR : ΛR = NR →MR and that

(7.1) b(x, y) = 〈x, λR(y)〉
for all x, y ∈ NR. Indeed (7.1) is clear on N × Λ, shows that b(N,Λ) ⊂ Z and extends by
linearity to NR ×NR. Using that λR is an isomorphism, we also deduce from (7.1) that the
bilinear form b is non-degenerate and hence (v) shows that b is positive definite.

7.1.3. Any basis u1, . . . , un of MR determines coordinates on NR. Let u′1, . . . , u
′
n denote

the dual basis of NR. The positive translation invariant Lagerberg (1, 1)-form

(7.2) θ := θ(Λ,M,[·,·],λ) :=

n∑

k,l=1

b(u′k, u
′
l)d

′uk ∧ d′′ul ∈ A1,1(NR)

does not depend on the choice of the basis. There is a unique ω ∈ A1,1(NR/Λ) with
π∗(ω) = θ. We call θ (resp. ω) the canonical (1, 1)-form of the polarized tropical abelian
variety (Λ,M, [·, ·], λ) on NR (resp. NR/Λ). This fits to the setting of §5.2 by using NΣ =
NR, Ψ := 0, the Green function g0(u) :=

1
2b(u, u) for Ψ noting that θ = c1(Ψ, g0). Choosing

the basis u1, . . . , un such that the dual basis u′1, . . . , u
′
n is a Z-basis of Λ, one computes

(7.3)

∫

NR/Λ
ωn =

∫

FΛ

θn = n! ·#coker(λ) = n! ·
√

deg(Λ,M, [·, ·], λ),

1It is not enough to assume that the canonical maps M → Hom(Λ,R) and Λ → Hom(M,R) are injective
as then the images of M and N are not necessarily sublattices. A counterexample is Λ = Z + Zπ ⊂ R and
M = Z2 with pairing [a,m] = a(m1 + νm2) where we fix ν ∈ R \ Q. Using λ(m1 + m2π) = (m1,m2) ∈ M ,
all other conditions are also satisfied.
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where FΛ is a fundamental domain for the action of Λ on NR.

7.2. Tropicalization of polarized totally degenerate abelian varieties. We work
over a non-archimedean field K with valuation v and non-trivial value group Γ := v(K×).

7.2.1. A totally degenerate split abelian variety over K is an abelian variety A over K such
that there exists a morphism of analytic groups π : Tan → Aan for some split torus T over
K, which induces an isomorphism Aan = Tan/Λ for a lattice Λ in Tan. Here a lattice in Tan

means a closed discrete subgroup Λ of T(K) such that tropv maps Λ isomorphically onto a
complete lattice of NR, where N is the cocharacter lattice of T. If S denotes the maximal
affinoid torus in Tan, then T is the split torus with character lattice M := Hom (A1,Gm,1)
given by homomorphisms of analytic groups, where A1 is the maximal affinoid torus π(S)
in Aan and Gm,1 is the maximal affinoid torus in Gan

m .
We will always identify Λ with the lattice tropv(Λ) in NR along tropv. Note that tropv

induces a map tropv : A
an → NR/Λ called the canonical tropicalization map of A. Moreover,

there is a canonical section

(7.4) ιv : NR/Λ −→ Aan

of tropv which identifies NR/Λ with a closed subset of Aan, called the canonical skeleton,
such that tropv is a strong deformation retraction (see [Ber90, 6.5]).

7.2.2. Let A be a totally degenerate split abelian variety over K with Aan = Tan/Λ as in
7.2.1, let M be the character lattice of the torus T and let N := HomZ(M,Z). Then

[·, ·] : Λ×M −→ R, (γ,m) 7−→ v(m(γ))

is a bilinear pairing. We denote by T∨ the torus with character lattice Λ. Restricting the
characters of M to Λ identifies M with a lattice in (T∨)an. Then the dual abelian variety
A∨ of A has the uniformization (A∨)an = (T∨)an/M . A polarization φ : A → A∨ induces
homomorphisms T → T∨ and λ : Λ →M . It is verified in [FRSS18, Proposition 4.7] that

(7.5) tropv(A,φ) := (Λ,M, [·, ·], λ)
is a polarized tropical abelian variety. Recall that a morphism f : (A,φ) → (A′, φ′) of
polarized abelian varieties over K is given by a homomorphism f : A → A′ of abelian
varieties over K such that φ = f∨ ◦ φ′ ◦ f . Then (A,φ) 7→ tropv(A,φ) induces a functor

(7.6) tropv :

(
polarized totally degenerate
split abelian varieties over K

)
−→

(
Γ-rational polarized

tropical abelian varieties

)
.

The rank of M equals the dimension of A and the polarized tropical variety tropv(A,φ)
has the same degree as the polarized abelian variety (A,φ) [BL91, Theorem 6.15]. Observe
that it follows from results of Bosch and Lütkebohmert that the functor (7.6) is essentially
surjective [BL91, §2, Theorem 6.13].

Definition 7.2.3. Let (A,φ) be a polarized totally degenerate split abelian variety over
K with tropicalization (7.5) . Let θ ∈ A1,1(NR) and ω ∈ A1,1(NR/Λ) denote the canonical
(1, 1)-forms of the polarized tropical abelian variety tropv(A,φ) from (7.2). We call

(7.7) θv := trop∗v(θ) ∈ A1,1(Tan) and ωv := trop
∗
v(ω) ∈ A1,1(Aan)

the canonical (1, 1)-forms of (A,φ).

Remark 7.2.4. In the situation of 7.2.2, there is always a non-zero m ∈ N such that the
polarization mϕ is induced by an ample line bundle L on A. In fact, we can always choose
m = 2 [MFK94, Proposition 6.10]. If K is algebraically closed, then we can even choose
m = 1. Let π : Tan → Aan denote the uniformization morphism. The line bundle Lan on
Aan carries a canonical metric ‖ ‖can [GK17, Example 8.15] and we have

(7.8) c1(π
∗Lan, π∗‖ ‖can) = mθv and c1(L

an, ‖ ‖can) = mωv.
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This follows from the description of the canonical metric in [GK17, Example 8.15]. It is
shown in [BL91, Lemma 2.2] that the line bundle π∗Lan on Tan is trivial.

7.3. Tropicalization of decomposed polarized complex abelian varieties. We work
complex analytically and consider a polarized complex abelian variety (A,H) of dimension
n. The complex manifold Aan admits a uniformization VA/UA where UA is the lattice given
by the image of H1(A

an,Z) in the tangent space at the origin VA := T0A
an. The polarization

is given by a Riemann form H, i.e. a positive definite sesquilinear form H : VA × VA → C

(antilinear in the second argument) whose imaginary part E := Im(H) takes integral values
on the lattice UA. Recall that we can recover H from E by the formula

(7.9) H(v,w) = E(iv, w) + iE(v,w) (v,w ∈ VA).

Remark 7.3.1. A decomposition for (A,H) is a direct sum decomposition UA = U1 ⊕ U2

for subgroups U1, U2 of UA which are isotropic for E [BL04, Chapter 3 §1]. According to
Frobenius [Bou07, 5.1 Th. 1] we can choose a Z-basis a1, . . . , an, b1, . . . , bn of the lattice UA

such that E is given in this basis by a matrix
(

0 D
−D 0

)

for a diagonal matrix D = diag(d1, . . . , dn) with dj ∈ N>0 satisfying dj |dj+1 for j =
1, . . . , n − 1. The matrix D is uniquely determined by UA and E. We call D the type and
d2 := detD2 the degree of the polarized complex abelian variety (A,H). Any symplectic
basis as above defines a decomposition for (A,H) if we put U1 = 〈a1, . . . , an〉 and U2 =
〈b1, . . . , bn〉 and all decompositions come from such a symplectic basis [BL04, §3.1, p. 46].

Definition 7.3.2. A decomposed polarized complex abelian variety (A,H,U1, U2) is a po-
larized complex abelian variety (A,H) together with a fixed decomposition UA = U1 ⊕ U2.
A morphism of decomposed polarized complex abelian varieties is a morphism of polarized
abelian varieties which preserves the decomposition.

Decomposed polarized complex abelian varieties of dimension n and type D admit a
moduli space which can be realized as a quotient of the Siegel upper half plane Hn [BL04,
Proposition 8.3.3].

Let (A,H,U1, U2) be a decomposed polarized complex abelian variety of dimension n and
degree d2. Put N := U1 and let T := SpecC[M ] be the multiplicative torus with character
lattice M := Hom(N,Z). As H is positive definite and hence E is non-degenerate, we see
that the C-span of N is VA, i.e. VA = NC := N ⊗Z C. We use the homomorphisms

e : C −→ C×, e(z) := exp(2πiz) and t : C× −→ R, z 7→ − log |z|
with t ◦ e(z) = 2π Im(z) to get the maps

(7.10) 2π ImN : NC = N ⊗Z C
eN−→ N ⊗Z C×= Tan trop∞−→ N ⊗Z R = NR

where eN := idN ⊗ e, trop∞ = idN ⊗ t and ImN := idN ⊗ Im. Note that eN : VA → Tan

maps U2 isomorphically onto a discrete closed subgroup Λ := eN (U2) of T
an. Moreover, Λ

maps under trop∞ isomorphically onto the complete lattice

trop∞(Λ) = 2π ImN (U2) ⊂ NR.

By abuse of notation similarly as in 7.2.1, we will identify Λ with the lattice trop∞(Λ).
Note that Aan = VA/UA ≃ (VA/U1)/(UA/U1) ≃ Tan/Λ leading to the following definition.

Definition 7.3.3. The complex Tate uniformization of the decomposed polarized complex
abelian variety (A,H,U1, U2) is defined by Aan ≃ Tan/Λ. The map trop∞ : Aan → NR/Λ
induced by trop∞ : Tan → NR is called the canonical tropicalization map of (A,H,U1, U2).
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The complex Tate uniformization Aan ≃ Tan/Λ is not intrinsically associated to the
polarized abelian variety (A,H), it depends on the decomposition UA = U1 ⊕ U2.

We also have a non-degenerate pairing

[·, ·] : Λ×M −→ R, [w,m] := m(trop∞(w)) (w ∈ Λ,m ∈M),

and a homomorphism

λ : Λ −→M, λ(w)(u) := E(v, u) (w = eN (v) ∈ Λ = eN (U2), v ∈ U2, u ∈ N).

Given w = eN (v) ∈ Λ as above, we use that N = U1 is isotropic for E, (7.10) and (7.9) for

[w, λ(w)] = E(v, trop∞(w)) = 2πE(i ImN (v), ImN (v)) = 2πH(ImN (v), ImN (v)).

We conclude that

(7.11) trop∞(A,H,U1, U2) := (Λ,M, [·, ·], λ)
is a polarized tropical abelian variety of dimension n and degree d2. The latter is seen by
choosing a symplectic basis as in Remark 7.3.1. The assigment (7.11) induces a functor

(7.12) trop∞ :

(
decomposed polarized

complex abelian varieties

)
−→

(
polarized tropical
abelian varieties

)
.

which preserves the dimension and the degree.

Proposition 7.3.4. The functor (7.12) is essentially surjective.

Proof. Let (Λ,M, [·, ·], λ) be a polarized tropical abelian variety. As in Subsection 7.1, we
consider Λ as a lattice in NR. We get a decomposed lattice

U := U1 ⊕ U2 := N ⊕ 1

2πi
Λ ⊂ NR ⊕ iNR = NC

and consider the alternating map E : U × U −→ Z given by

E

(
x+

i

2π
a, x′ +

i

2π
a′
)

:= b(a, x′)− b(a′, x) (x, x′ ∈ N, a, a′ ∈ Λ).

We have seen after (7.1) that E has indeed values in Z. We denote the unique extension of
E to a real bilinear form on NC also by E. It is given by

(7.13) E(x+ iy, x′ + iy′) := 2π(b(x′, y)− b(x, y′)) (x, y, x′, y′ ∈ NR)

and hence we have E(iz, iw) = E(z, w) for z, w ∈ NC. By [BL04, Lemma 2.1.7], there is a
unique hermitian form H on NC such that E = Im(H). By (7.9) and (7.13), we get

(7.14) H(x+ iy, x+ iy) = E(i(x + iy), x+ iy)) = 2π
(
b(x, x) + b(y, y)

)
(x, y ∈ NR),

which shows that H is positive definite. Hence H is a Riemann form and NC/U is the
analytification of a complex abelian variety A. Now (A,H,U1, U2) is a decomposed polarized
complex abelian variety which maps under trop∞ to (Λ,M, [·, ·], λ). �

Let (A,H) be a polarized complex abelian variety with canonical translation invariant
(1, 1)-form

ω̃(A,H) :=
i

2

n∑

k,l=1

H

(
∂

∂zk
,
∂

∂zl

)
dzk ∧ dz̄l ∈ A1,1(VA).

and induced Kähler form ω(A,H) ∈ A1,1(Aan). Both forms do not depend on the choice of
holomorphic coordinates z1, . . . , zn on VA. We call θ(A,H) := p∗(ω(A,H)) the canonical (1, 1)-
form on the Tate uniformization p : Tan → Aan. We compare these forms to their tropical
analogues from (7.2). We have introduced in 2.2.6 a natural map trop∗∞ : Ap,q(Tan) →
Ap,q(NR) where N = Hom(U2,Z) is the cocharacter lattice of the torus Tan. There is also
an induced map trop

∗
∞ : Ap,q(Aan) → Ap,q(NR/Λ).
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Proposition 7.3.5. Let (A,H,U1, U2) be a decomposed polarized complex abelian variety
with Aan = VA/UA ≃ Tan/Λ as above. We have

(7.15) θ(A,H) = trop∗∞(θtrop∞(A,H,U1,U2)) and ω(A,H) = trop
∗
∞(ωtrop∞(A,H,U1,U2)).

Proof. Write trop∞(A,H,U1, U2) = (Λ,M, [·, ·], λ). Let us pick a Z-basis u1, . . . , un of M .
The corresponding holomorphic coordinates z1, . . . , zn on VA and w1, . . . , wn on T an are
given by trop∗(uj) = wj = exp(2πizj). We have dwj = 2πiwjdzj and we take

trop∗(d′uj) = − dwj

2
√
πwj

, trop∗(d′′uj) = − idw̄j

2
√
πw̄j

.

from [BGJK20, (4.5)]. Using also that H = 2πb on the isotropic real span of U1 (see (7.14)),
we deduce easily the claim from the definition of the canonical forms. �

Remark 7.3.6. Observe that Tan is not simply connected. In fact, it is a domain of
holomorphy and hence a complex Stein manifold. Then we can use Cartan’s theorem B to
compute the holomorphic Picard group of Tan via the exponential sequence as H2(Tan,Z),
which, by the Künneth formula, is easily seen to be non-zero.

Using that H2(Aan,Z) ≃ Λ2Hom(UA,Z) (see [BL04, Lemma 2.1.3]), the first Chern class
associates to any line bundle L on A an integer valued alternating form on the lattice
UA. We say that L induces the polarization H if the first Chern class of L corresponds
to E = ImH. Clearly, such line bundles are ample and they are unique up to Pic0(A).
Moreover, any polarization H on A is induced by an ample line bundle [BL04, Theorem
2.2.3 and Proposition 4.5.2].

Lemma 7.3.7. Let (A,H,U1, U2) be a decomposed polarized abelian variety. Let L be an
ample line bundle on A inducing the polarization and p : Tan → Aan the Tate uniformization
corresponding to the decomposition. Then p∗Lan is a trivial line bundle on Tan.

Proof. Any line bundle Lan on Aan has trivial pull-back to VA and hence we can write
Lan = (V × C)/UA for an action of the group UA given by

UA × (VA × C) −→ VA × C, (u; v, z) 7−→ (v + u, αu(v)z)

for a cocycle u 7→ αu of the group UA in H0(VA,O
×
VA

). If L ∈ Pic0(A), then c1(L) is zero
as well as the corresponding alternating form E. Then there is a unique character χ of UA

such that Lan is given by the cocycle αu ≡ χ(u) [BL04, Proposition 2.2.2].
Now let L be an (ample) line bundle inducing the polarization H. To show that p∗(Lan) is

trivial on Tan, we have to prove that Lan can be given by a cocycle u→ αu with αu ≡ 1 for
all u ∈ U1 as then the trivialization descends to VA/U1 ≃ Tan. It is shown in [BL04, Lemma
3.2.2 and thereafter] that there is a line bunde L0 on A which induces the polarization H
and a cocycle u 7→ eu of L0 which is trivial on U1 (note that U1 = Λ2 and U2 = Λ1 in
[BL04]). This eu is the factor of automorphy of classical theta functions for L0.

Since L⊗L−1
0 ∈ Pic0(A), there is a character χ such that u→ χ(u)eu is a cocycle for L.

There is a unique ℓ0 ∈ Hom(UA,Z) such that χ(u) = exp(2πiℓ0(u)) for all u ∈ UA. If we
change the trivialization to a frame h ∈ H0(VA,O

×
VA

), then the cocycle changes to

αu(v) = h(v + u)−1eu(v)h(v) (u ∈ UA, v ∈ VA).
Now let ℓ be the unique complex linear form on VA which agrees with ℓ0 on U1. Then
h := exp ◦(2πiℓ) does the job as αu = exp(−2πiℓ(u))χ(u)eu is trivial on U1. �

7.4. Corresponding polarized abelian varieties and psh functions. We continue to
denote by K a non-archimedean field with valuation v = − log | | and value group Γ. We
define a correspondence between polarized totally degenerate split abelian varieties over K
and decomposed polarized complex abelian varieties. The goal of this subsection is to relate
psh functions on corresponding abelian varieties.
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Definition 7.4.1. A polarized totally degenerate split abelian variety (Av , φ) over the com-
plete non-archimedean field K corresponds to the decomposed complex polarized abelian
variety (A∞,H,U1, U2) if their tropicalizations tropv(Av , φ) and trop∞(A∞,H,U1, U2) are
isomorphic as polarized tropical abelian varieties.

Remark 7.4.2. For any polarized totally degenerate split abelian variety over K there
exists a corresponding decomposed complex polarized abelian variety by Proposition 7.3.4.
Furthermore a decomposed complex polarized abelian variety, whose associated polarized
tropical abelian variety is Γ-rational, corresponds to a polarized totally degenerate split
abelian variety over K by 7.2.2. However, corresponding abelian varieties do not determine
each other up to isomorphism.

In the following consider a polarized totally degenerate split abelian variety (Av, φ) over
K which corresponds to the decomposed complex polarized abelian variety (A∞,H,U1, U2).
We will read the isomorphism of associated polarized tropical abelian varieties as an iden-
tification. Hence we have,

(7.16) tropv(Av, φ) = (Λ,M, [·, ·], λ) = trop∞(A∞,H,U1, U2).

From 7.2.2 and Definition 7.3.3, we obtain the Tate uniformizations

πv : T
an
v −→ Aan

v , π∞ : Tan
∞ −→ Aan

∞ ,

with kernels identified with Λ along the tropicalizations. Here Tan
v and Tan

∞ is the non-
archimedean resp. the archimedean analytification of the split algebraic torus with cochar-
acter lattice N := HomZ(M,Z). From our data, we get complex (1, 1)-forms θ∞ := θ(A,H) on
Tan
∞ and ω∞ := ω(A,H) on A

an
∞ , smooth (1, 1)-forms θv := θ(A,φv) on Tan

v and ωv := ω(A,φv) on
Aan

v , and Lagerberg (1, 1)-forms θ := θ(Λ,M,[·,·],λ) on NR and ω := ω(Λ,M,[·,·],λ) on NR/Λ. We
have seen in Proposition 7.3.5 and Definition 7.2.3 that trop∗∞(θ) = θ∞ and trop∗v(θ) = θ∞.

7.4.3. Let U be an open subset of NR. The cone of θ-psh functions on U is denoted by
PSH(U, θ). For w ∈ {∞, v}, we have Uw := trop−1

w (U) ⊂ Tan
w and W := trop−1

w (U) ⊂ Tan
w

are invariant under the action of the compact torus Sw. We denote by PSH(Uw, θw)
Sw the

cone of θw-psh functions which are invariant under the action of Sw. Recall from Theorems
5.2.12 and 5.3.11 that we have a canonical isomorphism

(7.17) PSH(U, θ) −→ PSH(Uw, θw)
Sw , ϕ 7−→ ϕ∞ := ϕ ◦ tropw

of cones. By Proposition 5.2.5, all these functions ϕ and ϕw are continuous. If they are not
identically −∞, then the functions are finite.

7.4.4. We assume that U is a Λ-invariant subset of NR. Equivalently, this means that there
is an open subset W of NR/Λ with U = π−1(W ) for the quotient map π : NR → NR/Λ.
Then Uw is Λ-invariant and we have Uw = π−1

w (Ww) for the open subset Ww := trop−1
w (W )

of Aan
w for w ∈ {v,∞}.

If we apply Definition 5.2.4 literally, then we get a natural generalization of the class of
θ-psh functions for any tropical space and any closed symmetric (1, 1)-current θ. We apply
this for the open subset W of the tropical space NR/Λ and the canonical form ω, then
the ω-psh functions on W are given by the Λ-invariant θ-psh functions on U and for the
corresponding cones we get

PSH(W,ω) ≃ PSH(U, θ)Λ.

Note that Sw-acts on A
an
w in a unique way such that the Tate uniformization πw : Tan

w → Aan
w

becomes Sw-equivariant. We denote by PSH(Ww, ωw)
Sw the cone of Sw-invariant ωw-psh

functions on Ww.

Proposition 7.4.5. For any subset W of NR/Λ and w ∈ {∞, v}, we have an isomorphism

(7.18) PSH(W,ω)
∼−→ PSH(Ww, ωw)

Sw , ϕ 7−→ ϕ ◦ tropw .



50 J.I.BURGOS GIL, W. GUBLER, P. JELL, AND K. KÜNNEMANN

Proof. This holds as the isomorphism (7.17) for Uw := π−1
w (U) is Λ-equivariant. �

7.5. Monge–Ampère equations on corresponding abelian varieties. Let K be a
non-trivially valued non-archimedean field with valuation v. The goal of this subsection is
to show existence of an invariant solution of the Monge–Ampère equation on a polarized
totally degenerate split abelian variety over K with respect to a positive Radon-measure
supported on the canonical skeleton. We will generalize our result to arbitrary abelian
varieties in Section 8 where we also address uniqueness.

7.5.1. Let (Av , φ) be a polarized totally degenerate split abelian variety over K which
corresponds to the decomposed complex polarized abelian variety (A∞,H,U1, U2), i.e.

tropv(Av, φ) = (Λ,M, [·, ·], λ) = trop∞(A∞,H,U1, U2)

as in (7.16). For w ∈ {∞, v}, we have the Tate uniformization πw : Tan
w → Aan

w with kernel
identified with Λ along tropw, where T is the split algebraic torus with character lattice
M and cocharacter lattice N . Observe that the maximal compact torus Sw in Tan

w acts on
Aan

w . Let ω ∈ A1,1(NR/Λ) be the canonical form of the polarized tropical abelian variety
(Λ,M, [·, ·], λ) introduced in (7.2). If ωw denotes the canonical form of the polarization of
Aw, then it follows from (7.7) and (7.15) that ωw = trop

∗
w(ω) and hence ωw is Sw-invariant.

7.5.2. In the setup of 7.5.1, we want to fix corresponding invariant measures. We start
with a positive Radon measure µ on the tropical abelian variety NR/Λ.

By push-forward along the proper map ιv in (7.4) to the canonical skeleton of the totally
degenerate abelian variety Av, we get a positive Radon measure µv:= ιv(µ) on Aan

v . We
have tropv(µv) = µ for the proper map tropv.

By [BGJK20, Corollary 5.1.17], the positive S∞-invariant Radon measures on Tan
∞ corre-

spond bijectively to the positive Radon measures on NR, i.e. there is a unique S∞-invariant
positive Radon measure µ∞ on Aan

∞ with trop∞(µ∞) = µ.
Let n denote the common dimension of A∞, Av and NR. In the following we assume that

(7.19) µ(NR/Λ) = n!
√
deg(Λ,M, [·, ·], λ) =

∫

NR/Λ
ω∧n

where we used (7.3) on the right. Using that the tropicalization functor (7.12) keeps the
degree and that trop

∗
∞ leaves integrals invariant, we note that (7.19) is equivalent to

(7.20) µ∞(Aan
∞) = n!

√
degH(Aan

∞) =

∫

Aan
∞

ω∧n
∞ .

Using that tropicalization (7.6) preserves the degree, we deduce that (7.19) is equivalent to

(7.21) µv(A
an
v ) = n!

√
degφ(Av) =

∫

Aan
v

ω∧n
v .

These equivalent conditions are necesssary to solve the following Monge–Ampère equations.

Proposition 7.5.3. In the setup of 7.5.1 and with the measures µ, µ∞, µv from 7.5.2, the
maps ϕ 7→ ϕw := ϕ ◦ tropw for w ∈ {∞, v} induce bijections between

(i) the set of functions ϕ ∈ PSH(NR/Λ, ω) \ {−∞} such that (ω + d′d′′ϕ)∧n = µ,
(ii) the set of functions ϕ∞ ∈ PSH(Aan

∞ , ω∞)S∞\{−∞} such that (ω∞+ddcϕ∞)∧n = µ∞,
(iii) the set of functions ϕv ∈ PSH(Aan

v , ωv)
Sv \ {−∞} such that (ωv + d′d′′ϕv)

∧n = µv.

It follows from 7.4.3 and 7.4.4 that the functions ϕ,ϕ∞, ϕv are finite and continuous,
hence the Monge–Ampère measures in (i)–(iii) are defined as in the first part of §6.2.

Proof. We have seen in Proposition 7.4.5 that we have an isomorphism

PSH(NR/Λ, ω)
∼−→ PSH(Aan

w , ωw)
Sw , ϕ 7−→ ϕw := ϕ ◦ tropw
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of cones for w ∈ {∞, v}. It remains to see that ϕ is a solution of the tropical Monge–Ampère
equation in (i) if and only if ϕw := ϕ ◦ tropw is a solution of the Monge–Ampère equation
in (ii) or (iii), respectively. This can be checked locally on an open subset W of NR/Λ

and on the corresponding open subsets Ww := trop
−1
w (W ) of Aan

w . Then we may assume
that the quotient homomorphism π : NR → NR/Λ maps an open subset U isomorphically
onto W and hence the open subset Uw := trop−1

w (U) of the Tate uniformization Tan
w is

mapped isomorphically onto Ww by πw. We have noticed in 7.1.3 that the canonical form
θ := π∗(ω) ∈ A1,1(NR) fits into the setup of §5.2. In this toric situation, Proposition 6.3.3
shows that a continuous finite θ-psh function f on U is a solution of (θ + d′d′′f)∧n = µ̃
if and only if fw := f ◦ tropw is a solution of (θw + d′d′′fw)

∧n = µ̃w for the canonical
form θw := trop∗w(θ) ∈ A1,1(Tan

w ). Applying this to the lift f of ϕ|W to U and using that
π∗w(ωw) = θw, we deduce that (ω + d′d′′ϕ)∧n = µ if and only if (ωw + d′d′′ϕw)

∧n = µw. �

Proposition 7.5.4. Let (A∞,H,U1, U2) be a decomposed polarized complex abelian variety
of dimension n with canonical form ω∞ ∈ A1,1(Aan

∞). Let µ∞ be an S∞-invariant positive
Radon measure on Aan

∞ with respect to the S∞-action on Aan
∞ from 7.4.4 and with

(7.22) µ∞(Aan
∞) = n!

√
degH(Aan

∞).

Then the complex Monge–Ampère equation

(ω∞ + ddcϕ∞)∧n = µ∞

is solved by a continuous finite ω∞-psh function ϕ∞ on Aan
∞ , unique up to adding a constant.

Any such solution is S∞-invariant.

Proof. Existence and uniqueness of a solution is known from complex Kähler geometry (see
Theorem 6.2.8). Here, we use that ω∞ is a Kähler form and that µ∞ does not charge
pluripolar sets. To see the latter, we apply Lemma 6.3.4 by lifting the positive Radon
measures µ∞ and µ := trop∞(µ∞) locally to the Tate uniformization Tan

∞ with cocharacter
lattice N and to NR → NR/Λ, respectively. The canonical form ω∞ and the measure µ∞ is
invariant under S∞. It follows now from uniqueness of the solution up to adding constant
that the solutions are S∞-invariant. By 7.4.3, the function ϕ∞ is finite and continuous. �

Corollary 7.5.5. Let (Λ,M, [·, ·], λ) be a polarized tropical abelian variety with canonical
form ω on the associated tropical abelian variety NR/Λ. We assume the condition

(7.23) µ(NR/Λ) = n!
√
deg(Λ,M, [·, ·], λ).

for a positive Radon measure µ on NR/Λ. Then the tropical Monge–Ampère equation

(ω + d′d′′ϕ)∧n = µ

is solved by a continuous ω-psh function ϕ : NR/Λ → R, unique up to constants.

Proof. By Proposition 7.3.4, there is a polarized decomposed complex abelian variety
(A∞,H,U1, U2) with trop∞(A∞,H,U1, U2) = (Λ,M, [·, ·], λ). Let µ∞ be the unique posi-
tive S∞-invariant Radon measure on Aan

∞ with trop∞(µ∞) = µ. We have seen in 7.5.2 that
(7.23) is equivalent to (7.22). By Proposition 7.5.4, the complex Monge–Ampère equation

(ω∞ + ddcϕ∞)∧n = µ∞

has a solution ϕ∞ ∈ PSH(Aan
∞ , ω∞), unique up to adding a constant. Now the claim follows

from Proposition 7.5.3. �

Corollary 7.5.6. Let (Av , φ) be a polarized totally degenerate split abelian variety over K
with canonical form ωv ∈ A1,1(Aan

v ). Let µv be a positive Radon measure supported on the
canonical skeleton of Aan

v with

(7.24) µv(A
an
v ) = n!

√
degφ(Av).



52 J.I.BURGOS GIL, W. GUBLER, P. JELL, AND K. KÜNNEMANN

Then there is a ϕv ∈ PSH(Aan
v , ωv)

Sv , unique up to adding constants, with

(7.25) (ωv + d′d′′ϕv)
∧n = µv.

All such solutions ϕv are continuous and finite.

Proof. This follows from Proposition 7.5.3 and Corollary 7.5.5 �

8. Monge–Ampère equations on arbitrary non-archimedean abelian varieties

In this section, K denotes a non-archimedean field (K, | |) with valuation v := − log | |
and value group Γ := v(K×) ⊂ R. We will extend the solvability of the Monge–Ampère
equation for totally degenerate split abelian varieties from Section 7 to arbitrary abelian
varietes over K. Instead of using θ-psh functions, we will use in this section the equivalent
language of psh metrics. Furthermore we will show that the solution is semipositive in the
sense of Zhang which is then unique up to scaling by a result of Yuan and Zhang.

In §8.1–§8.3, we assume that K is algebraically closed and non-trivially valued and use
the same strategy as in the totally degenerate case to solve the non-archimedean Monge–
Ampère equation. Semipositivity will follow from a piecewise linear approximation of the
tropical solution and then by relying on the results in [Gub10] about Mumford models. In
§8.4, we give a descent argument to deduce our main result over any non-archimedean K.

8.1. Raynaud uniformization and canonical tropicalization. We assume that the
non-archimedean field K is non-trivially valued and algebraically closed. We can associate
to an abelian variety A over K in a functorial way an exact sequence of algebraic groups

0 −→ T −→ E
q−→ B −→ 0

called the Raynaud extension of A and a discrete subgroup Λ of E(K) such that Aan =
Ean/Λ, i.e. Ean is the uniformization of Aan. Here B is an abelian variety of good reduction
over K and T is a torus over K (see [BL91] and [Ber90, 6.5]). The quotient homomorphism
p : Ean → Aan is only an analytic morphism, but the Raynaud extension is algebraic.

Remark 8.1.1. We denote the character lattice of the torus T by M and set N :=
HomZ(M,Z). For u ∈ M , the pushout of the Raynaud extension with respect to the
character χu : T → Gm gives rise to a translation invariant rigidified Gm-torsor over B and
hence to a rigidified translation invariant line bundle Eu on B (see [BL91] and [FRSS18,
3.2]). Note that the line bundle q∗(Eu) is trivial over E and the above pushout construction
gives a canonical frame eu : E → q∗(Eu). Following [FRSS18, 3.2]), we define the canonical
tropicalization map of E as the unique map

tropv : E
an −→ NR

satisfying

〈tropv(x), u〉 = − log q∗‖eu(x)‖Eu (x ∈ Ean, u ∈M),

where ‖ ‖Eu is the canonical metric of the rigidified line bundle Eu. The canonical trop-
icalization map agrees with the classical tropicalization map on Tan and maps Λ onto a
complete lattice in NR (see [BL91, Theorem 1.2]). By abuse of notation, we will identify Λ
with the lattice tropv(Λ) in NR. Then tropv induces a continuous map

tropv : A
an −→ NR/Λ

which is called the canonical tropicalization of the abelian variety A.

Remark 8.1.2. The canonical tropicalization map tropv : E
an → NR admits a canonical

section ιv : NR → Ean which identifies NR with a closed subset of Ean called the canonical
skeleton of E, such that tropv is a strong deformation retraction. Hence Ean is contractible
(see [Ber90, 6.5]). Passing to the quotient, we see that there is a canonical section ιv of
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tropv which identifies NR/Λ with a closed subset of Aan called the canonical skeleton of A
such that tropv is a strong deformation retraction onto NR/Λ.

In the following, we consider a polarized abelian variety (A,φ) over K of dimension g.
Recall that its degree deg(A,φ) is defined as the degree of the isogeny φ : A→ A∨.

Remark 8.1.3. Using the above notations, we have a natural bilinear pairing

Λ×M −→ Z, (a, u) 7−→ [a, u] := 〈tropv(a), u〉.
Using the lift of φ to Raynaud uniformizations, it is shown in [BL91], [FRSS18] that φ in-
duces a homomorphism λ : Λ →M and that (Λ,M, [·, ·], λ) is a Γ-rational polarized tropical
abelian variety as defined in §7.1. We call tropv(A,φ) := (Λ,M, [·, ·], λ) the tropicalization
of the polarized abelian variety (A,φ). This induces a functor

(8.1) tropv :

(
polarized abelian
varieties over K

)
−→

(
Γ-rational polarized

tropical abelian varieties

)

extending the tropicalization functor (7.6). Observe that the rank n of M might be smaller
than g = dim(A) and equality occurs precisely in the totally degenerate case.

As K is algebraically closed, there is an ample line bundle L on A such that φ = φL
is the isogeny φL : A → A∨ induced by L. By [BL91, Proposition 6.5 and Theorem 6.13],
there is an ample line bundle H on B with q∗(Han) ∼= p∗(Lan) on Ean. Let χ(A,L) and
χ(B,H) be the Euler characteristics.

Proposition 8.1.4. Under the above assumptions, we have deg(A,φ) = χ(A,L)2 and

χ(A,L) =
degL(A)

g!
=

√
deg(tropv(A,φ)) · χ(B,H) =

√
deg(tropv(A,φ)) ·

degH(B)

(g − n)!
.

Proof. This follows from the Riemann–Roch theorem and the vanishing theorem on abelian
varieties [Mum70, III.16] and the dimension formula in [BL91, Theorem 6.13]. �

8.2. Mumford models. We recall the construction of Mumford models from [Gub10,
§4]. We assume that the reader is familiar with the notation and results in [Gub10]. In
particular, we will use admissible formal models and formal analytic structures as recalled
in [Gub10, §2]. If the reader is unfamiliar with such models, then he can replace them often
by algebraic models using the algebraic approach to toric schemes given in [Gub13].

We use the same assumptions and notation as in Subsection 8.1. Since K is algebraically
closed and the valuation v is non-trivial, the value group Γ := v(K×) is dense in R. Again,
we consider an abelian variety A over K with Raynaud extension

0 −→ T −→ E
q−→ B −→ 0.

Let g be the dimension of A and n the rank of the torus T. The abelian variety B over
K is the generic fiber of an abelian scheme B over K◦. For any scheme X over K◦, we

denote X̂ the formal completion along the special fiber and by Xs its special fibre over the

residue field K̃ = K◦/K◦◦.
We first fix the terminology from convex geometry expanding the conventions from §1.5.

8.2.1. A polytopal decomposition Π of NR is a locally finite set Π of polytopes in NR

such that the set Π contains with a polytope also all its faces, polytopes in Π intersect
only in common faces, and the support condition

⋃
∆∈Π∆ = NR holds. The polytopal

decomposition Π is called integral Γ-affine if every polytope ∆ ∈ Π is integral Γ-affine (often
also called Γ-rational). The star of Π in ω ∈ NR is the fan Σ := {σ∆ |∆ ∈ Π with ω ∈ ∆}
where σ∆ is the cone in NR generated by ∆− ω.

A function f : NR → R is called piecewise affine with respect to a polytopal decomposition
Π if for any polytope ∆ ∈ Π there are u∆ ∈ MR = Hom(N,R) and c∆ ∈ R such that



54 J.I.BURGOS GIL, W. GUBLER, P. JELL, AND K. KÜNNEMANN

f = u∆ + c∆ on ∆. Such a function f is called piecewise Γ-affine if Π is integral Γ-affine
and c∆ ∈ Γ for all ∆ ∈ Π. We say that f has integral (resp. rational) slopes if u∆ ∈ M
(resp. u∆ ∈ MQ) for all ∆ ∈ Π. The recession function of f in ω is the unique function
g : NR → R which is piecewise linear with respect to the star of Π in ω and satisfies
g(x− ω) = u∆(x) for each ∆ ∈ Π and each x ∈ ∆.

We call f : NR → R a locally piecewise affine function if f is piecewise affine with respect
to a polytopal decomposition Π of NR. Here, the term “locally” emphasizes the fact that
a polytopal decomposition is locally a polyhedral complex and hence a locally piecewise
affine function is locally a piecewise affine function in the sense of our conventions in §1.5.

Remark 8.2.2. Mumford’s construction associates to an integral Γ-affine polytopal de-

composition Π of NR an admissible formal K◦-model ÊΠ of E given by the formal analytic
atlas {trop−1

v (∆) | ∆ ∈ Π} on trop−1(NR) = (ÊΠ)
an (see [Gub10, §4] for details).

The irreducible components of the special fiber of ÊΠ are in bijective correspondence to
the vertices of Π. In fact, the irreducible component Yω corresponding to the vertex ω of Π
is a fiber bundle over Bs. The torus TK̃ := Spec(K̃[M ]) acts naturally on the fibers of Yω
over Bs and each fiber is TK̃-equivariantly isomorphic to the TK̃-toric variety YΣ associated
to the star Σ of Π in ω [Gub10, Proposition 4.8]. The fiber over zero is even canonically
isomorphic to the TK̃-toric variety YΣ. It follows in particular that Yω is proper over Bs.

We call ÊΠ the formal Mumford model of trop−1
v (|Π|) associated to Π. In fact, using toric

schemes over K◦ from [Gub13, §7], one can construct (again similar as in [Gub10, §4]) a

flat algebraic model EΠ of E with formal completion ÊΠ. Note that q extends uniquely to

morphisms ÊΠ → B̂ and EΠ → B which we denote by q as well.
Let f : NR → R be a piecewise Γ-affine function with respect to Π. If f has integral

slopes, then f defines a formal model O
ÊΠ
(f) of the trivial line bundle Otrop−1

v (NR)
living on

ÊΠ which is determined by

(8.2) f ◦ tropv = − log
(
‖1‖O

ÊΠ
(f)

)
,

where ‖ ‖
O

ÊΠ
(f) denotes the model metric on Oan

trop−1
v (NR)

induced by O
ÊΠ

(f).

In the following, we consider a piecewise Γ-affine function f : NR → R with respect to a
polytopal decomposition Π of NR and we assume that f has integral slopes. We fix a vertex
ω of Π with associated irreducible component Yω of the special fiber of ÊΠ (see Remark
8.2.2). The function f is called convex in ω if f is convex in a neighbourhood of ω or
equivalently if the recession function g of f in ω is convex on NR.

Lemma 8.2.3. Let ω be a vertex of Π. Then the function f is convex in ω if and only if
the line bundle O

ÊΠ
(f)|Yω on the proper scheme Yω is nef.

Proof. It follows from Remark 8.1.1 that any u ∈M induces a rigidified translation invariant
line bundle Eu on B which has a model Eu on B algebraically equivalent to zero.

For any piecewise Γ-affine function h with respect to Π such that h has integral slopes,
the line bundle O

ÊΠ
(h) has a unique meromorphic section sh extending the constant section

1 from the generic fiber. This construction is linear in h. If h is equal to some u ∈ M
(resp. equal to some c ∈ Γ), then O

ÊΠ
(h) is numerically trivial as it is isomophic to the

pull-back of Eu (resp. a trivial line bundle).
Suppose first that O

ÊΠ
(f)|Yω is nef. We have seen in Remark 8.2.2 that Yω → Bs is a

fiber bundle with fiber isomorphic to the proper toric variety YΣ where the fan Σ is given
as the star of Π in ω. The restriction of O

ÊΠ
(f) to the fiber of Yω → Bs over zero leads to

a line bundle on YΣ corresponding to the recession function g of f in ω. This restriction is
also nef and hence g is convex (see [CLS11, Theorem 6.3.12] or [Ful93, §3.4], but note that
in these books concave functions are called convex and hence −g is used there).
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Conversely, let f be convex in ω. We have to show that O
ÊΠ

(f)|Yω is nef. Let P be the

union of all polytopes of Π with vertex ω. Then there is a unique formal open subset U of

ÊΠ with trop−1(P ) = U an. Note that Yω is also an irreducible component of Us.
For any ∆ ∈ Π with vertex ω, there is c ∈ Γ and u ∈ M such that f = u+ c on ∆. For

the formal metric ‖ ‖ induced by O
ÊΠ

(f), the convexity of f |P yields that ‖sf−u−c‖ ≤ 1.

Hence sf−u−c|U is a global section of O
ÊΠ
(f − u − c)|U which is nowhere vanishing over

the formal open subset U∆ of U with U an
∆ = trop−1

v (∆). Now let C be any closed curve
in Yω. We pick any y ∈ C. By [GRW17, Proposition 2.17] there exists some x ∈ U an with
reduction y. We choose ∆ ∈ Π with tropv(x) ∈ ∆. The above shows that the restriction of
the global section sf−u−c|U to C does not vanish in y. Hence the intersection number

c1(OÊΠ
(f)).C = c1(OÊΠ

(f − u− c)).C + c1(OÊΠ
(u)).C + c1(OÊΠ

(c)).C = div(sf−u−c).C

is non-negative. This proves the claim. �

Let F be a line bundle on Ean with F = q∗(H) for a rigidified line bundle H on Ban.

Then H has a unique rigidified model H on the formal abelian scheme B̂ and

q∗H (f) := q∗H ⊗ O
ÊΠ

(f)

is a model of F living on the formal Mumford model ÊΠ.

Proposition 8.2.4. Consider F = q∗(H) as above. Let f : NR → R be a piecewise Γ-affine
function with respect to the polytopal decomposition Π of NR. We assume that f has integral
slopes and is convex in the given vertex ω of Π. We consider the dual polytope

{ω}f := {u ∈MR | u(x− ω) ≤ f(x)− f(ω) for all x in a neighborhood of ω}
of the star Σ in ω where M = HomZ(N,Z). Then we have

degq∗H (f)(Yω) =
g!

(g − n)!
· degH(B) · vol({ω}f )

where vol is the Haar measure on MR such that the lattice M has covolume one.

Proof. The proof is similar as in [Gub10, Proposition 5.18]. We use the canonical strata
of a scheme as defined in [Ber99, §2]. There is a bijective correspondence between the

strata S of the special fiber of the Mumford model ÊΠ and the open faces τ of Π given by
S = red(trop−1

v (τ)) where red is the reduction map of ÊΠ [Gub10, Proposition 4.8].
Similarly as in the proof of Lemma 8.2.3, the intersection product c1(OÊΠ

(f))r · Yω can

be performed for any r ≤ g by using proper intersections with suitable Cartier divisors
div(sf−u−c) and hence can be represented by a positive linear combination of strata closures
in Yω. The above correspondence shows that there are no strata S of Yω with codim(S, Yω) >
n. Then it follows from the projection formula with respect to q : Yω → Bs that

(8.3) degq∗H (f)(Yω) =

(
g

n

)
c1(H )g−n.q∗

(
c1
(
O

ÊΠ
(f)

)n·Yω
)
.

For any closed point b of Bs, the fibre q−1(b) is TK̃-equivariantly isomorphic to the toric

variety YΣ over K̃ associated to the star Σ of Π in ω. Along this isomorphism, the restriction
of O

ÊΠ
(f) to q−1(b) corresponds to the line bundle OYΣ

(g) for the recession function g of f

in ω. Hence the degree of q−1(b) with respect to O
ÊΠ
(f) is equal to n! · vol({ω}f ) [Ful93,

§5.3]. Using that the intersection product c1(OÊΠ
(f))n · Yω is represented by a positive

linear combination of strata closures and that every stratum of Ês maps onto Bs, we may
compute the intersection product locally over Bs, say over an open subset W of B̂ which
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trivializes E and hence Yω is over Ws isomorphic to YΣ × Ws. Along this isomorphism, the
line bundle O

ÊΠ
(f)|q−1(Ws) is given by pull back of OYΣ

(g). This shows immediately that

q∗
(
c1(OÊΠ

(f))n · Yω
)
= n! · vol({ω}f )Bs

and hence the claim follows from (8.3) and degH (Bs) = degH(B). �

Remark 8.2.5. A line bundle F on Ean descends to Aan if and only if F admits a Λ-
linearization over the action of Λ on Ean. In this case, we have F = p∗(Lan) for the line
bundle Lan = F/Λ on Aan. By [BL91, Proposition 6.5], for any rigidified line bundle L
on A there is a rigidified line bundle H on Ban such that p∗(Lan) ≃ q∗(H) as Λ-linearized
cubical sheaves. The line bundle H is unique up to a tensor product with a line bundle Eu

for some u ∈ M . Using the above isomorphism for identification, it is shown in [Gub10,
4.3] that the Λ-linearization yields a canonical cocycle (zλ : NR → R)λ∈Λ and a canonical
symmetric bilinear form b : Λ× Λ → R associated to L such that

(8.4) zλ(ω) = zλ(0) + b(ω, λ) ∀ω ∈ NR, λ ∈ Λ.

and

(8.5) zλ(0) ∈ Γ ∀λ ∈ Λ.

Moreover, the cocycle condition shows that λ 7→ zλ(0) is a quadratic function on Λ with
associated bilinear form b. The line bundle L is ample if and only if H is ample and b is
positive definite [BL91, Theorem 6.13]. In this case, b is the bilinear form of the polarized
tropical abelian variety tropv(A,φL) considered in (8.1) and §7.1. Moreover, H is the

generic fiber of a unique rigidified ample line bundle H on B̂.
A polytopal decomposition Π of NR is called Λ-periodic if for all ∆ ∈ Π and for all

λ ∈ Λ \ {0} the polytope ∆ + λ is a face of Π disjoint from ∆. For a Λ-periodic integral
Γ-affine polytopal decomposition Π of NR, the following facts are shown in [Gub10, 4.3]:

(i) The Mumford model ÊΠ is a formal model of Ean over K◦ and AΠ := ÊΠ/M is a

formal model of Aan = Ean/M over K◦. Furthermore the formal models ÊΠ and
AΠ are locally isomorphic.

(ii) Let f : NR → R be a piecewise Γ-affine function with respect to Π. Assume that f
has integral slopes and let F := q∗H (f). If f satisfies the automorphy condition

(8.6) f(ω + λ) = f(ω) + zλ(ω) ∀ω ∈ NR, λ ∈ Λ,

then there is a unique line bundle L on AΠ with p∗(L ) = F .

Proposition 8.2.6. Every convex function f : NR → R satisfying (8.6) is a uniform limit
of locally finite piecewise Γ-affine convex functions with rational slopes satisfying also (8.6).

Proof. Convexity, (8.6) and (8.4) yield that f(ω) grows like the positive definite quadratic
form b(ω, ω). Fix ε > 0 and let p ∈ NR. By the quadratic growth of f , the convex set

Cp = {x ∈MR | f(ω) ≥ f(p) + x(ω − p)− ε/3 ∀ω ∈ NR}
has nonempty interior and hence there is a point mp ∈ C∩MQ. Choose a value cp ∈ Γ with

f(p)−mp(p) ≥ cp + ε/3 ≥ f(p)−mp(p)− ε/3.

This is possible because the value group Γ is dense in R. Then the function hp := cp +mp

is Γ-affine with rational slope and satisfies

hp(p) = cp +mp(p) ≤ f(p)− ε/3.

Since mp ∈ Cp, this implies that hp ≤ f on NR. Moreover,

hp(p) = cp +mp(p) ≥ f(p)− 2ε/3.
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By continuity of hp and f , there is an open neighborhood Up of p such that

hp(ω) ≥ f(ω)− ε ∀ω ∈ Up.

We choose such a function hp for every point p ∈ NR. We may assume that

hp+λ(ω + λ) = hp(ω) + zλ(ω)

for all λ ∈ Λ. Note that hp+λ is still Γ-affine with rational slope because the cocycle zλ is
Γ-affine with integral slope. This follows from (8.4), (8.5) and Remark 7.1.2 using the fact
that b is the bilinear form of a polarized tropical abelian variety.

Let FΛ be the closure of a fundamental domain of the lattice Λ. Since FΛ is compact,
there is a finite subset I ⊂ NR such that the open subsets (Up)p∈I cover FΛ. Then we define

(8.7) h : NR −→ R, ω 7−→ h(ω) := sup
p∈I,λ∈Λ

hp+λ(ω).

Obviously, we have f − ε ≤ h ≤ f . Since we have hp+λ(ω + λ) = hλ(ω) + zλ(ω), it is clear
that h satisfies the automorphy condition (8.6). It remains to show that h is a convex locally
finite piecewise Γ-affine function. To see this, it is enough to show that the supremum in
(8.7) is locally the maximum of finitely many of the functions hp. Recall that mp is the
linear part of the affine function hp. For ω ∈ NR and λ ∈ Λ, we have

hp+λ(ω) ≤ hp(ω) ⇔ hp(ω − λ) + zλ(ω − λ) ≤ hp(ω) ⇔ zλ(ω − λ) ≤ mp(λ).

Using (8.4), we have zλ(ω − λ) = zλ(0) + b(λ, ω − λ) and hence the above inequalities
are equivalent to zλ(0) − b(λ, λ) ≤ mp(λ) − b(λ, ω). Since the left hand side decreases
quadratically like ∼ −b(λ, λ) and the right hand side grows at most linearly for ‖λ‖ → ∞,
we conclude that for any bounded set Ω, there is R ≥ 0 such that the original inequality
hp+λ(ω) ≤ hp(ω) is satisfied for all ω ∈ Ω and all λ ∈ Λ with ‖λ‖ ≥ R. This proves that
locally the supremum in (8.7) is the maximum of only finitely many hp. �

Remark 8.2.7. If f is a function as in Remark 8.2.5 (ii) satisfying (8.6) and if L is ample,
then L in (ii) is ample and AΠ is the formal completion of an algebraic model.

Here is a sketch of proof. To show ampleness, by the formal GAGA-principle in [GD63,
Théorème 5.4.5] and [FK18, Theorem I.10.1.2], it is enough to show that the restriction of
L to any irreducible component Y of the special fiber of AΠ is ample. There is a vertex
ω of Π such that p maps Yω isomorphically onto Y . By [Gub10, Proposition 4.12], strict
convexity of f yields that p∗(L )|Yω is relatively ample with respect to the toric fiber bundle

Yω → Bs. Recall that p
∗(L ) = q∗H ⊗O

ÊΠ
(f) and the line bundle H on B̂ is ample as L is

ample. Using the global sections sf−ℓ−c|Yω as in the proofs of Lemma 8.2.3 and Proposition
8.2.4, the Nakai–Moishezon criterion shows that p∗(L )|Yω is ample and hence the same is
true for L |Y .
8.3. Monge–Ampère equations for abelian varieties. Our goal is to solve the invari-
ant non-archimedean Monge–Ampère equation for arbitrary abelian varieties. In §8.3, we
deal with an algebraically closed non-archimedean ground field K with non-trivial valuation
v. In §8.4, we will handle arbitrary non-trivially valued non-archimedean ground fields.

We fix a g-dimensional polarized abelian variety (A,φ) over K. Let L be an ample line
bundle on A which induces the polarization φ. Again, we denote by n the rank of the torus
T in the Raynaud extension

0 −→ T −→ E
q−→ B −→ 0.

of A. Let θ ∈ A1,1(NR) and ω ∈ A1,1(NR/Λ) be the canonical (1, 1)-Lagerberg forms from
(7.2) of (Λ,M, [·, ·], λ) := tropv(A,φ). We also rely on the canonical metric ‖ ‖L of L.

Proposition 8.3.1. For ϕ ∈ PSH(NR/Λ, ω), let ϕv := ϕ◦tropv. Then ‖ ‖L(ϕ) := e−ϕv‖ ‖L
is a continuous semipositive metric as introduced in Remark 5.3.6.
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Proof. The canonical metric ‖ ‖L of L is determined by choosing a rigidification of L. We
first recall some facts from Remark 8.2.5. There is a rigidified ample line bundle H on
Ban such that p∗(Lan) ≃ q∗(H) as Λ-linearized cubical sheaves. The ample line bundle L
induces a cocycle (zλ)λ∈Λ and a scalar product b on NR. We have seen that Q(λ) := zλ(0)
is a quadratic function in λ and that b is the associated bilinear form. Since b is also the
bilinear form of tropv(A,φ) = (Λ,M, [·, ·], λ), we have θ = d′d′′Q by 7.1.3. Using [GK17,
Example 8.15], we have that

(8.8) p∗‖ ‖L = e−Qq∗‖ ‖H .
Let ϕ̃ : NR → R be the lift of ϕ to NR. Then ϕ̃ is a θ-psh function ϕ on NR which means
that f := ϕ̃+Q is convex. For x ∈ NR and λ ∈ Λ, we deduce from (8.4) that

f(x+ λ) = ϕ̃(x+ λ) +Q(x+ λ) = ϕ̃(x) +Q(x) +Q(λ) + b(x, λ) = f(x) + zλ(0).

This means that f satisfies the automorphy condition (8.6). By Proposition 8.2.6, f is
a uniform limit of locally finite piecewise Γ-affine functions fk on NR which have rational
slopes and which satisfy also (8.6). We have seen in the proof of Proposition 8.2.6 that zλ(0)
is an affine function with integral slopes and hence there is a non-zero mk ∈ N such that
mkfk is a piecewise Γ-affine function with integral slopes. Going the above steps backwards,
we see that fk −Q is the lift of a unique ω-psh function ϕk. By construction, ‖ ‖L(ϕ) is the
uniform limit of the metrics ‖ ‖L(ϕk)

. As in §8.2, let H be the model of H on the formal

completion B̂ of the abelian scheme B over K◦ with generic fiber B. Then we have

p∗‖ ‖⊗mk

L(ϕk)
= e−Q−ϕk,v◦p‖ ‖⊗mk

q∗H
= e−fk‖ ‖q∗H ⊗mk = ‖ ‖q∗H ⊗mk (mkfk)

.

It follows from Remark 8.2.5 that ‖ ‖⊗mk

L(ϕk)
is the metric induced by a line bundle Mk on a

formal model Ak = Ek/M of A for a formal Mumford model Ek of E induced by a integral
Γ-affine Λ-periodic decomposition Πk of NR. We claim that these metrics are semipositive.
To see this, we have to show that the restriction of Mk to any irreducible component Y of
Ak is nef. Using Ak = Ek/M , we see that Y ≃ Yω for an irreducible component Yω of Ek

associated to a vertex ω of Πk. By Lemma 8.2.3, we have that OEk
(mkfk)|Yω is nef. Using

the H is ample, we deduce that p∗Mk = q∗H (mkfk) restricts to a nef line bundle on Yω.
This proves our intermediate claim and hence ‖ ‖L(ϕk)

is a semipositive model metric. By

definition, we get that ‖ ‖L(ϕ) := e−ϕv‖ ‖L is semipositive. �

Remark 8.3.2. Let µ be a positive Radon measure on NR/Λ. Let ιv : NR/Λ → Aan be
the canonical section of tropv used in Remark 8.1.2 to identify NR/Λ with the canonical
skeleton of A. Then we obtain a Radon measure on Aan as the image measure

(8.9) µv :=

(
g

g − n

)
degH(B) · ιv(µ).

where H is again the line bundle on Ban with q∗(H) = p∗(Lan).

Theorem 8.3.3. We consider a positive Radon measure µv on Aan which is supported in
the canonical skeleton of A and satisfies µv(A) = degL(A). Then there is a continuous
semipositive metric ‖ ‖ of L which satisfies the non-archimedean Monge–Ampère equation

(8.10) c1(L, ‖ ‖)∧g = µv.

The continuous semipositive metric ‖ ‖ is unique up to scaling.

For totally degenerate abelian varieties, this was shown by Liu [Liu11] in case of a measure
µv with smooth density proving also that then the solution is a smooth metric.



TROPICAL TORIC PLURIPOTENTIAL THEORY 59

Proof. It was shown by Yuan and Zhang [YZ17, Corollary 1.2] that uniqueness of a contin-
uous semipositive solution up to scaling holds on any projective variety over K.

For existence, we note that the measure µv is obtained from a unique Radon measure µ
on NR/Λ as in Remark 8.3.2. By Proposition 8.1.4, we have

(8.11) µ(NR/Λ) = n!
√

deg(tropv(A,φ)).

By Proposition 7.5.5, there is ϕ ∈ PSH(NR/Λ) solving the tropical Monge–Ampère equation

(8.12) (ω + d′d′′ϕ)∧n = µ.

We claim that the semipositive metric ‖ ‖L(ϕ) of L from Proposition 8.3.1 is a solution of

(8.10). We use now the notation and the results from the proof of Proposition 8.3.1. Recall
that f = ϕ̃ + Q is the uniform limit of the sequence fk = ϕ̃k + Q. Since ‖ ‖L(ϕk)

is a

model metric for L, its Monge–Ampère measure is the discrete measure on Aan supported
in the Shilov points associated to the irreducible components Y of the Mumford model
AΠk

and with multiplicity give by the degree of Y with respect to the model of the metric
[GK17, Theorem 10.5]. By [Gub10, Proposition 4.8], Y corresponds to a vertex u of Πk,
determined up to translation by Λ, and the Shilov point of Y is just p(u) in the canonical
skeleton of NR. Proposition 8.2.4 shows that the non-archimedean Monge–Ampère measure
c1(L, ‖ ‖L(ϕk)

)∧g is equal to

(8.13)
g!

(g − n)!
degH(B)

∑

u

vol({u}fk) =
(

g

g − n

)
degH(B)ῑv(ω + d′d′′ϕk)

∧n

where we sum over a system of representatives of vertices u of Πk modulo Λ. For (8.13), we
use that n!vol({u}fk ) is the multiplicity of the real Monge–Ampère measure of the piecewise
affine fk in u [BPS14, Proposition 2.7.4] and then Remark 6.2.12. Using continuity of
the tropical and the non-archimedean Monge–Ampère measure along uniformly convergent
sequences, we deduce from (8.9), (8.12) and (8.13) that ‖ ‖L(ϕk)

is a solution of (8.10). �

8.4. Descent. In this subsection, K is an arbitrary non-archimedean field with non-trivial
valuation v. We solve the invariant non-archimedean Monge–Ampère equation for any
abelian variety A over K. We use the solution from Theorem 8.3.3 for the base change of A
to an algebraic closure K and apply a descent argument. We use continuous semipositive
metrics on an ample line bundle as introduced in Remark 5.3.6.

8.4.1. Let L be an ample line bundle on a geometrically integral projective variety Y over
K of dimension n. We consider an extension F/K of non-archimedean fields. The base
change of Y (resp. L) is denoted by YF (resp. LF ). Note that the base change morphism
induces a proper map π : Y an

F → Y an. Let ‖ ‖ be a continuous metric on Lan and let
‖ ‖F := π∗‖ ‖ be the base change metric on Lan

F .

We recall results of Boucksom and Eriksson about the base change of semipositive metrics.

Proposition 8.4.2. In the setting of 8.4.1, the following properties hold.

(i) The continuous metric ‖ ‖ is semipositive if and only if ‖ ‖F is semipositive.
(ii) If ‖ ‖ is a continuous semipositive metric, then c1(L, ‖ ‖)∧n = π∗(c1(LF , ‖ ‖F )∧n).

Proof. Property (i) is [BE18, Theorem 7.32] and (ii) is shown in [BE18, §8.1]. �

8.4.3. We keep the setting of 8.4.1. We assume that F/K is a finite Galois extension of
degree d with Galois group G. Then base change induces a finite flat morphism YF → Y
and hence we have the norm of a line bundle L′ on YF as a line bundle N(L′) on Y (see
[BE18, §A.8]). For a metric ‖ ‖′ of L′, we have the norm of the metric as a metric N(‖ ‖′) of
N(L′). If ‖ ‖′ is a continuous semipositive metric, then N(‖ ‖′) is a continuous semipositive
metric [BE18, Proposition 8.22].
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We apply this now to L′ := LF for the ample line bundle L on Y . Then N(LF ) = L⊗d

and hence π∗(N(LF )) = L⊗d
F . The finite Galois group G acts continuously on Y an and on

Lan
F . For a continuous semipositive metric ‖ ‖′ of LF , the metric ‖ ‖′σ := σ∗‖ ‖′ is also a

continuous semipositive metric of LF and we deduce from the definitions that

(8.14) π∗
(
N(LF ), N(‖ ‖′)

)
=

⊗

σ∈G

(LF , ‖ ‖σ).

Moreover, there is a metric ‖ ‖ on L with π∗‖ ‖ = ‖ ‖′ if and only if ‖ ‖′ is G-invariant.
Uniqueness of the complex Monge–Ampère equation was originally proven by Calabi. In

non-archimedean geometry, we have the following result of Yuan and Zhang.

Theorem 8.4.4. Let L be an ample line bundle on a geometrically integral variety Y over
the non-trivially valued non-archimedean field K. If ‖ ‖ and ‖ ‖′ are continuous semipositve
metrics of L with c1(L, ‖ ‖)∧n = c1(L, ‖ ‖′)∧n, then there is r ∈ R>0 with ‖ ‖′ = r‖ ‖.
Proof. In [YZ17, Corollary 1.2], this is proven for a non-trivially valued algebraically closed
non-archimedean field. We will deduce from it the claim for any non-trivially valued non-
archimedean field K. Let F be the completion of an algebraic closure K of K and let
G be the Galois group of K/K. By [Ber90, Corollary 1.3.6], we have Xan

F /G ≃ Xan as a
topological space. Using that the profinite group G is compact, we note that c1(LF , ‖ ‖F )∧n
is the unique G-invariant positive Radon measure on Y an

F with image measure c1(L, ‖ ‖)∧n
on Y an (see §1.5). This shows that c1(LF , ‖ ‖F )∧n = c1(L

′
F , ‖ ‖′F )∧n. By [YZ17, Corollary

1.2], we get ‖ ‖′F = r‖ ‖F for some r ∈ R> and hence ‖ ‖′ = r‖ ‖. �

8.4.5. We say that an abelian variety A is split over K if A has a Raynaud extension as in
§8.1 with split torus T. Then we get a canonical tropicalization map tropv : A

an → NR/Λ
as in Remark 8.1.1 where N is the cocharacter lattice of T. For any abelian variety A over
K, there is a finite separable extension F of K such that AF is split over F .

Now let L be a rigidified ample line bundle on the split abelian variety A and let

0 −→ T −→ E
q−→ B −→ 0

be the Raynaud extension of A such that Aan = Ean/Λ for a lattice Λ of E(K). By [BL91,
Proposition 6.5], there is a rigidified ample line bundleH on Ban such that p∗(Lan) ≃ q∗(H).

8.4.6. We prove now Theorem E from the introduction which generalizes Theorem 8.3.3
to any abelian variety over any non-trivially valued non-archimedean field K. Let S(A) be
the canonical skeleton of A from [Ber90, §6.5]. We consider an ample line bundle L on an
abelian variety A over K and a positive Radon measure µv on Aan which is supported in
S(A) and satisfies µv(A) = degL(A). We have to show that

(8.15) c1(L, ‖ ‖)∧g = µv.

has a solution given by a continuous semipositive metric ‖ ‖ of L unique up to scaling.

Proof. Uniqueness up to scaling follows from Theorem 8.4.4 and hence it remains to show
existence. By 8.4.5, there is a finite Galois extension F/K such that AF is split over F . Let
ϕ be solution of the associated tropical Monge–Ampère equation (8.12) as in the proof of
Theorem 8.3.3. Using ϕv := ϕ ◦ tropv, we define the metric ‖ ‖L(ϕ) of LF as in Proposition

8.3.1. We have seen in the proof of Theorem 8.3.3 that ‖ ‖′ := ‖ ‖L(ϕ) satisfies the non-

archimedean Monge–Ampère equation 8.15 over the completion of the algebraic closure of
F and hence also over F by using Proposition 8.4.2.

Let G be the Galois group of F/K, let d := [F : K] and let N be the norm introduced
in 8.4.3. By [Ber90, §6.5], we have S(A) = S(AF )/G and hence there is a unique G-
invariant positive Radon measure µ′v on Aan

F which is supported in S(AF ) and with image
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measure µv (see §1.5). Since µv is invariant under the G-operation, it follows from the
uniqueness theorem 8.4.4 that ‖ ‖′ = ‖ ‖′σ for all σ ∈ G. Using (8.14), we conclude that

the metric π∗N(‖ ‖′) of L⊗d
F solves the non-archimedean Monge–Ampère equation on Aan

F

for the measure dg · µ′v. Again by Proposition 8.4.2, it follows that the metric N(‖ ‖′)
of N(LF ) = L⊗d satisfies the non-archimedean Monge–Ampère equation on Aan for the

measure dgµv. We conclude that ‖ ‖ := N(‖ ‖′)1/d is the desired solution of (8.15). �

Appendix A. Proof of Theorem 6.2.13

We give a proof of uniqueness in Theorem 6.2.13 as the argument is omitted in Berman-
Berndtsson [BB13] and Bakelman’s uniqueness proof for [Bak94, Theorem 17.1] relies on
[Bak94, Lemma 10.2] which is false as the following example shows. We will adjust his
arguments.

Example A.0.1. Let u, v the convex functions on G := R defined as follows

u(x) =





−4x− 3, if x ≤ −1,

x2, if − 1 ≤ x ≤ 1

4x− 3, if x ≥ 1,

v(x) =

{
−2x− 1, if x ≤ 0,

2x− 1, if x ≥ 0.

On the open interval Q = (−1, 1) we have v < u. On ∂Q = {−1, 1}, we have v = u. For
the multivalued subdifferentials, we have

∂u(1) = [2, 4], ∂v(1) = {2}.
Hence ∂u(1) \ ∂v(1) 6= ∅. Under these hypotheses, it was claimed in [Bak94, Lemma 10.2]
that MA(v)

(
Q
)
> MA(u)

(
Q
)
, but we have MA(v)

(
Q
)
= 4 = MA(u)

(
Q
)
.

We keep the same setting as in 6.2.11, i.e. N is a free abelian group of finite rank n with
an identification N ≃ Zn and M := Hom(N,Z). For a set W of MR, we denote by W ◦ the
interior of W . In the following, we fix a convex body ∆ in MR and we consider a convex
function f : NR → R with ∆◦ ⊂ ∆(f) ⊂ ∆ for the stability set ∆(f). For the multivalued
subdifferential ∂f , it follows from [Roc70, Theorems 23.4 and 23.5] that

(A.1) ∆◦ ⊂ ∂f(NR) ⊂ ∆(f) ⊂ ∆.

We first prove a comparison principle.

Proposition A.0.2. Let f and g be convex functions on NR ≃ Rn and let ∆ be a convex
body in MR with ∆◦ ⊂ ∆(f) ⊂ ∆. For Ω := {x ∈ NR | f(x) < g(x)}, we have

∂g(Ω) ∩∆◦ ⊂ ∂f(Ω).

Proof. Let H ∈ ∂g(Ω) ∩∆◦. Since H ∈ ∂g(Ω), there is an y1 ∈ Ω such that H ∈ ∂g(y1).
Since H ∈ ∆◦ ⊂ ∂(f)(NR) using (A.1), there is an y2 ∈ NR such that H ∈ ∂f(y2). The
conditions H ∈ ∂g(y1) and y1 ∈ Ω yield

(A.2) g(y2) ≥ g(y1) +H(y2 − y1) > f(y1) +H(y2 − y1).

The condition H ∈ ∂f(y2) yields

(A.3) f(y1) ≥ f(y2) +H(y1 − y2).

Equations (A.2) and (A.3) imply f(y2) < g(y2). Therefore y2 ∈ Ω proving claim. �

We will need also the following openness criterion.

Proposition A.0.3. Let f be a convex function on an open convex set U of NR. Let x0 ∈ U
and H0 ∈ ∂f(x0). If there is a compact neighbourhood B of x0 in U such that

(A.4) f(y) > f(x0) +H0(y − x0)

for all y ∈ ∂B. Then ∂f(B) is a neighborhood of H0.
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Proof. Since ∂B is compact, the condition (A.4) implies that there is a neighbourhood V of
H0 such that f(y) > f(x0) +H(y− x0) for all H ∈ V and all y ∈ ∂B. We consider H ∈ V .
We claim that for every point y ∈ U \ B, it is still true that f(y) > f(x0) + H(y − x0).
To see that, consider the segment x0y. There is a point y0 in the interior of x0y such that
y0 ∈ ∂B. Writing y0 = αx0 + (1 − α)y with 0 < α < 1 and using that x 7→ g(x) :=
f(x)− f(x0)−H(x− x0) is convex, we have

0 < f(y0)− f(x0)−H(y0 − x0) ≤ αg(x0) + (1− α)g(y) = (1− α)g(y)

proving f(y) > f(x0) +H(y − x0). We get

∅ 6= {x ∈ U | f(x) ≤ f(x0) +H(x− x0)} ⊂ B

which implies H ∈ ∂f(B) as claimed. �

Proof of uniqueness in Theorem 6.2.13. Let ∆ ⊂ MR be a convex body. For convex func-
tions f, g on NR such that MA(f) = MA(g) and such that

∆◦ ⊂ ∆(f) ⊂ ∆ and ∆◦ ⊂ ∆(g) ⊂ ∆,

we have to show that f − g is constant.
Let f∗(L) := sup{x ∈ NR | L(x) − f(x)} be the conjugate function of f , also called the

Legendre dual of f . It is a closed convex function on MR which takes the value ∞ precisely
outside the stability set ∆(f), and we have f∗∗ = f (see [Roc70, §12]).

Assume that there exists a point H ∈ ∆◦ such that ∂f∗(H) ∩ ∂g∗(H) = ∅. We will see
that this contradicts the hypothesis that MA(f) = MA(g). For simplicity, we can assume
that H = 0. This amounts to translate ∆ and to add to f and g the same linear function
which does not change the Monge–Ampère measures. After adding a constant to f and to
g, we can assume that min(f) = min(g) = 0. As before, let Ω := {x ∈ NR | f(x) < g(x)}.
We are going to see that

(A.5) 0 ∈ ∂f(Ω)◦, 0 6∈ ∂g(Ω).

This and Proposition A.0.2 imply that MA(g)(Ω) = vol(∂g(Ω)) < vol(∂f(Ω)) = MA(f)(Ω),
which contradicts the hypothesis MA(f) = MA(g).

We show first that 0 ∈ ∂f(Ω)◦. Since H = 0 and min(f) = 0, we have A := {x ∈ NR |
f(x) = 0} = ∂f∗(0) which, by hypothesis, is disjoint to {x ∈ NR | g(x) = 0} = ∂g∗(0).
Thus A ⊂ Ω. By [Roc70, Theorem 24.7], the set A is compact. Since Ω is open and A is
compact, there is a compact subset B of Ω with A ⊂ B◦. Then f |∂B > 0. By Proposition
A.0.3, ∂f(B) is a neighborhood of 0. Since ∂f(B) ⊂ ∂f(Ω), we get 0 ∈ ∂f(Ω)◦.

Assume now that 0 ∈ ∂g(Ω). This means that there are sequences xk ∈ Ω and Hk ∈
∂g(xk) such that Hk converges to zero and hence S := {Hk | k ∈ N} ∪ {0} is a compact
subset of MR. Since ∆◦ ⊂ ∂g(NR) by (A.1), we may assume that S is contained in the
interior ∆◦ of the domain ∆(g) of g∗. Applying [Roc70, Theorem 24.7] to g∗, we deduce
that ∂g∗(S) is compact. By [Roc70, Corollary 23.5.1], we have xk ∈ ∂g∗(Hk) and hence we
can find a subsequence xik that converges to a point y ∈ NR. By [Roc70, Theorem 24.4],
we have 0 ∈ ∂g(y) and so g(y) = 0 < f(y). But xk ∈ Ω implies that f(xk) < g(xk) and
hence f(y) ≤ g(y) by continuity leading to a contradiction. This proves (A.5).

We conclude from the whole argument above that for every H ∈ ∆◦, we have

(A.6) ∂f∗(H) ∩ ∂g∗(H) 6= ∅.

The convex functions f∗ and g∗ are almost everywhere differentiable on ∆ and the condition
(A.6) implies that df∗ = dg∗ almost everywhere. Since f∗ and g∗ are convex continuous
finite functions on ∆◦, this implies f∗−g∗ constant. By biduality, f−g is also constant. �
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[FK18] Kazuhiro Fujiwara and Fumiharu Kato. Foundations of rigid geometry. I. EMS Monographs in
Mathematics. European Mathematical Society (EMS), Zürich, 2018.
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[Sou92] Christophe Soulé. Lectures on Arakelov geometry, volume 33 of Cambridge Studies in Ad-
vanced Mathematics. Cambridge University Press, Cambridge, 1992. With the collaboration of
D. Abramovich, J.-F. Burnol and J. Kramer.

[Tem15] Michael Temkin. Introduction to Berkovich analytic spaces. In Berkovich spaces and applications,
volume 2119 of Lecture Notes in Math., pages 3–66. Springer, Cham, 2015.

[Yau78] Shing Tung Yau. On the Ricci curvature of a compact Kähler manifold and the complex Monge-
Ampère equation. Comm. Pure Appl. Math., 31:399–411, 1978.

[YZ17] Xinyi Yuan and Shou-Wu Zhang. The arithmetic Hodge index theorem for adelic line bundles.
Math. Ann., 367(3-4):1123–1171, 2017.

[Zha95] Shouwu Zhang. Small points and adelic metrics. J. Algebraic Geom., 4(2):281–300, 1995.

J. I. Burgos Gil, Instituto de Ciencias Matemáticas (CSIC-UAM-UCM-UCM3), Calle Nico-
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