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A COMPARISON OF POSITIVITY IN COMPLEX AND TROPICAL
TORIC GEOMETRY
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ABSTRACT. Given a smooth complex toric variety we will compare real Lagerberg forms
and currents on its tropicalization with invariant complex forms and currents on the toric
variety. Our main result is a correspondence theorem which identifies the cone of invariant
closed positive currents on the complex toric variety with closed positive currents on the
tropicalization. In a subsequent paper, this correspondence will be used to develop a
Bedford—Taylor theory of plurisubharmonic functions on the tropicalization.
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1. INTRODUCTION

A smooth complex toric variety Xy is a smooth algebraic variety over C with an open
immersion of an algebraic torus T and an algebraic extension of the action of T on itself
to Xx. Such a variety is encoded by the combinatorial structure of a fan 3 in the vector
space Ng := N ®z R where N is the cocharacter lattice of T. We denote by T*" := T(C)
and X&" = Xy5(C) the respective complex analytic manifolds of complex points. Inside
T#", there is a maximal compact torus S. The quotient X&"/S is denoted by Nx. The
topological space Ny has a canonical stratification

s =[] N
oED
indexed by the cones of 3, analogous to the stratification of Xy into orbits. The incidence
relations between cones of X translate to incidence relations between strata with the inclu-
sions reversed. If 7 is a face of the cone o € ¥, denoted as 7 < o, then the corresponding
strata satisfy N (o) C N(7). The stratum corresponding to the cone {0} is equal to Ng. It
is called the dense stratum. Each stratum N (o) of Ny, has a canonical structure of a finite
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dimensional real vector space equipped with a Z-structure. For 7 < ¢ € X, there is a linear
projection

Tor: N(T7) — N(0).

The space Ny is a classical object in the theory of toric varieties where it appears also under
the name manifold with corners (see e.g. [AMRT10, Oda88]]). In tropical geometry, it is
called the Kajiwara-Payne tropicalization of Xx. By construction, it comes with a natural
map trop: X& — Ny which is a proper map of topological spaces.

On the spaces X" and Ny, there are sheaves of bigraded algebras of smooth differential
forms. Both are denoted A or, when we want to stress the underlying space, by A&'%n

and A']’\',E respectively. The well-known sheaf of complex smooth differential forms A}@n is
a sheaf of C-algebras and plays a central role in complex analysis and complex geometry.
The sheaf A'J’\',E is a sheaf of R-algebras and was introduced by Smacka, Shaw and the third
author [JSS19], based on work of Lagerberg [Lagl2]. The smooth differential forms on X&"
are called complex forms while the forms on Ny are called Lagerberg forms. In both cases,
the elements of A%Y are called smooth functions.

We explain briefly the definition of Lagerberg forms. More details are given in Section 3.
If U is an open subset of the finite dimensional real vector space N (o), Lagerberg [Lagl2]
has introduced the bigraded R-algebra

A(U) = P AP (U) @y AUU)

p,q€EN

where A(U) denotes the usual R-algebra of real smooth differential forms on U. For an
open set U C Ny, denote by U, = N(o) NU its strata. Then a Lagerberg form on U
is defined as a collection of forms (wy)gsex, with w, € A" (U,), satisfying the following
compatibility conditions. For every pair of cones 7 < ¢ and every point p € U,, there is a
neighborhood V' C U of p with V; = 7;2(V,) NV and

(1.1) wrlv, =74 (wolv,)

on V;. The compatibility conditions (1.1) are, roughly speaking, saying that close to the
boundary, Lagerberg forms are constant in the direction towards the boundary. Although
this condition does not seem entirely natural from an archimedean point of view, it is very
natural from both a tropical [JSS19] and a non-archimedean point of view [Jel19]. Moreover,
it has very strong consequences. For instance, if w is a form of bidegree (p,q), then the
support of w is disjoint to any stratum of dimension smaller than min(p, q).

There are natural differential operators d’,d" of bidegree (1,0) and (0,1) turning AR
into a double complex analogous to the usual differential operators d and 0 on A}('%n. There
is also a theory of integration for Lagerberg forms similarly to the complex case.

The sheaf A}gﬂ has an antilinear involution, the complex conjugation, that sends AP¢ to
A?P. A complex form is real, if it is invariant under complex conjugation. The sheaf A']’\}z
has also a canonical involution J called the Lagerberg involution. A form w of bidegree (p, p)
with J(w) = (—1)Pw is called symmetric. In both settings, there is a notion of positivity
for (p, p)-forms (see 4.2.6). Positive forms on X" are always real, while positive forms on
Ny, are always symmetric.

In §2.3 and in §4.2, we will introduce a new antilinear involution F' on the sheaf of
S-invariant forms on X&' that respects the bigrading, and anticommutes with complex
conjugation on one-forms. We denote by A%gn the subsheaf of S-invariant forms which are
F-invariant.
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Theorem A. Let U C Ny, be open and V the S-invariant open subset V = trop ' (U) of
X3 There ewists a unique bigraded algebra morphism

(1.2) trop*: A7 (U) — A (V)SF

with trop* ¢ = @ o trop for all ¢ € A®O(U) and which satisfies

(1.3) trop* od = 7~ /20 o trop*, trop*od” = 7 /2id o trop*.
Moreover, for w € AP4(U), we have
(1.4) trop*(J(w)) = " %trop*(w).

Therefore trop™ sends symmetric forms to real forms. Furthermore, this morphism respects
positivity and integration of top dimensional forms.

If U is contained in the dense stratum N, then (1.2) is an isomorphism. In general, this
is no longer true. The reason for this is the compatibility conditions (1.1). These results
will be shown in Section 4. The normalization factors in equation (1.3) are almost forced by
the compatibility with integration and the compatibility between the Lagerberg involution
and complex conjugation (1.4). If we do not insist on compatibility with integration or with
the bigrading, other identifications between Lagerberg forms and invariant complex forms
are possible. For instance, the map (1.2) differs from the interpretation of Lagerberg forms
as S-invariant forms given in [CD12, Remarque (1.2.12)].

The main interest of this paper will be currents. To define currents on an open subset
U C Ny, we first introduce a topology on the space of Lagerberg forms with compact
support A7 (U). The definition is similar to the complex case with additional input caused
by the compatibility condition (1.1) towards the boundary (see Subsection 3.2 for details).
A Lagerberg current of type (p,q) on U is a continuous linear map T: Ac” """ 4(U) — R.
We denote the space of currents of type (p,q) by DP?(U). By duality, the involution J
defines an involution on D', hence a notion of symmetric currents. We call T' € DPP(U)
positive, if it is symmetric and T'(«) > 0 for all positive Lagerberg forms o € A" P(U).

Let again V = trop~!(U). Since the map trop is proper, the dual of the map trop* from
(1.2) induces a C-linear map

(1.5) trop,: DP4(V) — DP4(U) @r C

defined by trop,(T)(a) = T'(trop*(a)) for all T € DP4(V) and v € A """ (V). We will
show that trop,(T") € DPP(U) for every S-invariant T € DP'P(V') which is also F-invariant.
Since the map trop*: APY(U) — AZ4(V), albeit injective, is not a closed immersion, the
map trop, is in general not surjective. Since trop* preserves positivity of forms, trop,
preserves positivity of currents. All this will be shown in Section 5.

The main result of this paper is the following Correspondence Theorem.

Theorem B. The map trop, induces a linear isomorphism between the following cones:

(i) The cone of S-invariant positive complex currents in DPP(V') that are closed with
respect to 0 and O and that are invariant with respect to F'.

(i1) The cone of positive Lagerberg currents in DPP(U) that are closed with respect to d’
and d”.

The proof of Theorem B will be given in Theorem 7.1.5. We will show in Examples 5.1.11
and 5.1.12 that we cannot omit any of the conditions closed or positive in Theorem B.

Let us give some details about the proof of the Correspondence Theorem. In the case
p =n = dim Xy, the cone in () is the space of positive S-invariant Radon measures on V'
and the cone in (77) is the space of positive Radon measures on U, hence Theorem B follows
readily from the fact that U is the quotient of V' by the S-action (see Corollary 5.1.17).
This suggests that for p < n, we consider coefficients of complex and Lagerberg currents
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to follow a similar argument. In fact, it is more convenient to go for the dual notion of
co-coefficients as follows:

For simplicity, we consider the case X{" = C" with coordinates z = (z1,...,2,), a
situation that can always be achieved locally. Then Ny = (R U {oc})™ has coordinates
(u1,...,u,) and the tropicalization map is given by trop(z) = (—log|z1],...,—log|zn])-

The cones of X are the faces of RY,. Any cone in ¥ has the form oy, == {u € R%; | u; =
0Vi¢ L} for some L C {1,...,n} and the corresponding stratum of Ny is given by

N(or) = {(u1,...,un) € Ny | u; = oo if and only if i € L}.
For M C {1,...,n}, we define the following union of strata of codimension 1:
EM .= {(u1,...,u,) € Ny, | u; = oo for some i € M}.

Let U be an open subset of (R U {oo})”. Given a Lagerberg current 7' € DPP(U) and
I,J C{1,...,n} with |[I| = |J| = n — p, we call T/ € D™*(U \ EY/) given by

T (f) = T((—=1)7@ D2 f @y A d'uy)

a co-coefficient of T. If the Lagerberg current T is positive, then the co-coefficients T/
are real Radon measures, 777 = T the T!! are positive Radon measures and 2|T77| <
TH + 777 where |T'/| denotes the total variation measure of 777 (see Subsection 5.2).

A key ingredient in the proof of the Correspondence Theorem is the following Decompo-
sition Theorem along the above stratification.

Theorem C. Let U be an open subset of (RU{oco})™. If T is a positive current in DPP(U),
then there is a decomposition

(1.6) T=> 1,

oeY

with uniquely determined currents T, such that U\ (ETY/ U N(0)) is a null set with respect
to the Radon measure T for any o = o € 3.

The decomposition (1.6) does not depend on the choice of the coordinates wuq,...,u,
hence gives a canonical decomposition for any positive current 7' € DPP(U) on any open
subset U of Ny, as we show in Theorem 6.1.6. A similar statement is well known on the com-
plex toric manifold X3" and we show in Subsection 6.1 that both canonical decompositions
are closely related via trop,.

For a positive Lagerberg current 7' € DPP(U), we will prove that T" = trop,(S) for a
positive current S on V' = trop~!(U) if and only if T has C-finite local mass. The latter is a
local condition on U given in Definition 6.2.1. We then show that a closed positive Lagerberg
current has C-finite local mass, completing the proof of surjectivity. For injectivity of trop,,
an additional argument is required. All this is done in Subsection 7.1.

As an application, we will prove in Theorem 7.2.4 a tropical analogue of the Skoda—El Mir
Theorem for Lagerberg currents in the toric setting: Let U be an open subset of Ny and let
E be a union of strata closures in Ny;. We consider a closed positive current T € DPP(U\ E)
which has C-finite local mass on U. Then we can extend T by zero to a closed positive
Lagerberg current on U. For details, we refer to Subsection 7.2. A consequence of the
Tropical Skoda—El Mir theorem is that in the canonical decomposition (1.6), if T" is closed,
then all the currents 77, are closed.

The motivation for the present work is the following. It is known that there is no way to
continuously extend the wedge product on A to D~'. Bedford—Taylor theory provides a
way to define products of certain closed positive currents on Xg". In a subsequent paper,
using the Correspondence Theorem and Bedford—Taylor theory for complex manifolds, we
develop a Bedford—Taylor theory on Nsx.
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For instance, Bedford-Taylor theory on Ny will have the following application: Let K
be a field endowed with a non-archimedean complete absolute value | |,. From the fan 3,
we may construct a toric variety Xy . We may also consider the analytification X&'k of
the toric variety Xy i as a Berkovich space and the corresponding tropicalization map

tI‘OpK: X%I}K — NE

which should be viewed as a non-archimedean analogue of the tropicalization map trop of
the complex toric manifold X" considered before. For any open subset U of Ny, these
tropicalization maps lead to a natural bijective correspondence between invariant contin-
uous plurisubharmonic functions on trop~!(U) and invariant continuous plurisubharmonic
functions on trop;(l(U ) in the sense of Chambert-Loir and Ducros [CD12, §5.5]. Moreover,
we show that the complex Bedford—Taylor theory corresponds to the Bedford—Taylor theory
of Chambert-Loir and Ducros [CD12, §5.6].

We explain in more detail the content of the paper. In Section 2, we introduce complex
and Lagerberg multilinear forms. We interpretate the Lagerberg forms as the complex
forms which are invariant under a natural involution F. Then we discuss several positivity
notions of these forms. In the complex case, weakly positive, positive and strongly positive
multilinear forms are well-known. They form strictly convex cones of maximal dimension.
Moreover, the cone of strongly positive forms is dual to the one of weakly positive forms,
while the cone of positive forms is self dual. Similar notions are defined in [Lagl2] for
Lagerberg multilinear forms on a real vector space. The notions of weakly and strongly
positive Lagerberg forms are however somewhat pathological. We show in Example 2.3.6
that the cone of strongly positive forms is not of full dimension and that the cone of weakly
positive forms is not strictly convex. This also implies that the notions of weakly and
strongly positive in the complex and Lagerberg case do not correspond exactly. For this
reason, we will mainly restrict ourselves to positive forms.

In Section 3, we will first introduce the partial compactification Ny, associated to a fan
3> and we will describe its topology. Then we introduce Lagerberg forms on Ny. Similarly
as in complex analysis, we endow the space of compactly supported Lagerberg forms with a
locally convex topology and we define the dual notion of Lagerberg currents. The upshot of
this section is that Lagerberg forms and currents on Ny, satisfy similar properties as their
complex analogues.

In Section 4, we study positivity of Lagerberg forms and compare them to invariant
complex differential forms. In particular, we prove Theorem A. We first deal with the dense
torus T in Subsection 4.1 before we consider arbitrary smooth toric varieties in Subsection
4.2.

Section 5 is devoted to positivity of Lagerberg currents and the relation with positivity
of complex currents. We define the map trop, and discuss the compatibility of the different
notions of positivity with respect to this map. We also define the co-coefficients of a
Lagerberg current and show that, analogously to the complex case, the co-coefficients of
a positive Lagerberg current are Radon measures. We show in Example 5.2.8 that there
are weakly positive Lagerberg currents whose co-coefficients are not Radon measures. This
is caused by the fact that the cone of weakly positive multilinear Lagerberg forms is not
strictly convex.

In Section 6, we prove the decomposition theorem (see Theorem C). Moreover we intro-
duce the concept of C-finite local mass. Intuitively, a current has C-finite local mass if it has
local finite mass as an invariant complex current (see Definition 6.2.1 for details). We give
in Example 6.2.3 a positive current 7" that does not have C-finite local mass. Nevertheless,
it is of the form T" = trop,(S) for a complex current S, but this current cannot be chosen
to be positive.
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Finally, Section 7 is devoted to the proof of Theorem B and of the tropical Skoda-El Mir
theorem. In Appendix A, there is a reminder on Borel and Radon measures.
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NOTATION AND CONVENTIONS

The set N of natural numbers includes zero. We write Roo = RU {oco} and R == {u €
R | u >t} for any ¢t € R. In the notation A C B, we allow that A = B.

In this paper, N usually denotes a free abelian group of rank n with dual M. We denote
by Ng and My their scalar extensions to R. By a fan X in Ng, we mean a fan consisting of
strictly convex rational polyhedral cones in Ng. We denote the associated (complex) toric
variety by Xy and the associated partial compactification of Ng by Ny (see §3.1).

A topological space is called locally compact if it has a basis consisting of relatively
compact subsets; but it is not necessarily Hausdorff. A topological vector space is assumed
to be Hausdorff. Our conventions on Radon measures are summarized in Appendix A.

2. POSITIVITY ON REAL AND COMPLEX VECTOR SPACES

Let V be a real vector space of dimension n. Write Vo = V ®g C for the associated
complex vector space, V* = Homg(V,C) = Homc¢(V¢, C) for the complex dual and V' =
Homg (V,R) for the real dual. Let V¢ denote the real vector space underlying V¢ with the
complex structure determined by A(v ® ) = v ® (Au). We denote the complex dual of V¢
by V*. Observe that V" agrees with the space of antilinear maps from V¢ to C. Let V" be
a copy of V'. We consider the exterior algebras

AV = Ac(VF V) = @ APV,
p,qEN
and
AV = Apg(V 0 V") = @ APV
p,qeN

The elements of AP9V* are called complez (p,q)-forms while the elements of APV’ are
called Lagerberg (p, q)-forms.

2.1. The complex situation. We recall some definitions from complex geometry.

The identity induces antilinear maps o: Vo — V¢ and o: APV — APV which we denote
by w — w. The inverse of o is also denoted by o: Vo — Vg. The antilinear maps o
induce antilinear maps o: V* — Viando: V' — V* that extend uniquely to an antilinear
involution of the R-algebra A V*. This involution sends AP 7V* to AT?PV*. We continue to
write o(w) = @ for complex forms w. A complex form w is called real if @ = w.

We choose a real basis eq, ..., e, of V. We obtain dual complex bases dus, ..., du, of V*
and diiy, . .., di, of V' determined by dui(e; ® 1) = 6;; = dui(e; ® 1). Then we have

Definition 2.1.1. The canonical orientation of the vector space Vg is the orientation
determined by the real form
wp, = duy Aidug A -+ Aduy Addia, € AVTVE

The form w,, depends on our choice of a basis, but the orientation does not.
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An w € APPV* is called strongly positive if it is in the convex cone spanned by
{an Niar A+~ ANap ANiay, | aj € VOV for j =1,...,p}.
An w € APPV™ is called positive if it belongs to the convex cone spanned by
{(i"ana|ae POV

A complex (p,p)-form w € APPV* is called weakly positive if, for every strongly positive
form n of type (n — p,n — p), there is a real number v > 0 with

w AN =Ywn.

We denote by Aif;V*, A’jr’p V* and Aﬁ’f’wV* the cones of strongly positive, positive and
weakly positive (p, p)-forms respectively.

Observe that our weakly positive forms are called positive in [Dem12, §III.1.A].

Definition 2.1.2. To n € APPV* we associate a sesquilinear form |n| on APV by the rule

p(p—1)

nl(z,y) = (=1) =i Pn(z,7).
Moreover, for ¢ = n — p, there is a duality pairing
(2.1) (-, ) APPV* @ AIV* — C
defined by

nAw=(n,wwy.
We denote by APPVY the subspace of real elements. Then the pairing (2.1) induces a pairing
(2.2) (-, )r: APPVE @ ATIVE — R.

Note that the assignment 1 — || is canonical and gives an isomorphism between APPV*
and the space of sesquilinear forms on APVg. On the other hand, the duality pairing (-, -)
depends on the choice of basis but only up to a non-zero positive number.

Proposition 2.1.3. A form n € APPV* is real if and only if the sesquilinear form |n| is
Hermitian. A form n is positive if and only if |n| is a positive semidefinite Hermitian form.

Proof. The antilinear involution o on APPV* is given by

o(n)(z,&) = i(z,&) = (=1)Pn(¢, @)
for x € APV and € € APV, Assume that 7 is real. Then for z,y € APV we have

@) = (-1 irn(z,g) = (-1) ™2 (~i) Pn(z, )

= (—1)" T (i) (=1, E) = (=1) T Py, E) = |nl(y, @),

Thus, the sesquilinear form || is hermitian. The converse is proved analogously.
Assume now that n € APPV* is a positive form and x € APVg. Then we can write

p? _
n= Zzp Yo A oy,
J

with v, € R>g and aj € APPV*. Then, since iPQ(—l)

p(p—1)
2 i P =1, we have

—1
(@) = (~)5 (e, 2) = 3 (a5 A dy)(,2) = Y ey (@)ag(e) = 0
J J
proving that |n| is positive semidefinite.
Conversely, assume that |n| is positive semidefinite. Then by the spectral theory of
Hermitian forms, there are v; € R>¢ and a; € APOV* = (APVg)* such that

Il => "0 ®a.
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This implies that
2 _
n= Zzp Yo N @
showing that n is a positive form. (Il

Lemma 2.1.4. For every p > 0, the complex vector space APPV* admits a C-basis of
strongly positive forms.

Proof. [Dem12, Lemma III.1.4]. O
Lemma 2.1.5. Any weakly positive form in APPV* is real.

Proof. The fact that w, and any positive or strongly positive form are real follows directly
from the definition. Let now w be a weakly positive form in APPV*. This means that for
each strongly positive form 7 in A2?7V*| there is a non-negative real number ~ such that

w AN =Ywn.
Since 7, v and w,, are real, this implies that
wAN=Ywn.

Hence (w —w) An = 0 for any strongly positive form 7 in A?9V*. By Lemma 2.1.4, A29V*
admits a basis of strongly positive elements. Therefore (w — @) A = 0 holds for any
n € A??V*. By duality, we get w — @ = 0 and hence w is real. ([

Corollary 2.1.6. For p € N, there are inclusions of closed convex cones
PP PP PP
ARV CARPVE C AT VT
in APPVEE. For q := n — p, the cones AR V* and AV V* are dual to each other and the
cone Aﬁ’pV* 1s the dual of A(JIF’QV* with respect to the real duality pairing (2.2).

Proof. By definition, the spaces of strongly positive forms and of positive forms are convex
cones contained in APPVif. Lemma 2.1.5 implies that A" V* is contained in APPV. Then
AP V* is a closed convex cone as the dual of the convex cone ARP V*.

We next show that the convex cone of strongly positive forms is closed. Choose any
hermitian metric in the complex vector space APV* and let S C APV* be the unit sphere.
The set K C S of totally decomposable elements is closed as it is the preimage of the
Grassmanian Gr(p, V*) under the projection S — P(APV*). Since S is compact, so is K.
Let K’ C APPV* be the image of K under the continuous map

APV — APPV* o P a A a.
Then K’ is a compact set that does not contain 0. Thus the convex cone over K’ is closed
[Roc70, Cor. 9.6.1]. Since the convex cone over K’ is AYFV*, we deduce that the space of
strongly positive forms is a closed convex cone. Being Aﬁ’f’sV* closed and convex, it agrees
with its double dual. Therefore AEF,V* is the dual of ARF, V*.
We next prove that ARPV* is self dual. Let v € A"V*. Then v = zduj A - -+ A du,, for
some z € C and hence i”zfy AN = zZwy,. For a € APV* and 8 € A1V*, we conclude that

PiCananNBAB=i"aABACAB

is a positive multiple of w,. Here we have used the identity iP* e (—1)Pe = 7”. This proves
that the cone A’ip V* is contained the dual of Ai’qV*. To prove the converse, we introduce
the isomorphism ¢: AV* — APV defined, for o € A9V*, by

BAa=LB(e(a))dus A---Aduy (B € APV™).
Then, for any pair of forms n € APPV* and o € A9V*, the equality

N AT ana = [nl(p(a), o(a))wn
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is satisfied. Therefore, if n belongs to the dual cone of A'_I;qV*, then the sesquilinear form
|n| is positive semidefinite. By Proposition 2.1.3, the form 7 is positive proving the reverse
inclusion. We deduce that the cone A’_tp V* is closed because it is a dual cone. (Il

Remark 2.1.7. For p = 0,1,n—1, n, the notions of strong positivity, positivity and weakly
positivity agree (see [Dem12, Corollary II1.1.9]). In [Deml12, Remark III.1.10], there are
examples of positive forms that are not strongly positive for any 2 < p <n — 2.

2.2. The real situation. We now shift to positivity of Lagerberg forms following [Lag12].
We consider again a real basis ey, ..., e, of V which induces dual bases d'uy, ..., du, of V'
and d"uq,...,d"u, of V.

We denote by JV another copy of our n-dimensional R-vector space V and let us denote
by J: V +— JV the identity map. There is a unique involution on V & JV that extends J
and which we also denote by J. From now on, we make the identification V" := Hom(JV, R)
and then duality yields an involution on V' & V" which we also call J. There is a unique
algebra homomorphism on A"V’ that extends J. It is again an involution mapping AP4V’
onto A?PV’. This map, also denoted by J, is called the Lagerberg involution.

Definition 2.2.1. The Lagerberg orientation is the orientation on the vector space V' @ V"
defined by
Tn=duy ANd"uy A+ ANd'up A d"u, € NV,
Consider a form w € APPV'. We call w symmetric if
(2.3) J(w) = (-1 w.
We call w strongly positive if it belongs to the convex cone spanned by
{ar AJ(a) A Aoy AJ(ayp) | aj € AYOV for j =1,...,p}.
We call w positive if it belongs to the convex cone spanned by
p(p—1) 0+ 1
{(-)" 27 anJ(a) | ae APV}

A symmetric Lagerberg (p,p)-form w € APPV’ is called weakly positive if for every
strongly positive form 7 of type (n — p,n — p), there is a real number v > 0 with

wAnN="yTy.

We will also denote as ABP. V', ARPV" and ARF, V' the spaces of Lagerberg (p, p)-forms that
are strongly positive forms, positive and weakly positive respectively.

Remark 2.2.2. Strongly positive, positive or weakly positive Lagerberg forms and 7,, are
symmetric. In the definition of weakly positive Lagerberg forms, it is necessary to impose
the symmetry because the real analogue of Lemma 2.1.4 is not true, see Example 2.3.6.

It follows from Corollary 2.2.5 below that our definition of positive Lagerberg forms
agrees with the definition given by Lagerberg in [Lagl2, Definition 2.1].

From our definition, we deduce that the product of positive Lagerberg forms is positive.

Definition 2.2.3. To n € APPV’, we associate a bilinear form || on APV by the rule

p(p—1)

nl(z,y) = (=1) "= n(xz, J(y)).
Moreover, for ¢ = n — p, there is a duality pairing
(-, ) APPV @ ATV — R,
defined by n A w = (n,w), for n € APPV" and w € ATV,

Note that, again, the assignment n — || is canonical and gives an isomorphism between
APPV" and the space of bilinear forms on A?V. On the other hand, the duality pairing (-, -)
depends on the choice of a basis, but only up to a positive number.
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Proposition 2.2.4. A form n € APPV' is symmetric if and only if the bilinear form |n| is
symmetric. A form n is positive if and only |n| is a positive semidefinite symmetric form.
Proof. The proof is similar to the complex case and is given in [Lagl2, Proposition 2.1] O
Denote now by AL,V the subspace of symmetric elements and let g := n—p. The duality
pairing of Definition 2.2.3 induces a real duality pairing, denoted by the same symbol,

() APR V! @ AZE V) S R,

sym Sym

We give the analogue of Corollary 2.1.6 which was stated before [Lagl2, Lemma 2.2].
Corollary 2.2.5. For p € N, there are inclusions of closed convex cones
p,p ! p,py /! 2y !
ALV C ATV C ALV
in A§mV'. For q == n —p, the cones AR V" and AV V' are dual to each other and the
cone Aii’p V' is the dual of Ai’qV’ with respect to the above real duality pairing.

Proof. The arguments are as in Corollary 2.1.6 replacing complex by real numbers and
sesquilinearforms by symmetric bilinear forms. O

Remark 2.2.6. As in the complex case, strong positivity agrees with positivity and weak
positivity for p = 0,1, n—1,n. Similarly as in [Dem12, Example III 1.10], there are positive
Lagerberg forms that are not strongly positive for any 2 <p <n — 2.

2.3. Comparison between the real and complex situations. We aim for an identifi-
cation of the space of Lagerberg forms AV’ with a subspace of the space of complex forms
A>"V* that preserves positivity as much as possible.

Definition 2.3.1. The vector space V* = Homg(V,C) has an antilinear involution F
coming from complex conjugation in C. We extend F to V* @V in such a way that F and
o (the complex conjugation from 2.1) anticommute:

(2.4) F(a)=—F(a) (for a € V¥).
There is a unique antilinear involution of the R-algebra A»"V* which extends F. We denote

this extension also by F.

Note that F' induces an antilinear involution of any APYV*. In coordinates, we have
(2.5) F(\) =)\, F(du;)=du; and F(du;) = —du;
where A\ € A%0V* = C.

Note that, if n € AP9V* then
(2.6) F(n) = (=1)"*F (7).

We see V! C V* and V” C V" as the subspaces of F-invariant elements. Note that V'
looks like the space of real elements of V*  while, due to the twisted definition (2.4) of F’
in V", the elements of V" look like the imaginary elements of V"

We extend the inclusion V/ & V" — V*@ V" to an R-algebra homomorphism

(2.7) AV — ATVE
This inclusion sends d'u; to du; and d”u; to idu;.

Proposition 2.3.2. We have the following compatibilities for the inclusion (2.7).

(i) The space of complex forms invariant under F' is the image of AV,

(i) The Lagerberg involution J agrees on V' & V" with the map o — ia.
(iii) A Lagerberg (p,p)-form is symmetric if and only if it is real as a complex form.
(iv) The image of Ty, is wy,.
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Proof. Since F' is an antilinear involution, the space of F-invariant elements of A»"'V* has
real dimension 22" which agrees with the dimension of A~ V’. Since, by construction, the
Lagerberg forms are invariant under F', both spaces agree. The remaining statements are
direct computations. O

Lemma 2.3.3. The involution F maps strongly positive (resp. weakly positive, resp. posi-
tive) complex forms to strongly positive (resp. weakly positive, resp. positive) complex forms.

Proof. For any complex (p,0)-form «, antilinearity of F' and (2.6) give

(2.8) FlaniPa)=FaN (—i)PF(a) = Fa NiPF(«).
We conclude that F' preserves positivity of complex forms. Multiplicativity of F' and (2.8)
show also that F' preserves strong positivity of forms.

Since wy, is the image of 7,, under the above identification, it is fixed under F'. Using that
F' is an involution, we deduce from duality that F' preserves weak positivity as well. Il

Proposition 2.3.4. The following compatibility conditions hold.

(i) A strongly positive Lagerberg form is also a strongly positive complex form.
(ii) An F-invariant weakly positive complex form is a weakly positive Lagerberg form.

This follows easily from the definitions. For positive forms, we have a stronger result.

Proposition 2.3.5. A Lagerberg form is positive if and only if it is positive as a complex
form.

Proof. Tt is easily seen that if w € APPV’ is a positive Lagerberg form, then it is also a
positive complex form by using the embedding (2.7) and that Jw = iP®.

Conversely, assume that w is a Lagerberg (p, p)-form that is positive as a complex form.
(p—1)
We claim that is enough to show that if n = (—1)p 7 a AiPa for some complex (p, 0)-form

a, then n + F(n) is a positive Lagerberg form. Assuming this claim, we can write

(p—1)
w = Z’ys(—l)p 3 as N Pag
S

with v, € R>p and a; € APOV*. Using the claim and the F-invariance of w, we have that

1 (p—1)
W= 5((,u—l—F(w)) = zs:’;s(_l)p 21 (cvs A Pag + Fas AiPas))

is a positive Lagerberg form.
To prove our claim, we write o = a + ib with a,b € AP°(V’). Then we have

aNifa = (a+ib) NiP(a—ib) =iP(aANa—ia Ab+ibAa+bAb).
Using F(«) = a — ib, we get
Fa A F(Pa)) = (a —ib) A F(iP(a — ib)) = iP(a — ib) A (a + ib),

where we have used for the last equality that

F(ia) = (-1)Pi?F(a) = (-1)PP(-1)PF(a) = Pa
by equation (2.6) and analogously F(i**1b) = —iP*1b. Since
p(p2—1) 1

30 F ) = ()™ (0 76+ Fa A F@a)).

we deduce that
N+ F) =2 (1) 5 Pana+bab)=2-(—1)"F " (a A Ja+bAJb)

which is a positive Lagerberg form. O

p(p—1)
2
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The next example shows that the analogues of Proposition 2.3.5 for strongly and weakly
positive forms do not hold. Hence the converse of Proposition 2.3.4 (i) and (i) is wrong.

Example 2.3.6. We show that the space of strongly positive Lagerberg forms does not
span the space of symmetric Lagerberg forms. In particular, the cone of strongly positive
Lagerberg forms has empty interior and not every symmetric Lagerberg form can be written
as a difference of strongly positive ones.

Indeed, let V' be a real vector space of dimension four. Then we have

Agme' = { Z wijkld/ui Ad"uj A dug N d"uy Wijkl = wjilk}'
i<k,j<l
Moreover, we have the following identity of cones:
APV =(anJ(@) NbAJT(D) | abe AV g,
Given a,b € AV’ let w;jii(a,b) € R be such that
anJ(@) ANOATD) = Y wirla,b)du; Ad'uj A dug Ad".
i<k,j<l

A direct computation shows

w1 32,4(a,b) —wi234(a,b) +wi243(a,b) =0,
and, by symmetry, we have

w3,1,4,2(a,b) —wa143(a,b) +w2134(a,b) =0,
Hence Ai’?sV’ is in a proper linear subspace of Aﬁﬁnv’ and so it has empty interior.

As a consequence, the cone Awa’ is not strictly convex. Namely, the form
w=duz ANd"u; ANd'ug AN d"uy — d'us Ad"ur A d'ug A d"us + dus Ad"ug Ad'uz A d"ug
+d’u1 A d”u;; A d,UQ A dHU4 — d'ul A d”’UQ A dIU3 A d”u;; + d'ul A dHUQ A d'u4 A d//u:),

satisfies n A w = 0 for every n € Ai’?SV’, and hence Cw € Ai’?wV’ for every C' € R.

Remark 2.3.7. We will deduce from Example 2.3.6 the existence of Lagerberg forms that
are strongly positive as complex forms but not strongly positive as Lagerberg forms.
By Lemma 2.1.4, every complex form w can be written as a complex linear combination

(29) W = Z)\Zwl

of strongly positive complex forms w; . If w is real, then applying o to (2.9) and using that
the w; are real, we see that we may take the \; to be real. If w is further invariant under
F, then applying F' to (2.9) we see that replacing w; by 1/2(w; + F(w;)) we may assume
the w; to be F-invariant. Note that F'(w;) is strongly positive by Lemma 2.3.3.

We have just shown ASR, V' = ((ARP,V*)F)g. Since we showed in Example 2.3.6 that
(AP VYR © MBSV, we find that (A7 V*)F ¢ ARP V', By Proposition 2.3.2, this means
exactly that not every Lagerberg form that is strongly positive as a complex form is strongly
positive as a Lagerberg form.

The next example illustrates this phenomenon.

Example 2.3.8. Let V still be a real vector space of dimension four. Choose a basis
e1,...,es and corresponding bases of V*, V°, V' and V" as before. The complex form

n = (du1 + idUQ) VAN i(d’ﬂ,l — idﬁg) A (dU3 + idU4) VAN i(d@g — idﬂ4)
is strongly positive by definition. By Lemma 2.3.3, the form w = %(17 + F(n)) is strongly

positive. Moreover, it is F-invariant and hence w may be seen as a Lagerberg form by
Proposition 2.3.2. We claim that w is not strongly positive as a Lagerberg form.
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A direct computation shows that
w=dui ANd"uy ANd'ug Ad"uz + d'uyr Ad"ug Ad'ug A d"ug
+ d'ug Ad"us A d'us A d"us + d'ug A d"ug A d'ug A d"ug
—d'ug ANd"ug Ad'uz A d"ug + d'ug Ad"ur A d'us A d"ug
+dui ANd"us ANd'ug Ad"ug — d'ug A d"ur A d'ug A dus.
=(=1)(d'u1 A d'ug — d'ug A d'ug) A J(d'uy Ad'uz — d'ug A duy)
+ (=) (d'ur A d'ug + d'us Ad'uz) A J(d'ur A d'ug + dug A d'ug).

This shows that w is a positive Lagerberg form, that the associated symmetric bilinear form
|w| has rank 2 and that (ker |w|)" is the 2-dimensional subspace

(ker |w))t = R(d'u1 A d'uz — d'ug A d'ug) + R(d'ug A d'ug + d'ug A d'us).
We pick any decomposition

(2.10) W= a;AJ(a)

with a € A20V’. Then «; € (ker |w|)*, since for any v € ker |w| C A%V, we have
0= |w|(v,v) = Z<Oéj,v>2.
J
If w were strongly positive, we would have a decomposition like (2.10) where a; € A0V

is a product of (1, 0)-forms. However, this is not possible because (ker |w|)* does not contain
any non-zero real decomposable element as the following argument shows. Assume that

p = (adus + Bdus +ydus+05dug) A duy + 8 duy +~ dus + 8 duy) € (ker |w])*.
This implies the equations

ay' — o'y = p'6 - po,

ad' —a's = py' = By,

OCB/ - O/B = 07
vd —+'6 = 0.
The point p determines a point p’ in the Grassmannian Gr(2,4) with Pliicker coordinates
e e a 0
513:@/ g/ay:a/;/ly'z:a/ PUE
4] 0
U:lg/:;llv Uzgl 6/’w::;’/ 5

The previous equations imply that the Pliicker coordinates of p’ satisfy the equations
y=-v, z=u, z=w=0~0.
Moreover, the Pliicker equations for Gr(2,4) are reduced to the single equation
zw —yv + zu = 0.
We conclude that the Pliicker coordinates of p’ satisfy the equation
(2.11) Y2+ 22 =0

that has no real solutions except the trivial one. The fact that w is strongly positive as a
complex form is reflected by the fact that (2.11) has non-trivial complex solutions.
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3. LAGERBERG FORMS AND LAGERBERG CURRENTS ON PARTIAL COMPACTIFICATIONS

For convex geometry we will use the notation and conventions set up in [GK17, Appen-
dix]. Let N be a free abelian group of rank n, M = Homgz(N,Z) its dual and denote by
Ng resp. Mg the respective scalar extensions to R.

3.1. Partial compactifications. A strictly convex rational polyhedral cone o € Ny is a
polyhedron defined by finitely many equations of the form ¢(.) > 0 with ¢ € M, that does
not contain a positive dimensional linear subspace. A rational polyhedral fan ¥ in Ng is a
polyhedral complex all of whose polyhedra are strictly convex rational cones. In this paper
we make the convention that a fan is always a rational polyhedral fan.

A cone is called smooth if it is generated by a subset of a Z-basis of N. A fan X is called
smooth if each cone of ¥ is smooth. For o € ¥ we define the monoid S, = {p € M| ¢(v) >
0 for all v € o}. For o € 3, write N(0) := Ng/{o)r where (c)r denotes the real vector
space generated by o. Given o, 7 € 3, we write 7 < ¢ if 7 is a face of o. We have projection
maps 7,: Ng = N(o) and 7y r: N(7) = N(o) for 7 < 0.

Definition 3.1.1. Let > C Ng be a rational polyhedral fan. We consider the disjoint union

Ny, = H N(o)
oED
and call Ny, equipped with the topology introduced in Remark 3.1.2 the partial compacti-
fication of Nr associated to 3.

Remark 3.1.2. The partial compactification Ny, carries the following topology which is
Hausdorff. It is also locally compact and has a countable basis and hence it is metrizable.
Let us briefly recall its definition.

First, we define the partial compactification of N (o) for a single cone o € ¥ by setting

N, = ]_[ N(7).
T<0
The set N, is naturally identified with the monoid homomorphisms Hompgon (Ss, Roo). We
equip it with the subspace topology of R3e. Using a finite set of generators ¢1,. .., ok
for the monoid S,, we can realize Hompion (S5, Rso) as a closed subspace of R’;o with the
induced topology (see [Pay09, Remark 3.1] and use [Pay09, Lemma 2.1]).

For a face p of o, we note that N, is an open subset of N,. This is used to define a
topology on the partial compactification Ny, by gluing the partial compactifications N,
o € %, along the open subsets induced by common faces.

We give a second description of the topology of Nx. To this end, we fix an Euclidean
metric in Ng. For a cone v of ¥, the Euclidean metric allows us to identify v with a
subspace of Ny and, through the projection 7, with the space N(v). Again, we consider
first the case of a single cone o € . For a point u € N,, there is a unique face v of o with
u € N(v). Let ug € v+ C Ng be the corresponding point and let U be a neighborhood of
ug in v+. For each face 7 < v, the cone v induces a cone 7, () contained in N(7). For each
p € v, we write

(3.1) W, U,p) = [[ 7(U +p+v).
TV

The topology of N, is defined by the fact that {W (v, U, p)}u, is a basis of neighbourhoods
of u in N, for any u € N,. As before the topology of Ny, is defined by gluing along the
open subsets N, of N, whenever 7 < o.

The first definition of the topology is given by Kajiwara [Kaj08] and by Payne [Pay09],
the second definition is from [AMRT10, I.1]. The topologies coincide as the above basis of
neighbourhoods works also for the first definition by [Pay09, Remark 3.4].
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To prove that Ny is Hausdorff, we use that the quotient of a topological space (in this
case the disjoint union of the N,) by an equivalence relation is Hausdorff if the canonical
map to the quotient is open and the graph of the equivalence relation is closed [Bou71l,
Ch. T §8.3 Prop. 8]. As the map to the quotient is open by construction, it is enough to
show that, for cones o1 and o9 with 7 = o1 N 09, the map

N; — Ny, x Ny,

is a closed immersion. This follows easily from the first description of the topologies of N,
and N,, by choosing a finite set of generators of S,, and S,, and observing that the union
of both sets is a set of generators of S;.

Note that Ny is locally compact because the N, provide an open covering of Ny and
each of them is locally compact. Finally every N, has a countable basis and hence also Ny.

Remark 3.1.3. Let T = Spec C[M] be the split complex torus with cocharacter lattice
N. Let Xx, denote the toric variety over C with dense torus T determined by the fan X in
Nr. Let X3 denote the analytification of Xy, i.e. the set of complex points X (C) with
its structure of an analytic space.

There is a well-known continuous map (see for example [AMRT10, 1.1, p.2], [Kaj08,
Definition 1.2] or [BGPS14, Section 4.1])

(3.2) trop: X§' — Ny,

which is nowadays called tropicalization map as it is given by glueing on the affine open
subsets U, = Spec C[S,] for o € ¥ of X the tropicalization maps

trop: U(‘?n — Ny = HomMon(SayRoo)7 Yy (m — —log |Xm(y)‘)

where x™: T — Gy, is the character associated with m. It follows from [BGPS14, Sections
4.1, 4.2] that the tropicalization map (3.2) is a proper continuous map that identifies Ny,
with X&"/S where S denotes the real compact torus

S={peT"||x™(p)| = 1for allm € M} C T*.

There is a continuous proper section py.: Ny — X&" of the tropicalization map (3.2) given
as the unique continuous extension of the section

p: Ng — T* = Hom(M,C*), n+— [m — exp(—(m,n))]
of (3.2) (see [BGPS14, Remark 4.1.3]).

To illustrate the topology on the partial compactification Ny, we give the following
lemma where the notation coincides with the one in [AMRT10, I.1, p.5].

Lemma 3.1.4. Let ¥ C Ng be a fan, and let Ny, be its associated partial compactification.
Given p € Nr and v € |X|, the limit p 4 cov = lim,,_ 4o p + pv exists in Nx.. Moreover,
p+oov € N(o) for the unique cone o € ¥ such that v € relint(o).

Proof. We use the description of the topology of Ny given by the basis of neighborhoods
W (o,U, q), so we fix an Euclidean metric in Ng. Let py € o+ be the point corresponding
to 7, (p), U a neighborhood of pg in o+ and ¢ € o. It is enough to show that there is a
to > 0 and for all p > g, the condition p + puv € W(o,U, q) holds. Since m,(p) = 75 (po)
and g € o, we deduce that p —py — ¢ € (0)g. Since v € relint(o), there is a py such that
for all p > pg, we have p —pg — ¢+ pv € o and hence p+pv € g+ U +0 = W(o,U,q). O

Example 3.1.5. As an example, we consider the toric variety P? and its tropicalization
shown in Figure 1. Note that for v = (0,1), the point p + ocov is the point in N(o3) lying
vertically above p.
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N(.Tl) N(Ug) p+‘oov N(.TQ)
b
Ng = N({0})
N(on) N (1)
Ny
YI'ON(T;;)

FIGURE 1. The fan and partial compactification of the toric variety P2.

3.2. Lagerberg forms and Lagerberg currents. Recall from [Lagl2] that for every open
subset U of Ng, there is a bigraded R-algebra of Lagerberg forms A~ (U) with differentials
d" and d” of bidegree (1,0) and (0,1). Lagerberg forms were introduced by Lagerberg in
loc. cit. under the name superforms. They are defined as

APUU) = A2 (U) @cm ) AYU)

where A'(U) denotes the R-algebra of real valued smooth differential forms on U.
We choose a basis of N which defines coordinates u,...,u, on Ng. Then we may write
a Lagerberg form « as

o= Z f[Jd,uI A d//’LLJ
1,J

where I = {i; < --- < i,} and J = {j;1 < --- < j,} range over all subsets of {1,...,n},
where fr; are smooth real functions on U and we use the multi-index notation

durNd"uy = dugy A< N dug, @ dug, N -+ A dug, .
There are natural differentials d': AP9(U) — APHL9(U) and d”: AP4(U) — APIHLH(U),

which are in coordinates given by

d(fdur nd'ug) =" o

i0=1

d’uio ANdur Ad"uy

and
U / /! - 8f / U U
d"(fdur Ad"ug) = (=17 > 5 —dur Ad"uj, A d"u.
jo=1""70

The product of the bigraded R-algebra A~ (U) is alternating and we denote it by A. The
algebras A" (U) form a sheaf on Ny that is denoted by A" or by AR, -

The algebra A" (U) carries a natural involution J that permutes bidegrees and is deter-
mined by J(a® ) = B ® «a for all o, € A (U). A Lagerberg form a € APP(U) of type
(p,p) is called symmetric if it satisfies J(a) = (—1)Pa.

Let us fix a fan ¥ C Ng. Following [JSS19, Definition 2.4], smooth forms on open subsets
of Ny are defined as follows.

Definition 3.2.1. Let U C Ny be an open subset. For every o € 3, we write U, =
UNN(o). A Lagerberg form of type (p,q) on U is given by a family w = (w,)sex with
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wy € AP1(U,) satisfying the following local condition. For each p € U,, there exists a
neighborhood V' of p in U such that for all 7 < ¢ we have

wT‘VTﬂﬂ-;}_(VU) = W;,T(WU‘VJNVTQW;HVG)'

We denote by AP4(U) the real vector space of Lagerberg forms of type (p,q) on U. There
are unique differentials d’: AP4(U) — APTL4(U) and d”: AP4(U) — AP4TL(U) such that
(dw)s = d(wy) and (d"w), = d"(ws) for each w € APY(U) and each o € . A smooth
function f: U — R is a Lagerberg form of type (0,0) in U. The assignment U — AP4(U)
defines a sheaf AP? of real vector spaces on the topological space Nxy. If we want to stress
the fact that AP is a sheaf on Ny, we will denote it by A%L, The support supp(w) of a
Lagerberg form w € AP4(U) is the closed subset of points of U where w has a non-zero
germ in the stalk. The space of Lagerberg forms of type (p,q) on an open subset U of Ny
with compact support is denoted ALY(U).

Remark 3.2.2. (i) The stalk AR = of the sheaf A% in a point 2 € N(0) C Ny can
be identified with the stalk A?\}%a) . in z of the sheaf of Lagerberg forms on the real

’

vector space N (o). This follows from Definition 3.2.1.

(i) Let U C Ny, be an open subset and w € AP9(U) a Lagerberg form. It follows from
statement (7) that supp(w) = Usexsupp(we ), see [JSS19, Lemma 2.17].

(7i) Let U C Ny, be an open subset. There is an involution J on A (U) = &) 4>0AP4(U)
such that given a Lagerberg form w = (ws)yex as in Definition 3.2.1, J(w) is
determined by (Jw), = J(ws). A Lagerberg form w € APP(U) of type (p,p) is
called symmetric if it satisfies J(w) = (—1)Pw.

(iv) For U C Ny, open, the restriction map AP4(U) — AP9(U N Ng) is injective.

Remark 3.2.3. Let U be an open subset of Ny. Observe that AYY(U) is in general not

a finitely generated AS’O(U )-module. This is caused by the fact that forms of large degree
vanish automatically at the boundary.

We next discuss a topology on the space AZ?(U). This topology is modeled on the
topology of the space of test forms used in analysis, see for instance [Rud73, §6]. In fact,
for an open subset U of Ny, we will define topologies on certain subspaces of AL2?(U)
and use a limit process to define a topology on AL9(U). Moreover, we shall describe the

convergent sequences in AZY(U). In the following, we fix a basis u1,...,u, of M which
defines coordinates (u1,...,u,): Ng — R™ and allows to write Lagerberg forms on U in
terms of standard forms d'u; A d"uy for subsets I,J C {1,...,n}.

Definition 3.2.4. Let U be an open subset of Ny. For each compact subset K C U and
each finite open covering (V;); of K, we denote by AR (U, (V;);) the subset of all Lagerberg
forms w = (wWy)gex in APY(U) such that supp(w) C K and

(3.3) Wrlvi st (i) = Tor (@olvio) v amst i)

holds for all ¢ and all cones 0,7 € ¥ with 7 < ¢ and V;, = V; N N(0) # 0. Given
w e AR, (V;);), we write w = ZI,JC{l,---,n} frydur A d"uy and define

||
(3.4) TR R S e 222

ou®
acN"™ [ Jc{1,...n}
lor|<m

K

for each m € N using the supremum norm || || of continuous real functions on the compact
set K. The family of norms (3.4), where m € N varies, defines on A% (U, (V;);) the structure
of a locally convex topological vector space which is complete with respect to a translation
invariant metric and hence it is a Fréchet space. The induced topology is denoted by 7 (v;)

i
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We put on A2Y(U) the topology 7, defined as the limit topology

(Ag’q(U)’T) = h_H} (Azf)éq(Uv (‘/i)i)aTK,(Vi)i)
in the category of locally convex topological vector spaces. Note that this may be different
from the direct limit in the category of topological vector spaces.

As mentioned previously, the topology of AZ%(U) is modeled on the classical topology
on the space of test functions in [Rud73, §6] and its formal properties are very similar. For
instance, if U is not compact, then A2Y(U) is not metrizable. Nevertheless the topology on
AP%(U) has many nice properties and the fact that is not metrizable is only a minor issue.

Remark 3.2.5. The spaces A2?(U) have the same properties as the test function spaces in
[Rud73, Chapter 6]. This is a consequence from the fact that F := A2Y(U) is an LF -space
as introduced by Dieudonné and Schwartz [DS49]. This means that the vector space F is
a countable union of strictly increasing Fréchet spaces E} such that the topology on FEj
agrees with the induced topology from Fjy,1. Indeed, using that U has a countable basis,
it is clear that the direct limit can be by described by using countable many (K, (Vi,i)i)
such that the compact subset K lies in the interior of Kj,1 and such that a subfamily of
(Vit1,i)i is a refinement of the open covering (V},;); of Kj,. Setting

By = (AU, (Vi)i), T v,

we see that E is an LF-space. It is shown in [DS49] that E has a canonical structure as a
locally convex space which is the finest structure such that the topology on FE,, agrees with
the induced topology and it follows that E is the direct limit of the E,, in the category of
locally convex spaces.

All properties of test function spaces from [Rud73, Chapter 6] were shown in [DS49] more
generally for LF-spaces and so they apply to A2?(U). In fact, an LF-space is not only
sequentially complete, but a complete Hausdorf space [DS49, Corollary of Theorem 6]. For
our paper, we need mainly the following results about sequences.

Proposition 3.2.6. Let U be an open subset of Nx,.. A sequence (wy) in ALY(U) converges
to w € ALYU) if and only if there is a compact subset K C U and a finite open covering
(Vi)i of K such that all wy, and w are contained in AR (U, (V;);) and for every m € N, we
have limy_ o0 ||wk — W|lm = 0.

Proof. A convergent sequence is bounded and hence the result follows from the fact that
every bounded subset of an LF-space is contained in some E,, [DS49, Proposition 4]. O

Even if the space A2?(U) is not metrizable, for many purposes, sequences are enough.

Proposition 3.2.7. Let T: A¢" """ 9(U) — R be a linear functional. Then the following
conditions are equivalent.

(i) The map T is continuous.
(i) If a sequence (wi)ken converges to zero, then (T(wy))ken converges to zero.
(iii) The restriction of T to each subspace Ay """ (U, (V;)i) is continuous.

Proof. The equivalence of (i) and (%) follows from [DS49, Proposition 5|, while (i) and
(i7i) are equivalent by Proposition 3.2.6. O

As in the classical case of distributions, we now define currents as the topological dual
of the space of smooth forms with compact support.

Definition 3.2.8. A Lagerberg current of type (p,q) on U is a continuous linear functional
T: A¢”P"71(U) — R. The space of such Lagerberg currents is denoted by DP4(U). A
Lagerberg distribution is a Lagerberg current of type (n,n).
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Remark 3.2.9. Let U denote an open subset of Ny.

(i) If U is contained in the open generic stratum Ng, then the definition of DP4(U)
above coincides with the definition of DP4(U) given by Lagerberg [Lagl2, 2.1].
(7i) By the usual methods, the spaces of Lagerberg currents inherit operators

d': DP(U) — DPT(U), d": DP9(U) — DPITH(U)

and a product
AP (U) @ DPI(U) —s DPPa+d (1))

such that

) (—)PHT ('),
T = ()T,
(BAT)w) = (~D)THOHIT(5Aw)

a

for all T € DP4(U), g € AP>7 (U) and all ' 0", w € A (U) of suitable bidegree.
(#ii) There is an involution J on D' (U) = ®p7q20qu(U) such that given T' € DP9(U)
and w € A¢”P"7P(U) the Lagerberg current J(T) € D%P(U) is given by
J(T)(w) = (=1)"T(J(w))-
A Lagerberg current T' € DPP(U) is called symmetric if it satisfies J(T') = (—1)PT.

d'(T)(w'

/

Integration of Lagerberg forms gives examples of currents. We start by recalling the
integration theory of Lagerberg forms. If U C Ny is an open subset and n € A™"™(U) is a
Lagerberg form with compact support, using the chosen basis of M, we write

n=fdu ANd"uy A Ndu, Ad"u,.
Denote by dA the Lebesgue measure on Ng induced by the lattice N. The integral of 7 is

defined as
/ n= fdA.
U Ng

Since the support of any compactly supported Lagerberg form of type (n,n) is a compact
subset of Ng, the integral is finite. Since two isomorphisms N = Z" differ by a matrix of
determinant +1, the integral does not depend on the choice of coordinates.

Example 3.2.10. Let U C Ny, be an open subset. We will use the map
[]: API(U) — DPI(U), nr— () = /UU/\ :

This map is a morphism of A (U)-modules compatible with the actions of d’, d” and J.

Example 3.2.11. Let U be an open subset of Nx. For every real Radon measure 1 on U
(see Appendix A), there exists a unique Lagerberg current 7' € D™"™(U) such that

(3.5) T(f) = /U fdu vfe A,

Indeed, for a compact subset K of U and a finite covering (V;);cr of K, the canonical maps
A?}O(U, (Vi)ier) — C%(U,R) and C%(U,R) — C%(U),R) are morphisms of locally convex
vector spaces. By the universal property of the direct limit, the composition of these maps
induces a continuous map AY’(U) — C%(U,R). This shows our claim.

Proposition 3.2.12. Let (U;);er be an open cover of an open subset U of Nx,. Then there
exists a partion of unity subordinate to the given cover (U;)icr, i.e. a countable, locally
finite open cover (Vj)jes of U together with a map s: J — I such that Vj C Uy for all

Jj € J and a collection of non-negative functions f; € Ag’O(Vj) such that ZjeJ fi=1
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Proof. By general arguments, see [War83, Theorem 1.11], it is sufficient to show that, given
a point z and a neighborhood V of z in U, there exists a function f € AY(V) that is
constant equal to 1 on a neighborhood of z. This statement is clearly local, so we may
assume that our fan ¥ is generated by a single cone ¢ and Ny, = N,. We have seen in
Remark 3.1.2 that a choice of k generators of the cone ¢ leads to a realization of NV, as a
closed (polyhedral) subset of R%.. Now the existence of a partition of unity for an open
subset of RY from [JSS19, Lemma 2.7] readily shows the claim. O

Let U be an open subset of Ny. Recall from Appendix A that the space CO(U,R) of
real valued continuous functions on U with compact support has a canonical structure of a
locally convex topological vector space.

Corollary 3.2.13. For U C Ny open, the image ong’O(U) — CY(U) is sequentially dense.

Proof. Tt is enough to show that, for any continuous function f € CY(U), there is a sequence
of functions g € Ag’O(U), k > 0, that converges to f in the topology of CO(U). Let K be
the support of f. Using that Ny, is locally compact, we can easily find open subsets Uy, Us
and compact subsets K7, Ko with

KcUicKicUyCc Ky CU.

By Proposition 3.2.12, the Stone-Weierstrass Theorem [Rud64, Theorem 7.32] implies that
the R-algebra {h|x, | h € A®O(U), supp(h) C K} is dense in C9(K7). Hence there is
a sequence of smooth functions hy € AY’(U) with supp(h) C K such that the hy|g,
converge uniformly to f in C°(K;). Again by Lemma 3.2.12, there is a smooth function
0 < p < 1, whose support is contained in U; and with p|x = 1. Then the sequence of
smooth functions given by g = phy converges to f in C2(U). O

4. POSITIVITY FOR COMPLEX INVARIANT FORMS AND LAGERBERG FORMS

In this section we study positive forms on a smooth complex toric variety that are invari-
ant under the action of the compact torus and compare them to positive Lagerberg forms.
We keep the setting from Section 3.

4.1. Invariant forms in the case of the torus. We start with the case of the complex
algebraic torus T = Spec C[M] of dimension n with character lattice M and cocharacter
lattice N. We fix a splitting N = Z" that induces holomorphic coordinates z1,...,z, on T
as well as linear coordinates u, ..., u, on Ng. As before we denote the associated complex
manifold M ®z C* = (C*)™ by T*". We will also consider the real compact torus

Si={zeT™ ||y =1VYj€{l,...,n}} ={z €T | |x“(z)| = 1 Yue M}

We will denote by A either the sheaf of complex differential forms on T?" or the sheaf
of (real) Lagerberg forms on Ng. The context will always allow us to distinguish between
them. If not we will denote the former as Aran and the latter as An;. For an S-invariant
subset V of T#", let A(V)S denote the subalgebra of A(V) given by the S-invariant forms.

Remark 4.1.1. Let V be an S-invariant subset of T?". The subalgebra A(V)S is a direct
factor of A(V) because averaging with respect to the Haar probability measure us of S
defines a canonical projection

A(V) — AV, wrs w™im /S o* () dps(a)

where a: T?" — T*" denotes translation by a € T?".
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Definition 4.1.2. Let F' be the antilinear involution of the sheaf of C-algebras A =Aran
determined by F(f) = f for f € A% and by

Fdzj/zj) = dzj/zj, F(idz;)Z) = idz;/ %
for j = 1,...,n. The S-invariant one-forms dz;/z; and idz;/Z; (j = 1,...,n) generate a
subsheaf of R-algebras B of A such that A~ = A% @ B». Observe that this definition
of B does not depend on the choice of the splitting N = Z™ which induces the coordinates
Z1,-.+,2n- The antilinear involution F' above is the R-linear endomorphism on Aran given

as the tensor product of complex conjugation on A%? with the identity on B. We conclude
that the involution F' is indeed well defined.

Lemma 4.1.3. The involution F' is T?"-equivariant. In particular F' induces an antilinear
involution, also denoted by F, of A(V)S for any S-invariant open subset V' of T2,

Proof. For f € A%(V) and j = 1,...,n, we have
a*f =a*f, a*(dzj/z;) = dz;/zj, and a*(idz;/z;) = idz;/z;.
We deduce that a*F(w) = F(a*w) for any w € A(V) and the claim follows. O
Lemma 4.1.4. Let V C T® be an S-invariant open subset. If w € A(V)S, then
F(0w) = 0F (w), F(idw)=i0F (w).
Proof. If w € A(V)S, then we can write
iEldzy A dzg

w = Z Jr.x(log(z121), ... ,1log(zn2n)) P

K

where the functions f; x are smooth complex valued functions of n real variables. We
denote by 0; fr x the partial derivative with respect to the j-th variable. Clearly

(4.1) 0ifr =0;f1 K.
Then F(0w) is equal to

Pl o LA DT iK1z A dzi

2z 21z
1K jél 1=K 1K jéI 1=K

and

iKldz A dzg dz; Z‘K|dz1/\dZK
(S A ) -3
I1ZK TR 21 IZK

Thus the commu:cativity between 0 and F follows from equation (4.1).
Similarly, F'(i0w) is equal to

1dzZ; |d21 NdZg idz; |dz1/\de
FIY > 0ifik E'J => > 0ifix Zj] ;

LK j¢K J 12K 1K jgK 217K
and
Kldzp A dzg iz il¥ldey A dzx
) =0 | A ) 557
212K TRk Zj 2IZK
Therefore the commutativity of F and 0 also follows from (4.1). |

The next example shows that S-invariance of w is necessary in Lemma 4.1.4.
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Example 4.1.5. Consider the case n = 1 and let f(z) = z + z. This function is real but
not S-invariant. Furthermore

OF(f)=0f =d=z
and

FOf)=F(dz) = F(z2dz/z) = zdz/ 2.

Definition 4.1.6. For any S-invariant open subset V' C T, we denote by A(V)S! the
algebra of forms that are simultaneously F-invariant and S-invariant. Since F' and the
action of S both respect the bigrading of A, we deduce that A(V)S* is a bigraded algebra.
By Lemma 4.1.4, the operators 9 and id induce operators on A(V)SF.

The next goal is to give an identification between the algebra of S-invariant forms that
are also F-invariant, and the algebra of real Lagerberg forms on Ng. This identification will
respect the natural differential operators. Recall that J denotes the Lagerberg involution
introduced in Remark 3.2.2.

Proposition 4.1.7. Let U C Ng be an open subset and V = trop 1 (U) the corresponding
S-invariant subset of T*". Then there is a unique homomorphism trop*: A(U) — A(V) of
R-algebras such that

(4.2) trop*(¢) = ¢ o trop
for all o € A%%(U) and such that
(4.3) trop*(d'w) = 77128 trop*(w) and trop*(d"w) = 7~ /%id trop*(w)

for all w € A(U). Moreover, this homomorphism is injective with image A(V)SF inducing
an isomorphism A(U) ~ A(V)SF. For w € AP9(U), we have

(4.4) trop*(J(w)) = " %trop*(w).

Proof. We first recall some formulas from complex analysis in one variable. If z = re? and
u = —log|z| = —log(r), since r? = 2%, we have

d d
O(u) = ——z and Ou = —2—;
For j = 1,...,n write rj; = |2;| = (2;Z;)"/2. Then

trop™(u;) = —log(r;).
Therefore, equations (4.2) and (4.3) imply
dz; idz;
2v7z;’ 27z,

Since trop* is an algebra homomorphism, we deduce that, if w € A(U) is written as

(4.6) w:Zf[,K(ul,...,un) dur Nd"ug,
I.K

(4.5) trop*(d'uj) =

trop*(d"uj) =

then the corresponding form on the torus is given by

. _1 \ MK K]
(4.7) trop*(w) = ; <m> i f1 i (—1og(r1), ..., —log(rn))

This proves the uniqueness of the map trop*. Conversely, using equation (4.7) as the
definition of trop*, the uniqueness of the decomposition (4.6) shows that trop* is well
defined and it is immediate to verify (4.2), (4.3) and (4.4). Clearly, the form in (4.7) is F-
and S-invariant and every element in A(V)S* has this form. Obviously, the map trop* is
injective. Hence it induces an isomorphism A(U) ~ A(V)SF. O

dzy NdZg
21 N\ Zg ’
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Corollary 4.1.8. Let U C Ng be an open subset and V = trop~*(U). Then trop* induces
an isomorphism of topological vector spaces A.(U) =~ A.(V)SE.

Proof. The isomorphism of vector spaces follows from Proposition 4.1.7 as the map trop is
proper. Using that trop is a submersion, the topological statement can be checked locally
in coordinates. 0

Remark 4.1.9. The S-invariant open subsets of T#" are precisely the preimages of open
subsets of Ng. Hence S and F act in a natural way on the sheaf trop, A. We denote by
(trop, A)ST the subsheaf of sections invariant under S and F. Then Proposition 4.1.7 yields
a monomorphism of sheaves of R-algebras

(4.8) trop*: A — (trop, A)>F

that preserves differentials as in (4.3).

The next remark shows that Lagerberg forms and the involution F' are pointwise de-
scribed by the linear algebra in Section 2.

Remark 4.1.10. Choose a point z € T?" and let y = — log |z| = trop(x) denote its image
under the tropicalization map. Write V' = T}, Ny for the tangent space to Ng at y. Let V",
V" V* and V* be defined as Section 2. There is an isomorphism
tropl: V* @ V* — 10T @ 7O 10

given by

dzj
2ﬁ € ’
This isomorphism is compatible with the map trop* in the sense that

trop®(w)(z) = trop; (w(y)).

Let 7, € A"V’ be the Lagerberg orientation as in Definition 2.2.1. Then

i"dzy ANdzp A -+ Ndzy A dZ,
(Am)™zy .. |z ]?

Note that the denominator of this form is strictly positive in the torus T?" therefore, any
positivity notions on T?" defined using the orientation tropZ(7,) or the orientation

i"dzy Adz A Adz A dzy,

duj — —

and iduj —

(4.9) trop3 () =

agree.
Let w € AP4(W) for some open subset W of T*" and z € W. We get from (2.5) that
(4.10) F(w)(z) = F(w())

where F' on the righthand side is the involution from Definition 2.3.1.

Definition 4.1.11. Let U be an open set of Ng. A Lagerberg form w € A(U) is called
strongly positive (respectively positive, weakly positive) if for all x € U, w(x) is strongly
positive (respectively positive, weakly positive).

Let V' be an open set of T?". A complex differential form w € A(V) is called strongly
positive (respectively positive, weakly positive) if for all y € V| w(y) is strongly positive
(respectively positive, weakly positive).

As we have seen in Example 2.3.6, it is reasonable to restrict our attention to positive
Lagerberg forms. Nevertheless we add the other positivity notions for further reference.
Lemma 4.1.12. Let U be an open set of Ng and w € APP(U) be a Lagerberg form on U.

(i) The Lagerberg form w is symmetric if and only if trop™ w is real.
(ii) If w is strongly positive, then trop* w is strongly positive.
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(iii) If trop* w is weakly positive then w is weakly positive.
(iv) The Lagerberg form w is positive if and only if trop* w is positive.

Proof. The Lagerberg form w is symmetric if and only if Jw = (—1)Pw. By equation (4.4)
this is equivalent to trop*(w) = trop*(w). This proves the first statement.

The remaining assertions follow from the fact that positivity is checked pointwise, Remark
4.1.10 and Propositions 2.3.4 and 2.3.5. (I

Remark 4.1.13. Remark 4.1.10 shows that the correspondence
(4.11) 7120 «— d' and 7V%i0 «— d"

from Proposition 4.1.7 was already used implicitly in Section 2 in order to preserve positivity
and the bigrading between the complex and the Lagerberg forms.

Remark 4.1.14. Chambert-Loir and Ducros [CD12, Remarque 1.2.12] mention the iden-
tifications d = 9+ 0 <+ d’ and 4wd® = 1(0 — 0) «» d” (observe that d Arg(z) = 4md"log |z|)
which have the disadvantage that they do not respect the bigrading and do not allow the
nice interpretation of symmetric Lagerberg forms as real complex forms as in Lemma 4.1.12.

Remark 4.1.15. Let U be an open subset of Ng and V' := trop~!(U). We have introduced
the map trop*: A(U) — A(V) in order to establish later correspondence results between
Lagerberg forms and currents on U and invariant complex forms and currents on V.

Let us explain our choices which lead to the achieved correspondence (4.11): Our first
condition is that trop* should be a differential homomorphism of R-algebras with respect
to the differential operators d’ and d” of A(U) and natural differential operators @' and
9" on A(V). Naturality means here that &', 9" should be in the two-dimensional C-vector
space spanned by 9 and 9. The second condition is that trop* respects the bigrading which
implies &' = ad and 9" = bi0 for some a,b € C. Third, the range of trop* should be
contained in the F-invariant forms in V' which yields a,b € R. Observe that these three
conditions imply already that trop* preserves positivity of forms (see Lemma 4.1.12). Our
fourth condition is (4.4) which forces a = b. The fifth condition is that trop* is compatible
with integration (see Lemma 4.2.5 below). This gives ab = 1/7. Hence we have seen that
the five conditions given above fix our choices in Proposition 4.1.7 up to a sign.

4.2. Invariant forms in the case of a toric variety. The next goal is to partially
extend Proposition 4.1.7 to toric varieties. Let ¥ be a smooth fan in Nr. Let Xy be
the corresponding smooth complex toric variety and let Ny be the corresponding partial
compactification of N as in Section 3. We denote by X3" the complex manifold associated
to Xx. Recall from Remark 3.1.3 that the tropicalization map is a proper continuous map
trop: X&" — Ny that identifies Ny, with X&"/S.

Remark 4.2.1. Let V C XJ" be an S-invariant open subset. Then, in general, the invo-
lution F' does not induce an involution of A (V). In fact, if w € A»(V), then F(w|yqran)
may not extend to a smooth form on V', as the following example shows.

We set Xy, = Al and V = X& = C. Then dz € AM(V), but

F(dz) = F(z%) = gdz

is not a smooth form in 0. Nevertheless, the next result implies that F' can be extended to
smooth S-invariant forms.

Lemma 4.2.2. Let V C X3" be an S-invariant open subset. Let w € A(V)S be a smooth
S-invariant form on V. Then F(w|ynran) extends uniquely to a smooth form S-invariant
form on V' and hence F induces an antilinear involution on A (V)S also denoted by F.



A COMPARISON OF POSITIVITY IN COMPLEX AND TROPICAL TORIC GEOMETRY 25

Proof. Since the statement is local we may assume that V is contained in the affine toric
variety X, for some o € ¥. We choose a system of toric coordinates (z1, ..., 2,) and write

w = Z f[,K(Zl, ce ,Zn)dZ[ ANdZg.

Moreover, the S-invariance of V' yields that V' is invariant under complex conjugation of
the coordinates. Since w is S-invariant, each summand fr xdzr A dZx is also S-invariant
and hence we can write

’L"‘”dZ[ AN dzZg
2IZK
for a unique smooth function g; g € C*°(V). On V N T*", this yields

i‘K‘dZ[ NdzZg B
2IZK N

f[,K(Zl, - ,Zn)dZ[ NdZg = gI,K(|Zl|, RN |Zn|)

F(frx(z1,...,2n)dzr NdZg) = F <917K(|21|, ooy lznl)

IKlg dz

1 21 N AZK — — _

grx(z1]s s o)) = (~D)EV (21, Zn)der A dEg
ZIZK

which can be uniquely extended to a smooth form on V because w is smooth. By Lemma

4.1.3, the restriction F(w)|ynran is S-invariant. By continuity, F'(w) is S-invariant. O

For any open S-invariant subset V' C X&' we will denote by A(V)>! the R-subalgebra
of forms that are at the same time invariant under S and under F. As before we obtain a
sheaf of bigraded R-algebras (trop, A Xgn)S’F on Ny,.

Proposition 4.2.3. There is a unique morphism of sheaves of bigraded R-algebras
(4.12) trop*: An,, — (trop, AXgn)S’F

that extends the morphism (4.8). Moreover, trop* satisfies

(4.13) 7 Y29 0 trop* = trop*od"  and 7 '/2%id o trop* = trop* od”.

For an open subset U of Ny, and w € AP4(U), we have

(4.14) trop*(J(w)) = P trop*(w).

Proof. This follows easily from the definitions and Proposition 4.1.7. U

Remark 4.2.4. If U is an open subset of Ng, then we have seen in Proposition 4.1.7 that
the map (4.12) is an isomorphism. For an open subset U of Ny, the map is obviously still
injective, but in general no longer surjective. The latter can be seen already in the one
dimensional case. Let N = Z and X the fan with a single maximal cone ¢ = R>(. Then
X5, = A} and Ny = RU {oo}. Consider the smooth function ¢(z) = 2z on X& = C and
the function f(u) = e 2% on Ng = R. Then, on C* C C we have ¢ = trop* f, but f can
not be extended to a smooth function on Ny, because, by definition, a smooth function on
Ny has to be constant in a neighborhood of co. This gives an example of a non-surjective

trop*: A®0(U) — A% (trop~1(U))5F.

Lemma 4.2.5. Let U be an open set of Ny, and V = trop ' (U). Let 1 be a Lagerberg
(n,n)-form with compact support contained in U. Then

/n:/trop*n.
U v

Proof. Since 7 is a top degree Lagerberg form with compact support in U, it has compact
support contained in U N Ng. Choosing integral linear coordinates in Ng, we have

n=f(ut,...,up)dus Ad"ug A~ ANd'up Ad"uy,
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for a smooth function f on R™. By Proposition 4.1.7, we have
"dzy Ndzy N -+ Ndzy NdzZy,
(Am)"21 ... 2pZ1 - 20

trop”n = f(—log|z1|,..., —log|zn|)
Writing trop* 7 in polar coordinates z; = rjew

ide A de B d’l“j A d@j

i and using that

9

22]'53' Tj
we deduce
dry...drpdby . ..doy,
/trop*n = /f(—logrl,...,—logrn) " @Y1
v v (2m)nry ...y
= / flxy, ... ,xp)dzy ... dey = / n
U U

which proves the claim. [l

4.2.6. We next discuss the notions of positivity for toric varieties. In the case of the complex
smooth toric variety X§" the different notions of positivity are the usual ones: A complex
differential form is strongly positive (resp. positive, weakly positive) if it is so pointwise.

In the case of Ny a little bit more has to be said because the different fibers of the sheaves
of forms A over a point p € Ny \ Nr have a different nature.

Recall from Subsection 3.1 that given a point v € Ny, there is an unique orbit N (o) with
v € N(o) corresponding to a cone o of the fan. Then there is an identification of fibers

Ay, (v) = An(o) (V).

Therefore, the different notions of positivity for Lagerberg forms make sense for this fiber
by using Definition 2.2.1 for V' = N(o). Then for U C Ny, a Lagerberg form is strongly
positive (resp. positive, weakly positive) if it is so fiber by fiber.

Lemma 4.2.7. Let U C Ny, (respectively V. C X&) be an open subset and w € A(U)
(respectively w € A(V')) then w is strongly positive, positive or weakly positive if and only
if the same if true for w|ynn, (respectively w|yqran ).

Proof. This follows from a continuity argument using that the cones of strongly positive,
positive and weakly positive Lagerberg forms in each fiber are closed by Corollary 2.2.5. O

Lemma 4.2.8. Let U be an open subset of Ny, and V = trop~1(U) C X&. Letn € APP(U).

(i) If n is strongly positive, then trop*(n) is strongly positive.
(ii) n is positive if and only if trop*(n) is positive.
(ii3) If trop*(n) is weakly positive, then n is weakly positive.

Proof. The result follows from Lemma 4.2.7 and Lemma 4.1.12. ]

One can deduce from Example 2.3.8 that the converses of (i) and (%ii) in the previous
lemma are not always true.

Lemma 4.2.9. Let U be an open subset of Ny, and V = trop~1(U) C X&. Every strongly
positive complex differential form on V' (resp. strongly positive Lagerberg form on U) is
positive and every positive complex differential form on V' (resp. positive Lagerberg form
on U) is weakly positive. Moreover, if p = 0,1,n — 1,n, then all three positivity notions

agree on APP(U) (resp. on APP(V)).

Proof. Since all notions of positivity of forms are checked fiber by fiber, the result follows
from Corollary 2.1.6 and Remark 2.1.7 in the complex case and Corollary 2.2.5 and Remark
2.2.6 in the Lagerberg case. (I
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5. POSITIVITY FOR COMPLEX INVARIANT CURRENTS AND LAGERBERG CURRENTS

Throughout this section, ¥ will be a smooth fan in Ng, Xy will denote the associated
toric variety, Ny, will denote the partial compactification of Ng and X = Xy (C) will
denote the complex manifold associated to Xy, with tropicalization map trop: X&' — Ny.

5.1. Invariant currents. Let U be an open subset of Ny, and write V = trop~!(U). Let
AP(U) be the space of Lagerberg forms on U with compact support and similarly A2 (V)
is the space of complex forms on V with compact support. Since trop: V — U is proper,
the map trop* in (4.12) induces a map

(5.1) trop™: APYU) — API(V).

We now compare the topologies on the space of Lagerberg forms and the space of complex
forms through the map trop*. The definition of the C*°-topology on both spaces is slightly
different. The topology of A2(U) has been described in Definition 3.2.4. The topology of
APY(V) is defined similarly. One first defines a topology on A%?(V) for each compact K
using norms similar to those in (3.4) taking into account all complex derivatives and then
define the topology of A2Y(V') as the direct limit in the category of locally convex topological
vector spaces. So the main difference is the use of finite coverings in Definition 3.2.4. From
the definition of the topologies, it is easy to check that the map trop*: ALY (U) — APY(V) is
injective and continuous. Nevertheless, as the following examples show, trop* is in general
not a homeomorphism onto its image endowed with the subspace topology. Moreover, the
image of trop* is not closed in A2 (V).

Example 5.1.1. As in Remark 4.2.4, we consider the case Xy, = A(lc, thus Ny = R..
Consider U = {u € Ry | u > 0} C Ny and V = trop *(U) = {z € C | 2z < 1}. Let
p: R — R be a smooth function with 0 < p <1 and p(x) = 0 for |z| > 2 and p(z) =1 for
|z| < 1. Define the sequence of functions

alu) = —zplu—n).

The sequence (fy)n>3 does not converge to zero in Ag’O(U ) because for any compact subset
K of U there is no finite covering {V;}; of K with f,, € A%O(U, {Vi}) for all n (see Proposition
3.2.6). Indeed, assume that such a compact K and covering {V;} exists. Since the point
n € Ry is in the support of f,,, and these points converge to oo, then oo € K. Therefore
one V; would contain oo and hence by definition of A[}QO(U, {Vi}) all the f,|v, would have
to be constant, which is not the case.

Write ¢, = trop* f,. Then

1
#n(z) = —zp(~log 2| — n).

The support of ¢, is contained in the closed annulus {z € C | "2 < |z|7 < "2}, Since
p is smooth with compact support, all the derivatives of p are bounded. From this and the
condition above on the support of ¢, we deduce that for every pair of integers a, b, there
is a constant C,; such that

ANTEAY
() (&)
It follows that the sequence (¢y)n>3 converges to the function 0 in A (V). We conclude
that the topology of A>°(U) is not induced by the topology of AY°(V').

1 1
< —Cup olatb) (n+2)

< _ -
— ) |Z‘a+b e

Cup sup
z€supp(pn

en?
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Example 5.1.2. We keep the setting from Example 5.1.1. Choose now p € A%°(R) with
0<p<1landp(x)=1forz <0 and p(z)=0 for # > 1. Further pick ¢ € AX*(U) with
Y(x) =1 for x > 1. Consider the sequence of differential forms
dz N\ dz
= ¥(~log |z))e ™/ lp(~ log |2] —n) == € AL'(V) (neN)
dmzZz

and the differential form 1 = ¥(—log|z|)e~/*lidz A dz/(472%). Similarly as in Example
5.1.1 the forms 7, converge to n in A%’I(V). The forms n, are in the image of trop™ as

Ny = trop* (¥ (u) exp(—e")p(u — n)d'u A d"u),

but the form 7 is not in the image of trop* because the function v (u)e™¢" is non-constant
close to co. Hence the image of trop*: Ae™ (U) — At (V) is not closed.

Now we shift our attention to currents.

Remark 5.1.3. Let V' C X" be an S-invariant open subset. Similarly as in Remark
4.1.1, the average with respect to the probability Haar measure on S leads to a canonical
projection A.(V) — A.(V)® that we denote w ++ w®. A current S is called S-invariant if

a,S=95 Vaes.

The space of S-invariant currents is denoted D(V)° = @ D (V)S. There is a canonical
projection D(V) — D(V)S, where S is mapped to the S-invariant current S* given by
52V (w) = S(w). The antilinear involution F of A(V)S leaves A.(V)S invariant. It defines
an antilinear involution on the space of S-invariant complex currents D(V)S, which we also
denote by F', given by

(5.2) FS(n) = S(Fn).

The space of S- and F-invariant currents is denoted by D(V)SF. Observe that F respects
the grading. Hence the spaces DP4(V)SF are well-defined. Since F is an involution, there
is a canonical projection D(V)S — D(V)SF,

Definition 5.1.4. The direct image of currents is the map
trop, : DP4(V) — DP4(U)orC

given by trop, (S)(n) = S(trop*n) for each n € A¢" """ 4(U). By linearity, we extend the
direct image to a C-linear map trop,: D(V) — D(U)®grC, where D(U) = &, ,DP4(U) is
the total space of real Lagerberg currents.

Lemma 5.1.5. For each S € D(V), we have trop,(S) = trop,(S*). If S € D(V)5F is S-
and F-invariant, then trop,(S) € D(U) C D(U)®rC.

Proof. The first statement follows from Proposition 4.2.3. It remains to show for S €
D(V)SF and w € A.(U) that S(trop*w) € R. From (5.2) and the fact that F is an
involution, we deduce for n € A.(V) that S(n) = FS(Fn). Using that S and trop*w are
F-invariant, we compute

trop, S(w) = S(trop*w) = F.S(F trop* w) = S(trop™ w) = trop, T'(w)

proving the lemma. 0
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Remark 5.1.6. The map trop, fits in the following commutative diagram:

trop,,

D(V) —— D(V)S o D) @ C
D(V)SF 2 p).

If U is an open subset of the dense orbit Ng, then Corollary 4.1.8 yields that the map

t
D(V)&F 2225 D(U) is an isomorphism. If U intersects the boundary, then trop* is not a
closed immersion and hence trop, is not surjective (see Examples 5.1.11 and 5.1.12 below).

Lemma 5.1.7. Given w € AP4(U) and S € D"*(V'), we have the projection formula
(5.3) w A trop, S = trop, (trop*(w) A S).
Proof. Given n € Az"P7""717%(U), by Remark 3.2.9(ii) we have
S (trop*(w Am)) = (—1)pra)(r+s) (trop*(w) A S) (trop* n)
as trop* respects products and (5.3) is an immediate consequence. U

Recall that for w € AP4(U), we have an associated Lagerberg current [w] = [;w A . in
DP4(U). Similarly, we have a complex current [n] € DP4(V') associated to a complex form
n € AP4(V). From Lemma 4.2.5 and 5.1.7, we immediately deduce the following result.

Corollary 5.1.8. For every Lagerberg form w € AP4(U), we have
trop, [trop*(w)] = [w] € DP4(U).

Definition 5.1.9. Let V' C X" be an open subset and let S € DPP(V) be a current. The
current S is called strongly positive (resp. positive, resp. weakly positive) if S(n) > 0 for
every weakly positive (resp. positive, resp. strongly positive) form n € A¢ P""P(V). The
space of weakly positive (p, p)-currents will be denoted Dﬁ’i(V), the space of positive ones
by DP (V') and the space of strongly positive ones by DYP (V). The current S is called real
if we have S(77) = S(n) for each n € Az" " P(V).

Let U C Ny be an open subset and let 7' € DPP(U) be a Lagerberg current. The
Lagerberg current T is called strongly positive (resp. positive, resp. weakly positive) if it is
symmetric and for every weakly positive (resp. positive, resp. strongly positive) Lagerberg
formn € A¢”P""P(U) the condition T'() > 0 holds. The space of weakly positive Lagerberg
currents of type (p,p) will be denoted D% (U), the space of positive ones by DY (U), and
the space of strongly positive ones by DY (U).

Lemma 5.1.10. Let U be an open subset of Ny and V = trop~1(U) C X&. Every strongly
positive current in DPP(V') (resp. in DPP(U) ) is positive, every positive current in DPP(V)
(resp. in DPP(U)) is weakly positive and every weakly positive current in DPP(V') (resp. in
DPP(U)) is real (resp. symmetric). Moreover, if p = 0,1,n — 1,n, then all three positivity
notions agree in DPP(V') (resp. in DPP(U)).

Proof. The positivity claims follow from Lemma 4.2.9. By definition, a weakly positive
current on U is symmetric. To see that a weakly positive current on V is real, we use
Lemma 2.1.4. The latter implies that any real form on V is a real linear combination of
strongly positive ones which easily yields the claim. (I

We will see in Theorem 7.1.5 that trop, induces a bijection between the space of closed
positive complex currents on V' = trop~!(U) that are invariant under F and S and the space
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of closed positive Lagerberg currents on U. In particular, every closed positive Lagerberg
current is in the image of trop,. The following two counterexamples show that one can
drop neither the closedness assumption nor the positivity assumption. The first example is
a positive Lagerberg current and the second example is a closed Lagerberg current, neither
of which are in the image of trop,.

Example 5.1.11. Let X5, = A}, Ny =R, U = {u € Roo | u > 0} and V = trop }(U) =
{z € C| 2z <1} as in Example 5.1.1. Let T: Ay (U) — R be the linear map

(5.4) T(fduAdu)= /OO eIQf(a;)dx.
0

If fd'u Ad'u e AY'(U), then f has compact support contained in U \ {oco}. Therefore the
integral in (5.4) is finite. To show that T is a continuous functional, we use Proposition

3.2.7. Let wy, = gnd'uAd’u, n > 1 be a sequence of forms in Ai’l(U) that converge to zero.
Then there is a neighborhood Vj of co such that

wo,nlve = Tg0(Won) = 0

for all n, where 0 = R>( is the cone corresponding to the point co. Hence there is a
compact K C U \ {oo} such that supp(g,) C K for all K. Moreover | g,| x converges to
zero. Therefore T'(wy,) also converges to zero. We conclude that 7" is a Lagerberg current.
Clearly it is positive.

Assume that S is a current on V such that trop, S =T. Let f,, and ¢, be as in Example
5.1.1. Since the functions ¢, converge to 0 in A2°(V), we deduce that

idz Ndz
li n———— | =
00 o (QO 42z ) 0
On the other hand, the assumption trop, S = T yields the desired contradiction as follows:
idz N\ dz o0 n+l1
) <¢nzz/\z> =T (fadund'u) = / exzfnzp(x —n)dxr > / e dr > 1.
A2z 0 n

Example 5.1.12. We keep the setting from Example 5.1.11. Then
o0
(5.5) T(f) = / e f(z)dx.
0

defines a linear functional T': AZY(U) — R. Since any f € AY(U) is constant in a neigh-
borhood of oo, the support of f’ is a compact subset of U \ {oo}. As in Example 5.1.11, we
see that T defines a current in D! (U). This current is closed because it has top degree. We
claim that 7T is not of the form trop,(S) for any S € D% (V). We argue by contradiction
and suppose that 7" = trop,(S). Let p and ¥ be as in Example 5.1.2 and write

G = (= log |2))e ™ FIp(=log 2| = n), ¢ =1(=loglz)e /7.
Then (, — ¢ in Ag’O(V). Moreover (,, = trop*(f,) for
fal@) = (@)e” plz —n) € AZ(U).
Therefore lim, o S((n) = S(¢) € C. This contradicts

oo
T 2 /
S(G) =T = [ & (v(@)e oo —n))'da
0
converging to —oo for n — oo, as a direct computation using integration by parts shows.

Proposition 5.1.13. Let S € DPP(V)SF . If S is real (resp. positive, resp. weakly positive),
then T := trop,(S) is symmetric (resp. positive, resp. weakly positive).
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Proof. Recall from Lemma 5.1.5 that 7' € DPP(U). If S is real, then the Lagerberg current
T is symmetric. Indeed for ¢ :==n — p and w € AZY(U), we deduce from (4.14) that

T(J (@) = §(trop* (J(@))) = (—1)7S(Erop* (@) = (~1)"S(trop*(@)) = (~1)"T(w).
The positivity statements follow from Lemma 4.2.8. O

On the dense orbit, we also have the converse implication.

Lemma 5.1.14. Let U be an open subset of Ng, put V = trop Y (U), and let S €
DPP(V)SE be an invariant current such that trop,(S) is a positive current on U. Then
S is a positive current on V.

Proof. Given a positive form a € Az P""P(V), the averaged form o® € AZP(V)S from
Remark 4.1.1 is again positive. From Lemma 2.3.3, we get that the invariant form

ainv _ (aav + F(aaV))/2 c A?—p,n—p(v)S,F

is positive as well. Since U C Ng, we conclude by Proposition 4.1.7 that o™ = trop*(3)
for a uniquely determined Lagerberg form § in AZ*(U). Finally § is positive by Lemma
4.1.12 and S(«a) = S(a™") = trop,(S)(5) > 0 shows our claim. O

We will see in the next subsection that positive currents have measure coeflicients. The
key result to prove this is captured in the following proposition. We refer the reader to
Appendix A for the convention we use about Radon measures.

Proposition 5.1.15. Let U be either an open subset of X3 or of Nx.. Let T': Ag’O(U) —R
be a linear functional such that T'(f) > 0 for every non-negative f € Ag’O(U). Then there
is a unique positive Radon measure p on U with T(f) = fU fdu for every f € Ag’O(U).

Proof. The following argument works for the complex and the Lagerberg case.
Let K be a compact subset of U and let C% (U, R) be the set of continuous real functions
with support in K. As usual, this real vector space is endowed with the supremum norm

| llsup- We also consider the subspace A%O(U ,R) of smooth real functions with support in

K and its subspace A?&O(U, R>) of non-negative functions.

We claim that the restriction of 1" to A%O(U ,R) is continuous with respect to the sup-
norm. Since we have smooth partitions of unity by Proposition 3.2.12; there is a non-
negative yg € A(C)’O(U) with xg(z) =1 for all x € K. Now the positivity of T" yields

T ) 1 fllsup < T(f) < TOcx)N S llsup

for all smooth functions f with compact support in K. This proves the claim.

Let f € CY(U,R). To define T(f), we use Corollary 3.2.13 or its classical analogue to
get a sequence (fp)nen in Ag’O(U, R) which converges to f. It follows from the proof of
that corollary as well as from Proposition 3.2.6 that we can find a compact subset K of
U such that f, € A%O(U, R) for all n € N. The sequence (f,)nen converges to f with
respect to the sup-norm on K. By the continuity of 7' shown above, it is clear that T'(f,)
converges to a real number. The limit T'(f) neither depends on the choice of the sequence
nor on the choice of K. Note also that if f > 0, then xx - (fn + || fn — fllsup) IS @ sequence

in Cgupp(XK)(U, R>o) converging to f with respect to the sup-norm. We conclude easily

that the above defines a positive linear functional T' on CO(U,R) which extends the given
functional. This is equivalent to have a positive Radon measure g on U with T'(f) = fU fdu
for every f € CO(U,R).

Note that uniqueness is obvious as a positive linear functional on C2(U, R) is continuous
on C%(U,R) (by the same argument as above) and so our definition of T'(f) is forced. [
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We can now prove that positive (n,n)-currents on open subsets of X&" or Ny, are the
same as positive Radon measures.

Proposition 5.1.16. Let U be either an open subset of X&' or of Nx.. For every positive
current T € D™™(U), there is a unique positive Radon measure u on U such that

(5.6) T(f) = /U Fdu vfe A,

Conversely, every positive Radon measure i on U induces a current T € D" (U) by (5.6).

Proof. If T is a positive current in D™™(U), then it is a positive linear functional on AY%(U).
Hence the first claim follows from Proposition 5.1.15. Conversely, we have seen in Example
3.2.11 that every real Radon measure p induces an element 7' € D™"(U) with (5.6). Clearly,
if p is positive, then T is positive as well. O

The following result is a prototype for our main correspondence result in Theorem 7.1.5.

Corollary 5.1.17. Let U be an open subset of Ny, and let V = trop~*(U). Then the map
trop, induces a linear isomorphism D""™(V)S — D™"(U)4 of real cones.

Proof. Since Ny, = X&"/S (see Remark 3.1.3), it is clear that trop* induces an isomorphism
between CY(U,R) and the subspace of C2(V,R) given by the S-invariant functions. Hence
trop, maps the cone of S-invariant positive Radon measures on V' isomorphically onto the
cone of positive Radon measures on U. By Proposition 5.1.16, we get the claim. O

5.2. Co-coefficients of currents. To extend Proposition 5.1.15 to (p,p)-currents, we
place ourselves in the local setting. We assume in this subsection that N = Z™ and that X
is the fan given by the maximal cone R%; and its faces in Ng = R". Then Ny = R7 and
Xy is the smooth toric variety Ag. Recall that any smooth toric variety can be covered
by toric affine varieties isomorphic to open subvarieties of this one. The splitting N = Z"
induces coordinates (z1,...,2,) in X& and (u1,...,u,) in Ng.

Definition 5.2.1. Let V' C X" = C" be an open subset and let S € DPP(V), write
gi=n—pandlet I,J C {l,...,n} with |I| = |J| = ¢. Then the co-coefficient S’ of S is
the distribution on V' defined by

ST (f) = ST fdzr A dzy).

For I C {1,...,n}, we consider the following union of strata
E":=| J{u; = 00} C Ny =RL.
el

Definition 5.2.2. Let U C Ny = R be open and T' € DPP(U). Let g, I,J be as above.
Then the co-coefficient T'” is the Lagerberg distribution on U \ E™Y/ defined by

a(q

T (f) = T((=1) " fdug A d'uy).

Remark 5.2.3. Note that we define 77/ € D™™(U \ E'Y/) because, by definition of
Lagerberg forms, we can only plug in functions that vanish in a neighborhood of E1Y/.

Remark 5.2.4. Conversely, given S/ € D™™(V) for all I, J C {1,...,n} with |I| = |J| =
q = n — p, there is a unique complex current S € DPP(V) with co-coefficients S77.

Similarly, one can show that given 77/ € D"*(U \ E'Y) for all I,J C {1,...,n} with
|I| = |J| = ¢ = n — p, there is a unique T' € DPP(U) with co-coefficients 7.

Positive currents have measure co-coefficients, instead of just distribution co-coefficients.
The complex case is given by [Dem12, Proposition III.1.14]:
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Proposition 5.2.5. Let V C X&" = C" and S € DPP(V) be a weakly positive current.

Then the co-coefficients S'7 are complex Radon measures on V that satisfy S17 = S'1 for
all multi-indices I, J with |I| = |J| = q. Moreover, all S'! are positive Radon measures and
the total variation measures |ST7| satisfy the estimates

(5.7) AT <293 A3 SMM InJCcMcIul,
M

for any collection of real numbers \j, >0, k=1,...,n, and A\ = [[,.c; A&

We have seen in Example 2.3.6 that in the tropical case it is reasonable to restrict our
attention to positive Lagerberg forms and hence to positive Lagerberg currents, as opposed
to weakly positive currents.

Proposition 5.2.6. Let U C Ny, = R be an open subset and T € DPP(U) a positive
current. Then the co-coefficients T’ are real Radon measures on U \ E™ that satisfy
T =TT for all multi-indices I, J with |I| = |J| = q. Moreover, all T* are positive
Radon measures and the total variation measures |T!7| satisfy the estimates

1
(5.8) AT | < 5(A%T” + 223177,
for any pair of real numbers Ay, Ay > 0.

Proof. By definition, Lagerberg currents are real valued. The condition

(5.9) 77 =11
follows from the symmetry of T'. For every f € AQ’O(U \ E™Y), we have
(5.10) (V1IN =T (f ()T (dug A+ dug Ad"ur))

(a=1) . .
Moreover (—1)" 2 (d'us A d"uy + d'uy A d’us) can be written as the difference of two

positive Lagerberg forms

q(q—1) a(g—1)

(=) 2 (dur Ad"ug +dug ANd"ur) = (=1)" 2 (dur +duy) A (d"u; + d"uy)

a(g—1)

(5.11) — (—1) 2 (d’uI A d"uI + d,UJ A d,/'LLJ).

Since the product of a positive Lagerberg current by a positive Lagerberg form is a positive
Lagerberg current by Remark 2.2.2, we deduce from equations (5.10), (5.11) and from
Proposition 5.1.15 that T/ + T is a real Radon measure on U \ E'Y/. From equation
(5.9), it follows that T is also a real Radon measure on U \ E/Y/. In the special case
I = J, there is no need for (5.11) and we can directly deduce from the definition of the
co-coefficient T or from (5.10) that 7!/ is a positive Radon measure on U \ E'.

Note that for every positive continuous function with compact support contained in
U\ E'Y/ and for every pair of non-negative real numbers A7, Ay, we have the inequalities

a(g—1)

T (f (=) T O\ rdur £ Agdug) A (Ard"ur + AJd”uJ)) > 0.

Expanding and using equation (5.9), we deduce
2NN () < NTHL(F) + 2370 (f),
from which equation (5.8) follows. O

Observe that (5.8) is stronger than (5.7). This is because in Proposition 5.2.6 we are
dealing with positive currents while Proposition 5.2.5 deals with weakly positive currents.
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Example 5.2.7. We show that there can be no analogue of Proposition 5.2.6 for weakly
positive Lagerberg currents.

Example 2.3.6 gives a non-zero Lagerberg form w of type (2,2) on R* such that +w are
both weakly positive. In fact w was constructed such that w A7 = 0 for each strongly
positive Lagerberg form 7 of type (2,2). By definition, the associated Lagerberg currents
+[w] are weakly positive. We compute the co-coefficients of T' = [w]. For I = {3,4},
J={1,2} and f € C°(Nr), we have

T(f) =T (f) = =T (fd'uz Ad'ug A d"uy A d"uz) = /R4 f(w)duydugduzduy

by using the formula for w in Example 2.3.6. We conclude that 77! = T/ is the Lebesgue
measure on R? and the same holds for I = {2,3} and J = {1,4}. On the other hand, for
I ={2,4}, J = {1,3}, we have that —T”/! = —T!7 agrees with the Lebesgue measure on
R*. All other co-coefficients are 0. In particular, for all M C {1,2, 3,4} with two elements,
we have TMM = 0. We conclude that no estimate of the form (5.8) or (5.7) holds.

In Example 5.2.7, all co-coefficients were positive or negative Radon measures on R*.

Example 5.2.8. We construct from w in Example 2.3.6 a weakly positive Lagerberg current
T whose co-coefficients are not all Radon measures.

Since w A a = 0 for all strongly positive forms «, we have that w A T” is weakly positive
for every symmetric current 7" of type (0,0). This already shows that it is very unlikely
that every weakly positive current has measure coefficients. Indeed, one may check that for
the Lagerberg currents

of

T AMRY — R, T'(fdur Ad"uy A ... Ad'ug A d"uy) = a—(o, 0,0,0)
U

and T'= w A T', and the sets I = {3,4} and J = {1, 2}, we have

of
T (f) = +=(0,0,0,0).
() = 5:-(0,0,0,0
It is well-known that uniform convergence does not imply convergence of derivatives. There-

fore the co-coefficient T!7 is not a Radon measure.

6. TROPICALIZATION OF POSITIVE CURRENTS

We consider a smooth fan 3 in Ng with associated complex toric variety Xy, and cor-
responding tropicalization Nyx. In this section, we will describe precisely which positive
Lagerberg currents are in the image of positive complex currents with respect to trop,. To
this end, in the first subsection, we will introduce a canonical decomposition of positive cur-
rents in the complex and in the Lagerberg case and use it to give the desired characterization
in the second subsection.

6.1. Decomposition of positive currents along the strata. In this subsection, we give
a canonical decomposition of a positive current along the boundary strata. As usual, we
handle the complex and the tropical case simultaneously. For simplicity, we will often give
the arguments only in the case of Lagerberg currents as the complex case is completely
similar and even easier as the exceptional sets E! for co-coefficients do not occur (see
Subsection 5.2). At the end of the subsection, we will study functoriality of the canonical
decomposition with respect to trop,.

Remark 6.1.1. Recall that the torus action of T yields stratifications of the toric variety
Xy =[] O(o) and X& =] O(0)™

oEX ocED
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into locally closed subsets given by the orbits O(o). Similarly, we have the stratification

Ny = [ N(o)
oeY
given in Definition 3.1.1. Note that the stratification of Ny, induces the one of X{" by
O(o)™ = trop ! (N (o)) for any o € . For an open subset V of X2 and an open subset
U of Ny, we get induced stratifications

V=][VNnO()™ and U= []UNN().

ceY oEX

For any p € X, the open subset [[,_ O(v) of Xy is the affine toric variety associated with

v<p
p and its tropicalization J[,_, N(v) is open in Ny. This gives rise to the open subsets

V, = H Vo)™ and U, = H UNN(v)

v<p v<p

of V and U, respectively. For varying p € 3, these open subsets cover V' (resp. U).

Definition 6.1.2. Since ¥ is smooth, a given cone p in 3 is generated by part of a Z-basis
bi,...,b, of N. Using the corresponding coordinates, we may view V, (resp. U,) as an
open subset of C" (resp. RZ ). We call such an identification of V), (resp. U,) with an
open subset of C" (resp. RY) a choice of toric coordinates on V, (resp. U,). We usually
denote the corresponding complex coordinates by z1, ..., z, and the corresponding tropical
coordinates by uq, ..., uy,.

Note that for a current 7" of bidegree (p, q) on V' (resp. U), the choice of toric coordinates
on V, (resp. U,) leads to well-defined co-coefficients (T'|y, )’ (resp. (T|y,)"”) for all I,.J C
{1,...,n} with |I| = |J| = ¢ = n — p. Recall that, if T" is positive, then in the complex case
the co-coefficient (T'|y,)’” is a Radon measure on the open set V, while in the Lagerberg
case (T|y,)!” is a Radon measure on the open set U, \ E/Y (see §5.2). This allows us to
define the notion of a null set of a positive current.

Definition 6.1.3. Let U be an open subset of X&" (resp. Ny;). We say that T € DPP(U)
has measure co-coefficients if for every p € 3 and some choice of toric coordinates on U,
the co-coefficients 777 are complex (resp. real) Radon measures on U, (resp. on U, \ ETY7).

Let T € DPP(U) have measure co-coefficients and let A be a Borel subset of U. We say
that A is a null set for T if, for all p € ¥ and some choice of toric coordinates on U,, the
set ANU, (resp. ANU,\ E™7) is a null set of the total variation measure |(T|y,)"”|
(resp. ‘(T]Up)”}) forall I,J C {1,...,n} with [I| =n —p.

Using change of variables, it is easy to see that the conditions in Definition 6.1.3 do not
depend on the choice of toric coordinates.

Lemma 6.1.4. Let U be open in X" (resp. in Nx;) and let A C U be closed in U. Then
there is an increasing sequence of smooth functions ¥y > 0 in Ag’O(U \ A) which converges
pointwise to the characteristic function of U \ A.
For any o € ALY(U), the forms oy = Ypa € ALY U) have compact support in U \ A. If
« s a positive form, then oy and o — oy, are both positive.
For every T € D""P"=9(U) with measure co-coefficients, we have:
(a) if Ais a null set for T, then limg_oo T'(ax) = T();
(b) if U\ A is a null set for T, then limg_,o T (ay) = 0.

Proof. Let o € AP?(U) with support contained in the compact subset K of U. Since U is
a metric space and since AN K is compact, there is a strictly decreasing sequence (Wy)ken
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of relatively compact open subsets of U with

ﬂ Wi,=ANK and WoDODWi DWWy DWyD---

keN
Now a partition of unity (see Proposition 3.2.12 for the Lagerberg case) gives the existence
of a function ¢y, € Ag’o(Wk) with 0 < ¢ < 1 and ¢ = 1 on Wy for every k € N. We note
that the ¢ form a decreasing sequence of smooth functions with compact support which
converges pointwise to the characteristic function of AN K. For the sequence ¢y == 1 — ¥,
we get the first claim. Evaluating T'() in terms of the co-coefficients 77 and using that
the latter are Radon measures, we deduce (a) and (b) from the monotone convergence
theorem. If « is positive, then every aj = o and every a — ag = pra is positive. [l

Remark 6.1.5. In the complex case of Lemma 6.1.4, if A is S-invariant, then we can choose
the smooth functions ¢y to be S-invariant. Indeed, this follows easily from Lemma 6.1.4 by
averaging the 1 with respect to the Haar probability measure on S.

The decomposition theorem is the following result.

Theorem 6.1.6. Let U be an open subset of X& (resp. of Nx;) and let T be a positive
current in DPP(U). Then there is a unique decomposition

(6.1) T=)>) 1,

ocEX
such that, for every o € X, the following two conditions are satisfied
(i) T, € DPP(U) is positive;
(ii) the set U\ O(o) (resp. U\ N(0)) is a null set for T,.
Moreover, the support of the current T, is contained in V N O(c)™ (resp. U N N(o)).

We call (6.1) the canonical decomposition of the positive current 7'

Proof. We write the proof only in the Lagerberg case as the complex case is analogous. The
statement about the support is a direct consequence of statement (i) so we only need to
prove the existence and uniqueness of the decomposition.

Using a partition of unity provided by Proposition 3.2.12, the existence of such decom-
position can be checked locally. Moreover, since currents form a sheaf, the unicity can also
be checked locally. Therefore we choose a cone p € ¥ and replace U by U,. We also make
a choice of toric coordinates, so we can assume from now on that U C R7.

For each pair of subsets I, J with |I| = |J| = p we write

T =TI Tl
with T4/ the positive and the negative part of the Radon measure 77/. We denote by ul’
the corresponding Borel measures. For any o € X, let us consider the immersion

J.UNN(e)\E"Y — U\ EY.

We define a new Borel measure s}/ '» on U\ BV by first restricting pl/ to the locally

closed subset U N N (o) \ E/Y/ and then using the image measure with respect to i./. Since
the sets N (o) form a stratification of Ny, we get the decomposition

(6.2) pi ="l

oex
of Borel measures. It follows that /ﬂi‘] ., < pl?. Note that in our setting, the Radon measures
correspond to locally finite Borel measures (see Appendix A). We conclude that ul” - 1sa
locally finite Borel measure and hence we get a real Radon measure 7./ on U \ E™Y/

corresponding to ui‘] o, — pk J »- By Remark 5.2.4, we obtain a unique current 7, € DPP(U)
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with co-coefficients T/, Note that T, has measure co-coefficients. By construction, the set
U\ (E™7 U N(0)) is a null set with respect to the Borel measure p/”, + ul_{a associated
to the total variation measure |T;|. The decomposition T' = Y T, follows from (6.2). It
remains to show uniqueness and property (7).

We prove uniqueness of T, in the decomposition (6.1) by induction with respect to the
partial ordering < on X. We take o € ¥ and we suppose that uniqueness of T, is known
for all 7 # o with 7 < 0. Recall from Remark 6.1.1 that U, is an open subset of U and
that A, == U \ U, is the closed subset of U given by the disjoint union of all N(7) N U
with 7 € ¥ not a face of 0. For a € A P""P(U), Lemma 6.1.4 gives a sequence (oy)ren

in A¢”P"P(U) with
lim T (ag) = Tr ()
k—o0
for 7 < o and
lim T} (ay) = 0
k—o0
for all 7 € ¥ which are not faces of 0. Now the decomposition (1.6) gives

lim T(ag) = ZTT(oa)

k—o0
T<0

and uniqueness of T, follows from our induction hypotheses.
For the positivity (i), we prove first that the current

is positive. For this let now A = A, U (N (o) NU) be the union of all N(7) N U with 7
ranging over all cones of ¥ which are not proper faces of o. Clearly, A/ is also a closed
subset of U. Let o/ € Az"P"7P(U) be positive. Then Lemma 6.1.4 gives a sequence (o, )ken
in A¢"P"7P(U) with both o), and o/ — o}, positive. Using the properties (a) and (b) of the
sequence from Lemma 6.1.4, the same argument as before shows that

lim T(o}) = > Tr(d)

k—o0
T<0,T#0

and hence

Ti () = lim T(a/ — ap,).

k—o0

Since T and all o/ — aj, are positive, we deduce that T is positive.
To prove that T, is positive, we consider again the closed subset A,. Let a € Az P P(U)
be positive. By Lemma 6.1.4, there is a positive sequence (o )ren in Ae 7" P(U) such that

lim T,(ax) = Ty (@) and lim T (o) =0
k—o0 k—o0

for all 7 € ¥ which are not faces of . We conclude that

lim 77 (ag) = Ty().

k—o00

Using that T/ (ay) > 0 by the positivity of T, and ay, we deduce that T, is positive. (I

In the complex case, we will show next that the canonical current 7T, from the canonical
-, an
decomposition (6.1) is not always the push-forward of a current on V N O(o)"
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Example 6.1.7. Let us consider V = X3&" = C? where ¥ is the fan whose maximal cone
is the positive quadrant in R? and let T € DV1(C?) be given by

T<Z apridzy N dzl> = 04171(0, 1).
k,l
Using that the coefficients ag of a positive (1, 1)-form are non-negative, we see that T is
a positive current. We conclude that T' = T, for the cone o generated by (1,0). Note
that the push-forward S of a current on the stratum closure O(0)" = {#1 = 0} can only
have a non-zero co-coefficient S?2. Since all the co-coefficients of T are zero except T
which is given by the Dirac measure d(; o) in the point (1,0), we conclude that T}, is not

the push-forward of a current on O(g)

Note that the analogue of Example 6.1.7 in the Lagerberg case gives no counterexample
as T is zero in this case since the point (0o, 0) belongs to E1}. This is explained by the
following result.

Proposition 6.1.8. Let U be an open subset of X&" (resp. Nx;). Let T be a positive current
of bidegree (p,p) on U with canonical decomposition T =3  s.T,. Let us fir o € X.

(a) If U C X", then the complex current T, is the push-forward of a positive current

onUN O(U)aLn if and only if for all p € X and all choices of toric coordinates on U,
the co-coefficients TL/ are zero whenever O(c) C E1Y7.

(b) If U C Ny, then there is a positive Lagerberg current on U N N (o) whose image on
U isT,.

We will see in the proof below that in the Lagerberg case, the necessary and sufficient
condition in (a) is always satisfied which is the reason for (b) to be true.

Proof. We first deal with the complex case (a). Suppose that there is a current S on U
such that ¢,(S) = T, for the closed immersion ¢ of U N O(o)  into U. Let p € ¥ and let
us fix toric coordinates on U, such that we may view U, as an open subset of C". Suppose
that N (o) C ETY/. This means that there is k € I U.J such that the coordinate z;, vanishes
on O(c). Hence the restrictions of dzy,dZy to O(c) are zero. This implies that T/ = 0
using the definition of co-coefficients and ¢, (S) = Ty

Conversely, assume that for any p € ¥ and any choice of toric coordinates on U,, we
have !/ = 0 on U, whenever N(c) C E'Y/. The coordinates z of O(c) are precisely
those such that z; # 0 on O(o). We conclude that the co-coefficients of a current S on
U, NO(c)™" can be labeled as ST/ with I, J C {1,...,n} such that |I| = |J| = p and such
that N (o) is not contained in E/Y/. To construct such a current S with ¢,(S) = T, we
define its co-coefficients on U, N man by

SY(f) =1,7(9)

where f is any smooth function with compact support in U, N O(U)Bm and where g is any
extension to a smooth function with compact support in U,. It follows from Theorem 6.1.6

that the co-coefficients of T, depend only on the restriction to U, N O(a)an. Hence the
definition of S’7 depends only on f and not on the choice of the extension g. By Remark

5.2.4, there is a unique current S, on U, N O(a)an with co-coefficients S?/. By definition,
T!7 is the push-forward of S/, This shows that T,|y, is the push-forward of S, with

respect to the closed immersion of U, N O(o)™ into Up,. 1t follows that the currents S, on
the open covering U, of U glue to a current S on U with ¢.(S) = T,. Since T, is positive

and since we can extend compactly supported positive forms on U N N (o) to compactly
supported positive forms U, it is clear that also S is positive. This proves (a).
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In the case of a positive Lagerberg current on U, we note that Theorem 6.1.6 says

that the support of T}, is contained in U N N(o). For any p € ¥ and any choice of toric
coordinates on U, the co-coefficient T, g‘] on U, \ ETY7 has support contained in supp(7y).
If I, J satisfy N(o) C E™Y/ then the support of the restriction of T, to U, is contained in

U,NN(c) ¢ E™Y and hence T/ = 0 on U,\ E'Y/. We conclude that the crucial condition
in (a) is always satisfied in the Lagerberg case and an easy adaption of the argument of (a)
to the Lagerberg case gives a positive Lagerberg current S on U N N (o) whose image in U
is T,, proving (b). O

Lemma 6.1.9. Let U be an open subset of R and V := trop }(U) C C". We consider
S € DPP(V)SE and T = trop,(S). Let I,J C {1,...,n} with |I| = |J| =q:=n—p.

(i) For any f € A2°(U\ EIY7), we have
(6.3) T (f) = W*qQ*ZqSIJ(z*IZ*Jtrop*(f)).

(ii) Assume that the current S is positive. Then T is positive as well and the total
variation measures |S™’| and |T*’| of the Radon measures ST/ and T17 satisfy

(6.4) |51 (trop*(g)) = n92%| 71| (H e H e_“jg>
i€l JjeJ
for each g € A’ (U \ ET97).
Proof. Recall from Lemma 5.1.5 that T'€ DPP(U). To prove (i), we use (4.5) to get

a(q

T (f) =T((-1) . Fdur Ad'uy) = S99 trop* (fdur A d'uy))

=S <z’q27rq trop*(f)

dzy 19dzy
21" 29z

) = 7179272481 (=1 77T trop*(f)).

To prove (i), we recall from Proposition 5.1.13 that T is positive if S is positive. Now
equation (6.4) follows from (6.3) by using |22/ = [];c; e [Ljcse ™. O

The following result shows compatibility of the tropicalization map with the canonical
decomposition of positive currents from Theorem 6.1.6.

Proposition 6.1.10. Let U be an open subset of Ny, and V = trop™*(U). If S =Y o5 Sy
is the canonical decomposition of the positive current S € DPP(V)SE  then trop,(S) is a
positive Lagerberg current on U with canonical decomposition

(6.5) trop, (S) = Ztrop*(sg).

ceY

Proof. We first observe that with S each summand S, is again S- and F-invariant by the
uniqueness property of the canonical decomposition. To prove (6.5), we may argue locally
on the base and so we may assume that U = U, and V' = V,, for some p € ¥. We choose toric
coordinates to view U as an open subset of R, and V' as an open subset of C". We write
T := trop,(S) and denote by T'= > T, its canonical decomposition. We pick o € ¥ and
we may assume S = S,. Then we have to show that T = T,,. By our characterization of the
canonical decomposition in Theorem 6.1.6, it is equivalent to show that U \ (N (o) U ETY7)
are null sets with respect to the Radon measures |T?7|. We note that trop~ (N (o)) = O(0)
and that V \ O(o) is a null set with respect to the Radon measure S’/ using S = S, and
Theorem 6.1.6. Then (6.4) yields that U \ (N () U ETY/) is a null set with respect to |T7/|
proving (6.5). O
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6.2. Positive Lagerberg currents and local mass. Equation (6.4) gives a necessary
condition for a positive Lagerberg current to be the image of an S- and F-invariant positive
complex current. In fact, it naturally leads to the following definition which turns out to
be also a sufficient condition.

Definition 6.2.1. Let U be an open subset of Ny and let 7' € DPP(U) be a positive
Lagerberg current. We say that T has C-finite local mass if for all p € ¥ and some choice
of toric coordinates u1,...,u, on U, as in Remark 6.1.2, the corresponding co-coefficients
T'7, which may be seen as real Radon measures on U, \ E'Y/ with total variation measures
|T17|, satisfy the condition that the Borel measures given as the image measures

jé”’(’T”’He‘“i H)

i€l jeJ
with respect to the open immersion jFI)J: Up\ EY U, are locally finite on U,.

Clearly, the above definition of C-finite local mass does not depend on the choice of toric
coordinates on U,. Note that a Borel measure is locally finite on U, if and only if it is a
Radon measure on U, (see Appendix A).

Proposition 6.2.2. Let U C Nx;, be an open subset and V = trop=*(U). Let T € DPP(U)
be a positive Lagerberg current, then there exists a positive complex current S € DPP (V)S’F
such that trop,(S) =T if and only if T has C-finite local mass.

Proof. Suppose that S € DPP(V)SF is a positive current and let T' = trop,(S). We will
prove that 7" has C-finite local mass. Indeed, it follows from (6.4) that we have the identity

trop(|ST7|) = m92% H e H e ||
i€l jeJ
of positive measures on U, p\EI Y for any p € ¥ and any choice of toric coordinates u1, . . . , up
on U,. Passing to image measures with respect to the open immersion jg‘]: Up\EIUJ - U,
and using that trop(|S?7]) is a Borel measure on U,, we deduce that

trop(|ST7]) > 7T_q22qj£°] (H e H e |TU]> > 0.
i€l =Y

By Proposition 5.2.5, the Borel measure |S?/| is locally finite on V, and hence the Borel
measure trop(|S?7|) is locally finite on U,. We deduce that 7" has C-finite local mass.

Conversely, let T be a positive Lagerberg current in DPP(U) with C-finite local mass. We
consider the canonical decomposition 7' =} s, To from Theorem 6.1.6. First, we assume
that 7" = T}y for the minimal cone {0} € ¥. By assumption, the co-coefficients are Radon
measures 777 on U, \ E'Y/ such that the positive Borel measures

F )

icl jeJ
are locally finite on U, for every p € ¥. By Remark 5.1.6, there is a unique current
R € DPP(V N T*)5F with trop,(R) = T|n,. Since T is positive, it follows from Lemma
5.1.14 that R is a positive current. It follows from Proposition 5.2.5 that the co-coefficients
R!7 of R are complex Radon measures on VNT?". Using (6.4), we get the following identity

of Borel measures
trop(|R|) =792 [[ e [[ e IT"|
el jeJ
on U N Ng. Using that T has C-finite local mass, we know that the image measure of
the right hand side with respect to the open immersion j,: U N Ng — U, is a locally
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finite Borel measure on U,. We conclude that the image measure of |RT7| with respect
to the open immersion j;: V NT* — V, is a locally finite Borel measure on V, by using

jo o trop = tropoj’, on V N T*. Hence the Radon measure R’ admits an image Radon
measure j;(RI 7Y which is a complex Radon measure on V,. By Remark 5.2.4 and Example

3.2.11, there is a unique current in S € DPP(V,) with co-coefficients 5’7 induced by j;)(RI 7.
Since the restriction of the co-coefficients S’” to the dense stratum V NT?" is R, it follows
also from Remark 5.2.4 that S|yaran = R. By construction, the boundary V,,\ Ng is a null
set with respect to each Radon measure j;)(RU). By Lemma 6.1.4 and Remark 6.1.5,
there is an increasing sequence by, > 0 in AYO(V \ Nr)S which converges pointwise to the
characteristic function of V' \ Ng such that for any a € A?9(V,) we have

(6.6) klim S(a) = klim S(Yra) = klim R(¢rav).

It follows that the currents S, defined a priori only on V), for any p € X, do not depend
on the choice of toric coordinates on V, and hence agree on overlappings of the covering
(V) pex. They define a current on V' which we also denote by S. If « is positive, then ¢,
is also positive. By positivity of R and by (6.6), the current S is also positive. Since both
Y and R are invariant with respect to S and F, we deduce from (6.6) that S € DPP(V)SF,

We have to check trop,(S) = T. Using j, o trop = tropoj, on V N T?", we have the
following identities

trop(n 92720271277 8§17y = trop(j! (7927242717 R1Y)) = j, (trop(n 92724~ 1 =/ R1/))
of Radon measures on U,. By (6.3), we deduce the identity of Radon measures
(trop,(8)) = trop(n 92729271777 817y = j, (trop(n 927242 1z7 I RI7))
on U, \ BV, Since trop,(R) =T on U N Ng, we deduce again from (6.3)
(tr0p. ()" = jo (trop(2~2>~ 15~ RI)) =TI

on U, \ ETY7 where in the last step we have used our assumption 7' = Typy. Then Remark
5.2.4 proves that trop,(S) =T.

Now we skip the assumption 7" = Ty from above and consider any positive current 7’
with canonical decomposition 7' = ) s T from Theorem 6.1.6. By Proposition 6.1.8, for
every o € ¥, there is a positive Lagerberg current P, on U NN (o) such that T, = (1)« (Fs)
for the closed immersion ¢,: U N N(o) — U. Now we apply the above case to the current
P, and to the open subset V ﬂ@an of the toric variety O(c). We conclude that there is
a positive current (), on V' N Wam such that trop,(Q,) = P,. For the closed immersion
L vn O(U)an — V, we have the obvious relation tropot, = i, o trop. Now we set
S = (11,)«(Q,) which is a positive current on V. Then we get

trop,(Sy) = trop, ((15)«(Q0)) = (o) (trop,(Qq)) = (to)«(Ps) = T
Then S =3 .5 S, is a positive current on V satisfying trop,(S) = 7. O

Next we give an example of a positive Lagerberg current 7' such that T' = trop,(S) for
some complex current S, but for which no such S is positive.

Example 6.2.3. We consider the one-dimensional situation with N = Z, Ny = R, and
X5, = Al. Write U C Ny, given by U = {u € Ry | u > 0} and V = trop }(U) = {z € C |
2z < 1}. Let T € D%°(U) be the current

T(gd'u A d"u) = / g(x)e* dx.
0
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Since the function 1 = e?*¢~2% does not have locally finite mass around oo, this current is

not of the form trop,(S) for a positive current S in V. Nevertheless T is in the image of
trop,. Indeed, let S € D%°(U) be the current given by

f(0)

S(fdz Adz) = /V f(z)z_zdz A dz.

Clearly this current is not weakly positive. Let now gd'u A d’u be a Lagerberg form on U.
Then g(u) = 0 for v > 0 and hence

o A dE
trop, S(gd'u A d"u) = S(trop*(g9d'u A d"u)) = S <g(_10g‘z|)l4ir/;zz>
L[ g(-logle). . _ [ rdr [ ey
:77/\/4(22’)2Zd2/\dz :/0 g(—log?‘)r4=/1 g(z)e™da.

This shows T' = trop, S.

7. THE CORRESPONDENCE THEOREM FOR CLOSED POSITIVE CURRENTS

In this section, we consider a smooth fan ¥ with associated toric variety Xy and par-
tial compactification Ny. After considering positivity of currents in the previous sections,
we add here the additional condition that the currents are closed. Recall that a com-
plex (p,p)-current T (resp. a Lagerberg (p, p)-current S) is called closed if 0T = 0T = 0
(resp. d'S = d’S = 0). In the first subsection, we show our main theorem. It states
that the tropicalization map induces a bijective correspondence between S- and F-invariant
closed positive currents on Xy and closed positive Lagerberg currents on Ny. In the sec-
ond subsection, we derive from our main theorem a tropical version of the Skoda—El Mir
theorem.

7.1. Closed positive invariant currents. For M C M’ C {1,...,n}, we consider the
inclusions RM R%, C R%, obtained by adding zero at the missing components. For
v E Rgfo, we consider the parallelepiped

P(v) ::{UGRM\OSWSWWEM}.

Lemma 7.1.1. Let T be a closed current in D’fr’p(U) for an open subset U of RY,. Fix
M c{1,...,n} with |M|=n —p and with complement M¢. Fiz also a compact subset K
of U, and a function x € C(RM"). Then there is a constant C € R>q such that for all
f € C@RM), and for all v € RY) such that (supp(f) + P(v)) x supp(x) C K, we have

’T(f(uM)X(uMc)d'uM Ad"upng) = T(f (upr — v)x(unre)dups A d"uM)’ < C ol - ([ fllsup-

Proof. Let (e1,...,e,) denote the standard basis of R™ and write v = ., t;e;. Using a
telescope argument, one easily reduces to the case where v = te; for some fixed i € M. For
a given t € [0,v;], we consider the auxiliary function

.M _ ‘ N _ ) — ° .
g: RY — R, gi(un) = fluns + sei) — fun + (s —t)ei)ds = [ flun + seq)ds.
o —t

From (supp(f) + P(te;)) x supp(x) C K, we get

g¢

aTLi(U) = flunm) — fup — tey).

(7.1)  supp(g:) x supp(x) C K, ||g¢llsup < ]| fllsups
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We put M’ = M \ {i} and obtain

0
d'(ge(unr) x(unge)dunp A d'upr) = > gt(UM)%X
jeMc J

+ (f(uM) - f(uM - tei))x(uMc)d’ui A d'uM/ A d”uM.

(upre)d'uj A dupp A d"upg

Since g; has compact support in RM and, by (7.1) g:(uas)x(uare) has compact support in
U, we deduce that

gi(upr)x (upge)dupp A d'upy € AVTPTERTP(L),
Hence, since T is closed, we have
T(d’(gt(uM)X(uMc)d/uM/ A d”uM)) =0.
Therefore, using that 7" has measure co-coefficients (see Proposition 5.2.6), we get
e 0
’T((f(uM) — flunr —te))x(upse)dups A d”uMH < Z }TM U{j}’M} <'(%X(UMC)Qt(UM)‘>
J

jeMe

! - 8
< Z ‘TM U{J},M’ < B%;(UMC)
JjeEM®

) 9tlloup < C -t 1 llup

for some constant C. |

Proposition 7.1.2. Let U C Ny, be an open subset and T € DPP(U). If T is positive and
closed, then it has C-finite local mass.

Proof. The question is local and so we may assume that U is an open subset of R7.

If p = n, then the only co-coefficient of T"is T%? which is a positive Radon measure on
all of U by Proposition 5.2.6. Hence T" has C-finite local mass.

Now assume that p < n. We want to prove that 7" has C-finite local mass around v € U.
We will check the relevant condition in Definition (6.2.1) first for the co-coefficients TMM.
For notational simplicity, we assume M = {1,...,n — p} and u = (o0,...,00) which is
no real restriction of generality as finite components are easier to handle. We choose a
compact neighborhood K of uw. There is R € N>; such that [R — 1,00]" C K. There is a
C°-function f on RM with the properties:

(i) 0< f<1;

(ii) f =1 on the unit cube [R, R + 1]M;

. 1 3\M
(iii) f has compact support in the open cube (R — 3, R+ 5)".

We choose x € C*(RY") with compact support in (R — %, 00]M" such that 0 < x < 1 and

x =1on [R,00]M*. For n € NM we consider the positive Lagerberg form

(n—p)(n—p—1)
2

ann = (—1) X (upse) f(upr — n)d'ups A d"upy.

Lemma 7.1.1 implies that
T(onrp) = T(onro) + O([nl)-
For any € > 0, we prove now that the positive measure

T ]
2+42¢
iem Wi
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has finite mass in the region S = [R,00)™ x [R,c0]M°. We have

<TMM I1 u;) (1s) < > (H n21+2) T(arn)

€M ne(Nsq)M \ieM
1
= Z (H n2+25) O(HQH)
n€(Nx)M \ieM

< o) Z H 1+25 < 0.

ne(Nxq )M iem "

For I,J C {1,...,n} with |I| = |J| = n — p, equation (5.8) yields

] e+
1+s 2+25 2+2€

zel jeJ J zEI jeJ J

in the region [R, 00)!Y x [R, 00]IY)). Therefore the left hand side has finite mass in this
region. Finally, using that e~" decreases faster than «~'~¢, we deduce that T has C-finite
local mass. O

N

Proposition 7.1.3. Let U C Ny be an open subset and V = trop~'(U). Let T',T" €
DPP(VSE be positive and closed currents. If trop, (T") = trop,(T"), then T' = T".

Proof. This can be proved locally on Ny;. Hence we may assume that ¥ is a fan containing
a single maximal dimensional cone with all its faces, so that Ny = R72 as in Definition
6.1.2. Then the cones of ¥ are given by the faces

oy ={u € RL | up =0VYm ¢ M}
of R”, where M is ranging over all subsets of {1,...,n}. We have the corresponding strata
Sm 2:O(O'M)anﬂvz{(21,...,zn) eV | Zi:0<:>i€M}

of V. We consider now the canonical decompositions of 77 and 7" from Theorem 6.1.6:

=y 1, 1T"=> T
DN oEX

For M C {1,...,n} and 0 := op € X, we recall that T and T are S-invariant, positive
currents with support contained in the closure Sy; of the stratum Sy;. The co-coefficients
of the current T, := T, — T/ are obtained by first restricting the co-coeflicient measures of
T : =T —T" to Sy and then by extending these measures by zero to V.

We claim that all currents T,,, 77, and T are closed. It is clear that 7" agrees with Tfo}
on the dense stratum V N'T?"* and hence T’ EO}]VQTan is a closed positive current on V N T?",

By the Skoda—El Mir Theorem [Dem12, Theorem I11.2.3] and using that the co-coefficients
of T} {0} are Radon measures on V, it follows that T{lo} is closed on V. Using induction on
codim(o), we can prove similarly that T is closed for any o € ¥. The same arguments
show that T is closed. Then T, is closed as well.

From Proposition 6.1.10, we get the equality of canonical decompositions

Z trop, (1) = trop,(T") = trop,(T") = Z trop, (TY)
oeY oeY
which implies trop, (7,) = 0 for all o € X.
To prove the proposition, it is enough to show for each ¢ = oy € X that T, is zero ,
or equivalently that all co-coefficients T/ are zero for all subsets I,.J C {1,...,n} with
lI| = |J| = n — p (see Remark 5.2.4). We prove this by induction on the cardinality
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of M N (IUJ). For the initial step, we consider subsets M,I,J C {1,...,n} such that
Mn({IUJ)=10. Let f be a real valued smooth function on U with compact support in
U\ B ={ucU|u; #oco0VicIUJ}. Using trop,(T,) = 0 and (6.3), we obtain

(7.2) T (2~ 'z77 trop*(f)) = 0.

Using that T!” is a Radon measure, we conclude by a standard approximation argument
that (7.2) holds for all f € CO(U \ ETV/).

For any g € C(V \ trop~}(EY7)), let ¢ be the natural projection onto the S-invariant
functions given by averaging over the fibers of trop with respect to the probability Haar
measures. By construction, there is a unique f € C2(U \ E™Y/) with trop*(f) = ¢*". The
S-invariance of T, implies that

TH (277 g) =T (271277 g*) = T2 (712~ trop*(f)) = 0.

This means that the restriction of 77 to the open subset V \ trop~!(ETY/) is identically
zero. Since V \ Sy is a null set with respect to the Radon measure 7!/ and since our
assumption M N (I UJ) = @ yields Spy € V' \ trop~}(EY), we deduce that T/ = 0.

For the inductive step, the induction hypothesis is that Tpl 7 = 0 whenever p = o7, € ¥
with [LN (LU J)| < k for some k > 1. Let M,I,J C {1,...,n} with M N (ITUJ)| =k
and m € M N (IUJ). We have to show that TZ/(f) = 0 for ¢ = ops and any f € C(V).
Using that V' \ Sy is a null set with respect to the Radon measure 7.7, we may assume
that, in a neighborhood of Sy, the function f depends only the variables zj, j & M. By
symmetry, we may also assume without loss of generality that m € I. Write I’ = I \ {m}.
Let g € C2°(V) be the function given by g = z,,f. By the assumptions on f, there is a
neighborhood of Sy; where

el

Zm

and in this neighborhood, g depends only on the variables z;, 7 € M, and z,,. Consider

the smooth form n = gdzp A dZ; on V which has compact support. Since T, is closed and
has support on Sy, the assumptions on g lead to

)
(7.3) 0=T,(0n) = T,(£fdzy Adzg) + Y T, (65jdzj Adzp A dzJ),
jeMUI

where the sign depends on the position of m in I. Let us first consider the case where
m ¢ J. For each j ¢ M UI, we get |M N ((I"U{j})UJ)| < k. Hence the induction
hypothesis gives

Tél/u{j})J(SE/) _o
Zj

and (7.3) implies T, (fdz; Adz;) = 0 and
TH (f) =i T,(fdzr A dzs) = 0.
Now consider the case where m € J. We put J' := J \ {m}. For each j € M U I, we write
_ 0g o

This function depends only on the variables (2;/);/¢p and z,, and, in a neighborhood of
S, satisfies

8hj N 8g

0zm 0z
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For the compactly supported smooth form «; = hjdz; A dzp A dzZy on V, we deduce as
above that

_ h

0=T,(0cy) =T, <iaag_dzj Adzp A dzJ> + > T (g?dzj, Adzj Adzp A dzJ,> :
% JEMUT A

For j ¢ MUI and j' ¢ M UJ, we get [MN((I'U{;j})U(JU{j'})| < k. Hence our induction

hypothesis gives

Zj/

h
To- (8 J dij/ A\ de A dZ[/ A\ dZJ/> =0.
This implies
Ty <89de ANdzp N dZJ) =0.
0z

for all j ¢ M U I which implies T/ = 0 by (7.3) as before. This completes the induction
and proves the result. [l

In general the map trop, : DEP(V)NDPP(V)SE — DRP(U) is not injective as the following
example shows.

Example 7.1.4. Consider P} as a toric variety. Then the (0,0) current that sends the
form f(z)dz A idZ to the value f(0) is a non-zero positive invariant current, but its image
by trop, is zero. Thus, in Proposition 7.1.3 the closedness condition is necessary.

Theorem 7.1.5. Let U C Ny, be an open subset, V = trop~'(U). Denote by DPP(U)q +
the cone of positive closed currents on U and by Dp’p(V)fl’i the cone of S- and F-invariant

positive closed currents on V. Then the map trop, induces a linear isomorphism

(7.4) trop, : DPP(V)5", = DPP(U)a 4

of real cones.

Proof. By Lemma 5.1.5, Proposition 4.2.3 and Proposition 5.1.13, the linear map in (7.4)
is well-defined. Surjectivity follows from Propositions 6.2.2 and 7.1.2, while injectivity was
proven in Proposition 7.1.3. (I

The isomorphism in Theorem 7.1.5 respects the support of currents.

Proposition 7.1.6. For T € Dp’p(V)fl’i, we have trop~ ! (supp(trop, T)) = supp(T).

Proof. Recall that the support of a current T is defined as the complement of the maximal
open set W such that T|y = 0. Let C = supp(trop,(7T)). Write U’ = U \ C and
V' = trop~}(U"). Then trop,(T)|y» = 0 and hence Proposition 7.1.3 yields T'|y» = 0 which
means
supp(T’) C trop™ ' (supp(trop, (7).

Since T is S-invariant, then C’ := supp(T) is also S-invariant. Write V" = V' \ C’. By the
invariance of C’, we have V" = trop~(U") for an open subset U” C U (see Remark 3.1.3).
Since T'|y» = 0, it is clear that trop,(7T")|y» = 0. Therefore

trop ™ (supp(trop,(T))) C supp(T),
concluding the proof of the proposition. O

Example 7.1.7. In the case U = Ng and V = T#" our Correspondence Theorem 7.1.5
gives a new interpretation of the tropical currents introduced by Babaee and Huh [Babl4,
Chapter 3|, [BH17, Section 2].

Let A be a polyhedron in Ny of dimension p which is integral R-affine, i.e. a polyhedron
given by finitely many inequalities ¢ > ¢ with ¢ € Homz(N,Z) and ¢ € R. The argument
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map from polar coordinates induces an S-equivariant fibration of the S-invariant subset
trop~1(A) C T over a real torus of dimension n — p with fibers of complex dimension
p. Integration of a complex (p,p)-form over the fibers and then integrating the resulting
function on the real torus with respect to the probability Haar measure defines a complex
current Ta € D" P"=P(Ta"). For details of the construction of Ta, we refer to [BH17,
Definition 2.3].

Let 0 denote the Lagerberg current of integration over A defined in [Gubl16, 3.6]. The
complex current T is by construction S-invariant. We get furthermore trop,(7a) = da by
a similar argument as in the proof of Lemma 4.2.5. Using the last equality and the fact
that every element in APP(T?")S is a C-linear combination of forms in trop*(APP?(Ng)), one
verifies immediately that Ta is also F-invariant.

If C = (¢, m) is a weighted integral R-affine polyhedral complex of pure dimension p
with weights m in the sense of [Gub16, 3.1, 3.3], then one defines

To:= ) maTa € D" P"P(TW), §oi= )  mada € D" P"P(Ng).

A€ AeE
dim A=p dim A=p

Since trop,(Ta) = 0a, we clearly have trop,(T¢) = dc.

If C is an effective tropical cycle, then T¢ is closed and positive by [BH17, Theorem 2.9].
The same is true for 6 by [Gub16, 3.7]. We conclude that T¢ is the unique closed positive
current in D" P —P(T*)SF guch that trop, (T¢) = dc.

7.2. The analogue of the Skoda—El Mir Theorem for tropical toric varieties. We
will prove a tropical analogue of the Skoda—El Mir Theorem. In this subsection, U is an
open subset of Ny and E is the intersection of U with a union of strata closures.

Let T € DPP(U \ E) be a positive Lagerberg current. We pick p € ¥ and choose toric
coordinates on U, as in Definition 6.1.2. By Proposition 5.2.6, the co-coefficients T are
real Radon measures on U, \ (E'Y/ UE) with total variation measure |777|. We will consider
the open immersion

i U,\ (B UE) — U,\ BTV,
Definition 7.2.1. Let T € DPP(U \ E) be a positive Lagerberg current. We say that 7' is
extendable by zero to U if for any p € ¥, any toric coordinates on U, and all subsets I, J of
{1,...,n} with |I| = |J| = n — p, the Radon measure 7?7 admits an image Radon measure
with respect to ifg‘] (see Appendix A). In other words, there is a (unique) Radon measure
it (T17) on U, \ B!V which agrees with 777 on U, \ (E'Y/ U E) such that U, N E \ BIY/
is a null set with respect to i&/ (T17).

Lemma 7.2.2. If T is extendable by zero to U, then there is a unique Lagerberg current
T € DPP(U) such that for any p € ¥ and all toric coordinates on U, the co-coefficient
(1)1 is induced by the Radon measure it (T*7) for all I, J. Moreover, we have Tione=T

and the Lagerberg current T is positive.
In the above situation, we say that T is the extension of T by zero to U.

Proof. For p € ¥ and a choice of toric coordinates, Remark 5.2.4 shows that there is a
unique current 7' € DP?(U,) with co-coefficients induced by the Radon measures i/ (T17).
Clearly, we have T]Up\ g=T ‘U,,\ g and T does not depend on the choice of toric coordinates.

Moreover, the extensions 1" constructed on the open covering (Up,),ex agree on overlapping.

By glueing, we get a Lagerberg current on U also denoted by 7T'. Using Lemma 6.1.4 for
A= FEnNU,, we deduce easily that T" is again a positive Lagerberg current. (I

Definition 7.2.3. Let T € DPP(U \ E) be a positive Lagerberg current. Generalizing
Definition 6.2.1, we say that T has C-finite local mass on U if for all p € ¥ the co-coefficients
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T!7, which may be seen as real Radon measures on U, \ (E U ETY/), satisfy the condition
that the Borel measures on U, given as the image measures

jéj <|TI’J’ He—ui H 6—uj>

i€l jeJ
with respect to the open immersion jL/: U, \ (F U E'Y7) — U,, are locally finite on U,.

Theorem 7.2.4. Let T € DPP(U \ E) be a closed positive Lagerberg current which has
C-finite local mass on U. Then T is extendable by zero to U and the extension T of T by
zero to U from Lemma 7.2.2 is a closed positive Lagerberg current on U.

Proof. We may assume that U = U, for some p € ¥ and we choose toric coordinates as
in Definition 6.1.2. Since the function [[;c;e ™ [[;c;e™" is locally finite on U \ B

and since T has C-finite local mass on U, the Borel measure i/ (|777]) is locally finite on

U\ E'Y and hence T is extendable by zero to U. By Lemma 7.2.2, the extension T of T
by zero to U is a positive Lagerberg current on U.

Let V = trop~}(U) and let D := trop ' (E). Note that D is the intersection of the open
subset V' of X" with a union of strata closures and hence is a closed analytic subset of

the complex toric manifold X&". By our correspondence theorem (Theorem 7.1.5), there
is a unique closed positive current S € DPP(V \ D)i’ﬁ_ with trop,(S) = T'. Using that T
has C-finite local mass on U, it follows from (6.4) that S has finite local mass on V. The
complex Skoda~El Mir Theorem (see [Dem12, Theorem II1.2.3]) shows that the extension Sj

of S by zero to V' is a closed positive current on V. By construction, we have trop,(S) =T
and hence T is a closed Lagerberg current. (Il

Corollary 7.2.5. Let T € DPP(U) be positive and closed with canonical decomposition
T =73 e Ts from Theorem 6.1.6. Then every Lagerberg current T, is positive and closed.

Proof. By Theorem 6.1.6, every T, is a positive Lagerberg current. We know from Propo-
sition 7.1.2 that the closed positive Lagerberg current 17" has C-finite local mass. These two
facts show that every T, has C-finite local mass.

We prove that 75 is closed by induction on the dimension of o. By construction T is
the extension by zero of T'|n,nr. Hence Tyoy is closed by Theorem 7.2.4. We assume now
that T is closed for all 7 with dim(7) < dim(o). Hence

T=T- ) T

dim(7)<dim(o)

is closed. Since Ty|y, = T.|y, we deduce that Ty |y, is closed. As T, is the extension by
zero of this last current, Theorem 7.2.4 implies that T, is closed. U

APPENDIX A. REMINDER ABOUT RADON AND REGULAR BOREL MEASURES

For the convenience of the reader, we gather the used conventions about Radon mea-
sures and some basic facts. In this paper, we deal only with measures on locally compact
Hausdorff spaces which have a countable basis, so let us consider such a space Y.

For K € {R,C} and a compact subset Z of Y, we write C%(Y,K) for the space of K-
valued continuous functions on Y with support in Z equipped with the topology induced
by the supremum norm. The space C2(Y,K) of K-valued continuous functions on Y with
compact support is the direct limit of the spaces C%(Y,K). We equip C2(Y,K) with the
direct limit topology in the category of locally convex topological vector spaces (see [Bou65,
III §1 n°1]).

We define the space of real Radon measures on'Y as the topological dual of CO(Y,R). Ob-
serve that our Radon measures are precisely the measures considered by Bourbaki [Bou65,
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III §1 n°3+5]. If pu: CY(Y,R) — R is linear with u(f) > 0 for all 0 < f € C2(Y,R), then
we call u a positive linear functional. Note that p is then continuous and gives rise to a
positive Radon measure. The Riesz representation theorem shows that there is a unique
regular Borel measure 2 on Y such that

u(f) = /deuB

for all f € C2(Y,R). Recall that a Borel measure A on Y is regular if and only if it is locally
finite, i.e. any point has an open neighborhood U with A(U) < oo [Coh93, Prop. 7.2.3 and
7.2.5]. In contrast to Radon measures, we always assume that a Borel measure is positive.

A real Radon measure p: CO(Y,R) — R can be written as the difference = py — pu_ of
positive Radon measures pg which are induced by locally finite (positive) Borel measures
pX. The Hahn-Jordan decomposition theorem tells us that the Borel measures % are
unique if one requires them to be minimal. The positive Radon measure |pu| == py + p—
is called the total variation measure of p. We call |u|P(Y) = pB(Y) + pB(Y) the total
variation of p. Observe that uf — uB is not necessarily a signed Borel measure as it has
only well defined finite values on uZ-finite Borel sets. The standard example is the real
Radon measure on R with density function sin(z) with respect to the Lebesgue measure
which is not a signed Borel measure as the total space R has no well-defined mass.

A complex Radon measure on'Y is defined as a continuous linear functional p: CO(Y,C) —
C. It is clear that the real and imaginary part of u are real Radon measures. From this,
we conclude as above that p corresponds locally on an open subset U of Y to a complex
Borel measure ug. The total variation measure of ,ug is the unique Borel measure | ,u5| on
U such that there is a Borel measurable function §: U — R with dub = €*d|u5| [Rud66,
6.1, 6.12]. The Borel measures || glue to a Borel measure on Y which is associated to a
Radon measure |u| on Y called the total variation measure of the Radon measure p. We
call |u|P(Y) the total variation of .

Let g: X — Y be a continuous map of locally compact Hausdorff spaces which admit a
countable basis. We say that a real or complex Radon measure p on X admits an image
Radon measure under g if the image measure g(|u|?) is a locally finite Borel measure.

Assume that the real or complex Radon measure p on X admits an image Radon measure
under g. If p is a real Radon measure on X, then we write p = py — pu— as above. By
our assumption the image measures f (,uf) and f(u?) are locally finite and define Radon
measures f(p)4+ and f(u)— on Y. We call the real Radon measure f(u) == f(u)+ — f(p)—
the image measure of u under f. If p is a complex Radon measure p on X, we define the
image measure f(u) by treating the real and the imaginary part of y separately.

It is straightforward to check that real and complex Radon measures always admit image
Radon measures under proper maps.

REFERENCES

[AMRT10] Avner Ash, David Mumford, Michael Rapoport, and Yung-Sheng Tai. Smooth compactifications
of locally symmetric varieties. Cambridge Mathematical Library. Cambridge University Press,
Cambridge, second edition, 2010. With the collaboration of Peter Scholze.

[Bab14] Farhad Babaee. Complex Tropical Currents. PhD thesis, Université Bordeaux and Universita
degli Studi di Padova, 2014. https://tel.archives-ouvertes.fr/tel-01136662.

[BH17] Farhad Babaee and June Huh. A tropical approach to a generalized Hodge conjecture for positive
currents. Duke Math. J., 166(14):2749-2813, 2017.

[Bou65] Nicolas Bourbaki. Eléments de mathématique. Intégration. Chapitres 1- 4. Actualités Scien-
tifiques et Industrielles, No. 1175. Hermann, Paris, 1965.

[BouT71] Nicolas Bourbaki. Eléments de mathématique. Topologie générale. Chapitres 1- 4. Hermann,
Paris, 1971.

[BGPS14] José Ignacio Burgos Gil, Patrice Philippon, and Martin Sombra. Arithmetic geometry of toric
varieties. Metrics, measures and heights. Astérisque, 360:vi4+-222, 2014.


https://tel.archives-ouvertes.fr/tel-01136662

50

[CD12]

[Coh93]
[Dem12]

[DS49]

[Gub16]

[GK17]
[Jel19]

[JSS19]
[Kajos]

[Lagl2]
[Oda88]

[Pay09]
[Roc70]
[Rud64]
[Rud66]

[Rud73]
[War83]

J.I.BURGOS GIL, W. GUBLER, P. JELL, AND K. KUNNEMANN

Antoine Chambert-Loir and Antoine Ducros. Formes différentielles réelles et courants sur les
espaces de Berkovich. arXiv:1204.6277, 2012.

Donald L. Cohn. Measure theory. Birkhduser Boston, Inc., Boston, MA, 1993.

Jean-Pierre Demailly. Complex analytic and differential geometry, eBook, Version June 21st
2012. https://www-fourier.ujf-grenoble.fr/~demailly/manuscripts/agbook.pdf.

Jean Dieudonné and Laurent Schwartz. La dualité dans les espaces (F) et (LF). Ann. Inst.
Fourier (Grenoble), 1:61-101 (1950), 1949.

Walter Gubler. Forms and currents on the analytification of an algebraic variety (after Chambert-
Loir and Ducros). In Matthew Baker and Sam Payne, editors, Non-archimedean and Tropical
Geometry, Simons Symposia, pages 1-30, Switzerland, 2016. Springer.

Walter Gubler and Klaus Kiinnemann. A tropical approach to nonarchimedean Arakelov geom-
etry. Algebra Number Theory, 11(1):77-180, 2017.

Philipp Jell. Tropical cohomology with integral coefficients for analytic spaces.
arXiv:1909.12603, 2019.

Philipp Jell, Kristin Shaw, and Jascha Smacka. Superforms, tropical cohomology, and Poincaré
duality. Adv. Geom., 19(1):101-130, 2019.

Takeshi Kajiwara. Tropical toric geometry. In Toric topology, volume 460 of Contemp. Math.,
pages 197-207. Amer. Math. Soc., Providence, RI, 2008.

Aron Lagerberg. Super currents and tropical geometry. Math. Z., 270(3-4):1011-1050, 2012.
Tadao Oda. Convex bodies and algebraic geometry, volume 15 of Ergebnisse der Mathematik und
ihrer Grenzgebiete (8). Springer-Verlag, Berlin, 1988.

Sam Payne. Analytification is the limit of all tropicalizations. Math. Res. Lett., 16(3):543-556,
2009.

R. Tyrrell Rockafellar. Convex analysis. Princeton Mathematical Series, No. 28. Princeton Uni-
versity Press, Princeton, N.J., 1970.

Walter Rudin. Principles of mathematical analysis. Second edition. McGraw-Hill Book Co., New
York, 1964.

Walter Rudin. Real and complex analysis. McGraw-Hill Book Co., New York-Toronto, Ont.-
London, 1966.

Walter Rudin. Functional Analysis. McGraw-Hill Book Co., New York, 1973.

Frank W. Warner. Foundations of differentiable manifolds and Lie groups, volume 94 of Graduate
Texts in Mathematics. Springer-Verlag, New York-Berlin, 1983.

J.I. BURGOS GIL, INSTITUTO DE CIENCIAS MATEMATICAS (CSIC-UAM-UCM-UCM3), CALLE NICOLAS
CABRERA 15, CAMPUS DE LA UNIVERSIDAD AUTONOMA DE MADRID, CANTOBLANCO, 28049 MADRID,

SPAIN

E-mail address: burgos@icmat.es

W. GUBLER, MATHEMATIK, UNIVERSITAT REGENSBURG, 93040 REGENSBURG, GERMANY, ORCID:
0000-0003-2782-5611
E-mail address: walter.gubler@mathematik.uni-regensburg.de

P. JELL, MATHEMATIK, UNIVERSITAT REGENSBURG, 93040 REGENSBURG, GERMANY, ORCID: 0000-
0003-2757-1770
E-mail address: philipp.jell@mathematik.uni-regensburg.de

K. KUNNEMANN, MATHEMATIK, UNIVERSITAT REGENSBURG, 93040 REGENSBURG, GERMANY, ORCID:
0000-0003-1109-9096
E-mail address: klaus.kuennemann@mathematik.uni-regensburg.de


http://arxiv.org/abs/1204.6277
https://www-fourier.ujf-grenoble.fr/~demailly/manuscripts/agbook.pdf
https://arxiv.org/abs/1909.12633

	1. Introduction
	Acknowledgements
	Notation and conventions
	2. Positivity on real and complex vector spaces 
	3. Lagerberg forms and Lagerberg currents on partial compactifications
	4. Positivity for complex invariant forms and Lagerberg forms
	5. Positivity for complex invariant currents and Lagerberg currents
	6. Tropicalization of positive currents
	7. The correspondence theorem for closed positive currents
	Appendix A. Reminder about Radon and regular Borel measures
	References

