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ABSTRACT. Chambert-Loir and Ducros have recently introduced a theory of
real valued differential forms and currents on Berkovich spaces. In analogy
to the theory of forms with logarithmic singularities, we enlarge the space of
differential forms by so called d-forms on the non-archimedean analytifica-
tion of an algebraic variety. This extension is based on an intersection theory
for tropical cycles with smooth weights. We prove a generalization of the
Poincaré-Lelong formula which allows us to represent the first Chern current
of a formally metrized line bundle by a é-form. We introduce the associated
Monge-Ampere measure p as a wedge-power of this first Chern J-form and
we show that p is equal to the corresponding Chambert—Loir measure. The
*-product of Green currents is a crucial ingredient in the construction of the
arithmetic intersection product. Using the formalism of §-forms, we obtain
a non-archimedean analogue at least in the case of divisors. We use it to
compute non-archimedean local heights of proper varieties.

MSC: Primary 14G40; Secondary 14G22, 14T05, 32P05

CONTENTS

Introduction
Tropical intersection theory with smooth weights
The algebra of delta-preforms
Supercurrents and delta-preforms on tropical cycles
Delta-forms on algebraic varieties
Integration of delta-forms
Delta-currents
The Poincaré-Lelong formula and first Chern delta-currents
Piecewise smooth and formal metrics on line bundles
Piecewise smooth forms and delta-metrics
Monge-Ampere measures
Green currents
Local heights of varieties

Appendix A. Convex Geometry
References

Date: October 1, 2015.

EERERREEREEREEE me


http://arxiv.org/abs/1406.7637v2

2 WALTER GUBLER AND KLAUS KUNNEMANN

0. INTRODUCTION

Weil’s adelic point of view was to compactify the ring of integers Ok of a
number field K by the archimedean primes. Arakelov’s brilliant idea was to
add metrics on the “fibre at infinity” of a surface over O which gave a good
intersection theory for arithmetic divisors. This Arakelov theory became pop-
ular after Faltings used it to prove Mordell’s conjecture. A higher dimensional
arithmetic intersection theory was developed by Gillet and Soulé. Their theory
combines algebraic intersection theory on a regular model 2~ over O with
differential geometry on the associated complex manifold X®" of the generic
fibre X of Z". Roughly speaking, an arithmetic cycle on 2" is given by a pair
(Z,9z), where 2 is a cycle on 2~ with generic fibre Z and gz is a current on
X gatisfying the equation

ddgy = [wz] — 0z

for a smooth differential form wy and the current of integration d; over Z2".
The arithmetic intersection product uses the algebraic intersection product for
algebraic cycles in the first component and the x-product of Green currents in
the second component. This arithmetic intersection theory is nowadays called
Arakelov theory. It found many nice applications as Faltings’s proof of the
Mordell-Lang conjecture for abelian varieties and the proof of Ullmo and Zhang
of the Bogomolov conjecture for abelian varieties.

It is an old dream to handle archimedean and non-archimedean places in
a similar way. This means that we are looking for a description in terms of
currents for the contributions of the non-archimedean places to Arakelov the-
ory. Such a non-archimedean Arakelov theory at finite places was developed
by Bloch—Gillet—Soulé relying strongly on the conjectured existence of resolu-
tion of singularities for models in mixed characteristics. The use of models
has also another disadvantage since they are not suitable to describe canon-
ical metrics as for line bundles on abelian varieties with bad reduction. A
more analytic non-archimedean Arakelov theory was developed by Chinburg—
Rumely and Zhang in the case of curves. A crucial role is played here by the
reduction graph of the curve. Without any doubt, the latter should be re-
placed by the Berkovich analytic space associated to the curve and this was
done by Thuillier in his thesis introducing a non-archimedean potential theory.
Chambert—Loir and Ducros [CLD12] introduced recently differential forms and
currents on Berkovich spaces. These provide us with a new tool to give an
analytic description of non-archimedean Arakelov theory in higher dimensions.

We recall the definition of differential forms given in [CLDI12]. We restrict
here to the algebraic case. Let U be an n-dimensional very affine open va-
riety which means that U has a closed embedding into a multiplicative torus
T = Gj, over a non-archimedean field K. By definition, such a field K is en-
dowed with a complete non-archimedean absolute value | |. Let t1,...,t, be
the torus coordinates. Then we have the tropicalization map trop : T?" —
R", t — (—loglti],...,—log|tr]). By the Bieri-Groves theorem, the tropical
variety Trop(U) := trop(U®") is a finite union of n-dimensional polyhedra.
More precisely, Trop(U) is an n-dimensional tropical cycle which means that
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Trop(U) is a polyhedral complex endowed with canonical weights satisfying a
balancing condition. Let x1, ..., z, be the coordinates on R". Then Lagerberg’s
superforms on R" are formally given by

o= Z aud/xil /\---/\d/a:,-p/\d”le/\---/\d”a:jq
[I|=p,|J|=q

where I (resp. J) consists of i; < --- < i) (resp. j1 < -+ < jq), arg € C®(R").
We have differential operators d’ and d” on the space of superforms given by

T
Oa
doa= Y > a—”d’xi ANd'ziy A Nd g, Nd"zg A N,
i=plsl=gi=t
and
" da
d' o= Z Z IJd”xj/\d'xil Ao Ndag, Nd xj N Nd

1=pii=aim1 0%
They are the analogues of the differential operators d and d in complex analysis.
The space of superforms on R” with the usual wedge-product is a differential
bigraded R-algebra with respect to d’ and d”. The space of supercurrents on
R" is given as the topological dual of the space of superforms.

Every superform « induces a differential form on U?** and two superforms
a, o’ induce the same form if and only if they restrict to the same superform
on Trop(U). In general, a differential form on an n-dimensional variety X is
given locally for the Berkovich analytic topology on very affine open subsets by
Lagerberg’s superforms which agree on common intersections (see [Gub13a] for
more details). The wedge-product and the differential operators can be carried
over to X" leading to a sheaf A of differential forms on X?". Integration of
superforms leads to integration of compactly supported (n,n)-forms on X?".
The space of currents D' (X?") is defined as the topological dual of the space
of compactly supported forms.

A major result of Chambert—Loir and Ducros is the Poincaré-Lelong formula
for the meromorphic section of a line bundle endowed with a continuous metric
| [|. Note that in this situation, ¢;(L,|| ||) is only a current, while a smooth
metric allows to define the first Chern form in AL1(X®%). For a smooth metric,
c1(Ly || ||)™ is a form of top degree and hence defines a signed measure called the
Monge-Ampere measure of (L, | ||). In arithmetics, metrics are often induced
by proper algebraic models over the valuation ring. Such metrics are called
algebraic. They are continuous on X" but not smooth. This makes it difficult
to define the Monge—-Ampere measure as a wedge product of currents. In the
complex situation, one needs Bedford—Taylor theory to define such a wedge
product. In the non-archimedean situation, Chambert—Loir and Ducros use an
approximation process by smooth metrics to define this top-dimensional wedge
product of first Chern currents.

The main theorem in [CLD12] shows that the Monge-Ampére measure of
a line bundle endowed with a formal metric is equal to the Chambert-Loir
measure. The latter was introduced in [CLO6] before a definition of first Chern
current was available. It is defined as a discrete measure on the Berkovich space
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using degrees of the irreducible components of the special fibre. Chambert-Loir
measures play a prominent role in non-archimedean equidistribution results.
For example, they occur in the non-archimedean version of Yuan’s equidistri-
bution theorem which has applications to the geometric Bogomolov conjecture.

In the thesis of Christensen [Chrl3] a different approach to a first Chern
form was given. Christensen studied the example E? for a Tate elliptic curve E
and he defined the first Chern form as a tropical divisor on the skeleton of E2.
Then he showed that the n-fold tropical self-intersection of this divisor gives
the Chambert-Loir measure.

In this paper, we combine both approaches. We enrich the theory of differen-
tial forms given in by enlarging the space of smooth forms to the space
of d-forms. They behave as forms and they have the advantage that we can
define a first Chern J-form for a line bundle endowed with a formal metric. This
leads to a direct definition of the Monge-Ampere measure as a wedge-product
of d-forms and to an approach to non-archimedean Arakelov theory.

This will be explained in more detail now. For the rest of the introduction,
K is an algebraically closed field endowed with a non-trivial non-archimedean
complete absolute value. Note that this is no restriction of generality as for
many problems including the ones discussed in this paper such a setup can al-
ways be achieved by base change. This is similar to the archimedean case where
analysis is usually performed over the complex numbers. For sake of simplicity,
we assume in the introduction that tropical cycles have constant weights as
usual in tropical geometry (see Section [ for details and for a generalization to
smooth weights). A é-preform on R" is a supercurrent a on R” of the form

(0.0.1) a=> a;Adg

el

for finitely many superforms «; and tropical cycles C; on R". Using the wedge-
product of superforms and the stable intersection product of tropical cycles, we
get a wedge-product of §-preforms. Since the supercurrents of integration dc;,
are d’-closed and d”-closed, we can extend the differential operators d’ and d”
to d-preforms leading to a differential bigraded R-algebra. We refer to Section
for precise definitions and generalizations allowing smooth tropical weights.

In Section Bl we extend all these notions from R” to a fixed tropical cycle C
of R". The balancing condition is equivalent to closedness of the supercurrent
dc which means that C' is boundaryless in the sense that no boundary integral
shows up in the theorem of Stokes over C. Therefore we may view a tropical
cycle as a combinatorial analogue of a complex analytic space. Using integration
over C', we will see that a piecewise smooth form 7 on the support of C induces
a supercurrent [n] on C. We will apply this to a piecewise linear function ¢ on
C. In tropical geometry, ¢ plays the role of a Cartier divisor on C' and has an
associated tropical Weil divisor ¢ - C. The latter is also called the corner locus
of ¢ as it is a tropical cycle of codimension 1 with support equal to the singular
locus of ¢. We will show in Corollary .19 the following tropical Poincaré—Lelong
formula:
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Theorem 0.1. Let ¢ be a piecewise smooth function on C and let d4.c be the
supercurrent of integration over the corner locus ¢ - C'. Then we have

dd'lg] — [dd'8) = 540
as supercurrents on C.

This is a statement about integration of superforms on tropical currents and
its proof relies on Stokes theorem. In fact, we prove a more general statement
in Theorem involving integration of §-preforms on C.

Let X be an n-dimensional algebraic variety over K. We now define d-forms
on X" similarly as differential forms, but replacing superforms by the more
general §-preforms. This means that a d-form is given locally with respect to
the Berkovich analytic topology on very affine open subsets by pull-backs of §-
preforms with respect to the tropicalization maps. The d-preforms have to agree
on overlappings which involves a quite complicated restriction process which is
explained in Section [l Moreover, we will show that d-forms are bigraded, have
a wedge product and differential operators d’,d” extending the corresponding
structures for differential forms on X?*. There is also a pull-back with respect to
morphisms and so we see that d-forms behave as differential forms on complex
manifolds.

In Section B we will study integration of compactly supported d-forms of
bidegree (n,n) on X®'. To define the integral of such a d-form «, we choose
a dense open subset U of X with a closed embedding U — G, such that «
is given on U®" by the pull-back of a §-preform ap on R” with respect to the
tropicalization map trop;; : U*™ — R". Using the corresponding tropical variety

Trop(U), we set
/ (% Z:/ agy.
an | Trop(U)|

In Section [0, we introduce d-currents as continuous linear functionals on the
space of compactly supported d-forms. By integration, every é-form « induces
a d-current [a]. Similarly, we get a current of integration 0 for every cycle Z on
X. As amajor result, we will show in Corollary [6.15] that ] is a signed Radon
measure on X" for every « of bidegree (n,n). We will deduce in Proposition
that every continuous real function g on X®" induces a d-current [g] on
X which is defined at a compactly supported J-form « of bidegree (n,n) by
integrating g with respect to the corresponding Radon measure.

Now let f be a rational function on X which is not identically zero. By
integration again, we will get a d-current [— log|f|] on X?".

Theorem 0.2. Let cyc(f) be the Weil divisor associated to f. Then we have
the Poincaré—Lelong equation

5cyc(f) =d'd" [10g |f|]
of §-currents on X2,

The proof will be given given in [[L2l The Poincaré-Lelong equation of
Chambert-Loir and Ducros is the special case of our formula where one eval-
uates the d-currents at differential forms. The generalization to d-forms is not
obvious and needs a more tropical adaption of their beautiful arguments. In
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Section [7, we will introduce the first Chern d-current [ci(L, || ||)] of a continu-
ously metrized line bundle (L,|| ||) on X. As usual, we mean here continuity
with respect to the Berkovich topology on X". In Corollary [Z.8] we will de-
duce from Theorem that a non-zero meromorphic section s of L satisfies the
Poincaré—Lelong equation

(0.2.1) d'd"[—log 5[] = [ex (L, || [D] = deye(s)

for §-currents on X*".

In Section [§ we will define piecewise smooth (resp. piecewise linear) metrics
on L. We will show in Proposition BI1] that a metric is piecewise linear if and
only if it is induced by a formal model of the line bundle. In Section [@], we will
introduce piecewise smooth forms on X?". For a piecewise smooth metric || ||
on L, the first Chern d-current [c1(L, || ||)] has a canonical decomposition into
a sum of a piecewise smooth form and a residual current. If || || is smooth,
then c;(L, || ||) is a differential form on X*". We say that a piecewise smooth
metric || || is a d-metric if the first Chern §-current [c1(L, || ||)] is induced by
a 0-form ¢ (L,|| ||)] (see Definition for a more precise definition). In this
situation, we call ¢1(L, || ||) the first Chern o-form of (L, ||). We will see in
Remark [0.16] that every piecewise linear metric is a 6-metric. Canonical metrics
on line bundles exist on line bundles on abelian varieties, on line bundles which
are algebraically equivalent to zero and on line bundles on toric varieties. It
follows from our considerations in Section [§that all these canonical metrics are
d-metrics (see Example 0.17)).

In Section [0, we consider a proper algebraic variety X over K of dimension
n with a line bundle L endowed with an algebraic metric || ||. This means that
the metric is induced by an algebraic model of L. Based on the formal GAGA
principle, we show in Proposition 813l that an algebraic metric is the same as
a formal metric and hence this is also the same as a piecewise linear metric. As
a consequence, we note that || || is a d-metric and hence ¢;(L, || ||) is a well-
defined d-form. We deduce that ¢;(L, || ||)" is a o-form of bidegree (n,n) on
X3 which we may view as a signed Radon measure on X" by the above. We
call it the Monge-Ampere measure associated to (L, || [|). In we are going
to show the following result:

Theorem 0.3. Under the assumptions above, the Monge—Ampére measure as-
sociated to (L, || ||) is equal to the Chambert—Loir measure associated to (L, || ).

As mentioned before, this theorem was first proved by Chambert—Loir and
Ducros in a slightly different setting (for discrete valuations, but their method
works also for algebraically closed fields). However, they have a different con-
struction of the Monge-Ampere measure. Since algebraic metrics are usually
not smooth, they have only a first Chern current ¢;(L, || ||) available. In gen-
eral, the wedge product of currents is not well-defined. In the present situation,
they can use a rather complicated approximation process by smooth metrics
to make sense of the wedge product ¢;(Ly, | ||;)" as a current leading to their
Monge-Ampere measure. Our Monge-Ampeére measure is defined directly as
a wedge product of d-forms based on tropical intersection theory instead of
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the approximation process. This means that our proof is more influenced by
tropical methods.

In Section [II] we define a Green current for a cycle Z on the algebraic variety
X over K as a §-current gz such that

dd"gy = wz] — 6z

for a o-form wyz on X®'. By the Poincaré-Lelong equation (0.2.1]), a non-zero
meromorphic section s of L induces a Green current gy := —log||s|| for the
Weil divisor Y of s. Here, we assume that || || is a J-metric on the line bundle
L of X. In case of proper intersection, we define gy * gz := gy Adz + wz A gy
as in the archimedean theory of Gillet-Soulé. It is an easy consequence of the
Poincaré—Lelong equation that gy * gz is a Green current for the cycle Y - Z.
We will show the usual properties for such *-products. Most difficult is the
proof of the commutativity of the x-product of two Green currents for properly
intersecting divisors. It relies on the study of piecewise smooth forms and the
tropical Poincaré-Lelong formula in Theorem

In Section [[2] we define the local height of a proper n-dimensional variety
X over K with respect to properly intersecting Cartier divisors Dy, ..., D,
endowed with d-metrics on O(Dy),...,0(D,) as follows: Let gy, be the Green
current for the Weil divisor Y; associated to D; as above, then the local height
is given by

Ao (X) 7= gy # -+ % gy, (1).

We will show that these local heights are multilinear and symmetric in the
metrized Cartier divisors 150, e ,ﬁn, functorial with respect to morphisms and
satisfy an induction formula useful to decrease the dimension of X. For alge-
braic metrics, local heights of proper varieties are also defined using intersection
theory on a suitable proper model (see [Gub98| §9]).

Theorem 0.4. Suppose that the metrics on O(Dy),...,O0(D,,) are all algebraic.
Then the local height )\DO D, (X)) based on the x-product of Green currents is
equal to the local height of X given by intersection theory of divisors on K°-
models.

The proof uses that the induction formula holds for both definitions of local
heights and then Theorem [0.3] gives the claim (see [[2.7] for more details and the
proof).

In the introduction, we have presented the whole theory of §-forms based on
d-preforms as in (LOJ]) using tropical cycles with constant weights. However,
the theory can be extended to d-forms locally given by d-preforms allowing
tropical cycles with smooth weights. This will be done throughout the whole
paper which leads to slightly more complications, but it increases the class of
d-metrics at the end which makes it worthwhile.

The authors would like to thank Jose Burgos for helpful comments and the
collaborative research center SFB 1085 funded by the Deutsche Forschungsge-
meinschaft for its support. We also thank an anonymous referee for the careful
reading and the detailed comments.
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TERMINOLOGY

In A C B, A s strictly smaller than B. The complement of A in B is denoted
by B\ A. The zero is included in N and in R;.

The group of multiplicative units in a ring A with 1 is denoted by A*.
An (algebraic) variety over a field is an irreducible separated reduced scheme of
finite type. The terminology from convex geometry is explained in the appendix.

1. TROPICAL INTERSECTION THEORY WITH SMOOTH WEIGHTS

In tropical geometry, a tropical cycle is given by a polyhedral complex whose
maximal faces are weighted by integers satisfying a balancing condition along
the faces of codimension 1. In this section, we generalize the notion of a tropical
cycle allowing smooth real functions on the maximal faces as weights. This is
similar to the tropical fans with polynomial weights introduced by Esterov and
Francois [Fral3]. We generalize basic facts from stable tropical intersec-
tion theory and introduce the corner locus of a piecewise smooth function.

Throughout this section N and N’ denote free Z-modules of finite rank r
and 1. We write Ng = N ®z R and N, = N’ ®7 R. Every integral R-affine
polyhedron ¢ of dimension n in the R-vector space Ng = N ®7z R determines an
affine subspace A, with underlying vector space L, and a lattice N, = L, " N
in L,. A smooth function f: 0 — R on a polyhedron ¢ in Ng is the restriction
of a smooth function on some open neighbourhood of o in A,. For further
notation borrowed from convex geometry, we refer to Appendix [Al

Definition 1.1. (i) A polyhedral complex & of pure dimension n is called
weighted (with smooth weights) if each polyhedron in o € %), is endowed with
a smooth weight function m, : ¢ — R. If all m, are constant functions, then
we call them constant weights. The support |(%,m)| of a weighted polyhedral
complex (¢, m) of pure dimension n is the closed set

(&, m)| = | J supp (ms).

oECn

The support |%| of a polyhedral complex % is the support of (¢’,m) where
m = 1 is the trivial weight function. We have (¢, m)| C |¥|.

(ii) Let C' = (¢,m) be an integral R-affine polyhedral complex of pure di-
mension n with smooth weights in Nr. For each codimension one face 7 of a
polyhedron o € ¢, we choose a representative wy . € N, of the generator of
the one-dimensional lattice N, /N, pointing in the direction of 0. Then we say
that the weighted polyhedral complex C' satisfies the balancing condition if we
have

(1.1.1) Z Mo (W)we,r € Ly

TEEn
o-T

for all 7 € 6,_1 and all w € 7, where o > 7 means that 7 is a face of o. This
is a straightforward generalization of the balancing condition for polyhedral
complexes with integer weights [GubI3bl 13.9].

(iii) A tropical cycle C' = (€, m) of dimension n in N is a weighted integral
R-affine polyhedral complex of pure dimension n which satisfies the balancing
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condition (LII]). In the following, we identify two tropical cycles (¢, m) and
(¢’,m’) of dimension n if |(¢,m)| = |(¢’,m')| and if m, = m, on the intersec-
tion of the relative interiors of o and o’ for all o € €, and ¢’ € €. A tropical
cycle (¢',m) whose underlying polyhedral complex is a rational polyhedral fan
in the vector space Ng is called a tropical fan.

(iv) Let C = (¢, m) be a tropical cycle of dimension n. Given an integral
R-affine subdivision ¢’ of ¥, there is a unique family of weight functions m’
such that (4”,m’) is a tropical cycle and mg|,» = m/, holds for all ¢’ € €}, and
o € 6, such that ¢’ C o. If a tropical cycle C in Ny is defined by a weighted
integral R-affine polyhedral complex (¢, m), we call € a polyhedral complex of
definition for the tropical cycle C.

(v) The set of tropical cycles with smooth weights of pure dimension n in
Ng defines an abelian group TZ,(Nr) where the group law is given by the
addition of multiplicity functions on a common refinement of the integral R-
affine polyhedral complexes. We denote by TZ¥(Ng) = TZ,_,(Ng) the group
of tropical cycles of codimension k.

Remark 1.2 (Reduction from smooth to constant weight functions). In trop-
ical geometry, one considers usually tropical cycles with integer weights. How-
ever it causes no problems to work instead with tropical cycles with constant
but not necessarily integer weights.

Many properties of these tropical cycles with integer or constant weights
extend even to tropical cycles with smooth weights by the following local argu-
ment in w € |€|. We replace ¢ by the rational polyhedral fan of local cones
in w (see [A.6) and we endow the local cone of o € %, by the constant weight
My (w). By definition, these constant weights on the rational cones satisfy the
balancing condition.

1.3. In tropical geometry, there is a stable tropical intersection product of trop-
ical cycles with integer weights. The astonishing fact is that this product is
well-defined as a tropical cycle in contrast to algebraic intersection theory or
homology, where an equivalence relation is needed. Constructions of a sta-
ble tropical intersection product of tropical cycles with integer weights have
been given by Mikhalkin and Allermann-Rau. In both cases the construction
is reduced to the case of tropical fans. For tropical fans with integer weights,
Mikhalkin [Mik06] uses the fan deplacement rule from [FS97] whereas Aller-
mann and Rau [ARIO] use reduction to the diagonal and intersections with
tropical Cartier divisors. It is shown in [Kat12l §5], [Rau09, Thm. 1.5.17] that
both definitions agree. This is based on a result of Fulton-Sturmfels [FS97,
Theorem 3.1] which shows that the space of tropical fans, with integer weights
and with a given complete rational polyhedral fan > as a polyhedral complex of
definition, is canonically isomorphic to the Chow cohomology ring of the com-
plete toric variety Yy associated to X. Then the product in Chow cohomology
leads to the stable intersection product of tropical fans with integer weights and
the usual properties in Chow cohomology lead to corresponding properties in
stable tropical intersection theory. By passing to a smooth rational polyhedral
fan subdividing ¥, which means that Yy is smooth, we may use the usual Chow
groups instead of the Chow cohomology groups from Chapter 17].
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Remark 1.4 (Stable tropical intersection theory). As an application of the
reduction principle described in Remark[I.2], we get a stable tropical intersection
theory for tropical cycles with smooth weights. The reduction process leads to
tropical fans with constant weight functions. These weights are not necessarily
integers, but it is still possible to apply by using Chow cohomology with
real coefficients. We list here the main properties:

(i) There exists a natural bilinear pairing

TZF(Ng) x TZ/(Ng) — TZFTY(Ng), (C1,Cy) — Cy - Co.

which is called the stable intersection product for tropical cycles. It is associative
and commutative and respects supports in the sense that we have |C} - Cy| C
|C1 N [Cl.

(ii) Here is a concrete description of the stable intersection product for trop-
ical cycles Cy and Cy of codimension [y and Iy in Ng which is based on the fan
displacement rule (see [FS97, §4]). We choose a common polyhedral complex
of definition & for Cy and Cy and write C; = (¢,m;) (i = 1,2) for suitable
families of weight functions m; = (m;.),cqn- Let 2 denote the polyhedral
subcomplex of ¢ which is generated by €12, We choose a generic vector
v € N for 2, a small € > 0 and equip & with the family of weight functions
m = (Mr), cqty+1, Where m, : 7 — R is given by

(1.4.1) m(w) = Z [N : Ny, + Ngylmi g, (W) M2 gy (w).
(01,09)e¢ 1 x6l2
01;(:0‘;1":512)#@

One can show that D = (Z,m) is a tropical cycle whose construction is in-
dependent of the choice of the generic vector v and a sufficiently small € > 0.
Furthermore D represents the stable intersection product C7 - Cs.

(iii) Let F': N — Ng be an integral R-affine map. Let C" = (¢”,m’) be a
weighted integral R-affine polyhedral complex in Ny of pure dimension n. After
a suitable refinement we can assume that

(1.4.2) F.%¢ :={F(7")|30’ € €, such that 7/ < ¢’ and F|,s is injective}

is a polyhedral complex in Ng. We equip F,%’ with the family of weight
functions

(1.4.3) my, v — R my(w) = Z [N, : LF(NC',,)]m;,((FL,r)_l(w))

0’6%7’1
F(o!)=v

for v in (F.%"), where Lr denotes the linear morphism defined by the affine
morphism F. The weighted integral R-affine polyhedral complex

F.C' = (F,€',m)

in Ng of pure dimension n is called the direct image of C' under F.
(iv) Let F : Ny — Ngr be an integral R-affine map. There is a natural
push-forward morphism

F, : TZ,(NE) — TZy(Ng), C' — F,C'.



A TROPICAL APPROACH TO NON-ARCHIMEDEAN ARAKELOV GEOMETRY 11

which satisfies |[F.C'| € F(|C’]). Given a tropical cycle C’ in TZ,(Ng), we
write C' = (¢’,m’) for a polyhedral complex of definition ¢’ such that F,%”
from (L42) is a polyhedral complex in Ng. One defines the direct image
F.C" = (F,%¢',m) as in (iii) and verifies that F,.C’ is again a tropical cycle.
The formation of Fj is functorial in F. For further details see [ARI0, §7] or
[Gub13Dbl 13.16].

(v) Let ' : N — Ng be an integral R-affine map. There is a natural
pull-back

F* . TZY(Ng) — TZ/(N}), C— F*(C)

which satisfies [F*C| € F~(|C|). The formation of F* is functorial in F.
For a tropical cycle C' in TZ!(Ng), there is a complete polyhedral complex of
definition % and we write C' = (%, m). After passing to a subdivision, there is
a complete, integral R-affine polyhedral complex € of Nj such that for every
v € €', there is a 0 € € with F(v') C 0. We choose a generic vector v € Ny
and a sufficiently small € > 0. For v € (¢")!, 0 € €' with F(y') C o and
o' € (¢")° with v/ C ¢’, we define

m_, =

o [N:Lp(N')+ N,] if F(o') meets o + cv
0 otherwise.

These coefficients may depend on the choice of the generic vector v, but the
following smooth weight function m., on 4/ € (¢”)! does not:

(1.4.4) Moy (W) = ZmZi,omo(F(w'))

where (0’,0) ranges over all pairs in (¢7)° x €' with 7/ C ¢/, F(y') C ¢ and
where w' € 4. By [FS97, 4.5-4.7], (¢”)2! equipped with the smooth weight
functions m. is a tropical cycle in TZ!(Nj) which we define as F*(C).

Let p1 (resp. p2) be the projection of Np x Ng to Ng (resp. Ngr) and let I'p
be the graph of F in Nj x Ng. Using the stable tropical intersection product
from (ii) and [FS97, 4.5-4.7], we deduce

(1.4.5) F*(C) = (p1)«(p3(C) - T'p).
Proposition 1.5. Let F': N — N be an integral R-affine map.
(i) For tropical cycles C' and D on Ny we have
F*(C-D)=F*(C)-F*(D).
(ii) For tropical cycles C' on Nr and C' on Ny we have
F.(F*(C)-C") =C - F.(C")

Proof. We reduce as in to the case where our tropical cycles are tropical
fans with constant weight functions. Since both sides of the claims are linear in
the weights of the tropical fans, we may assume that the weights are integers.
In this situation, the claims were proven by L. Allermann in [AIl12] Theorem
3.3]. O
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Definition 1.6. Let 2 be an open subset of an integral R-affine polyhedral set
P in Ng. We call ¢ : Q — R piecewise smooth if there is an integral R-affine
polyhedral complex % with support P and smooth functions ¢, : c N — R
for every o € ¢ such that ¢|, = ¢, on o N Q. In this situation, we call € a
polyhedral complex of definition for the piecewise smooth function ¢. We call ¢
piecewise linear if each ¢, extends to an integral R-affine function on A, .

Remark 1.7. The balancing condition (II.I]) for smooth weights shows easily
that a tropical cycle of codimension 0 in Ng is the same as a piecewise smooth
function defined on the whole space Ng.

Proposition 1.8. Let ¢ be a piecewise smooth function on the open subset )
of the integral R-affine polyhedral set P in Ny and let Q be any open subset of
Ng with QN P = Q. Then there is a piecewise smooth function on Q which
restricts to ¢ on 2.

Proof. We first show the claim in the special case when ) = P is the support
of a rational polyhedral fan € of definition for ¢ and Q = Ng. After passing
to a subdivision of ¢, we can easily find a complete rational polyhedral fan ¢’
in Ng which contains €. After suitable subdivisions of ¢’ (and ¢) we may
furthermore assume that all cones in 4’ are simplicial. Now we will extend ¢
inductively by ascending dimension from the cones in € to the cones in €’ B

Let o be a cone in ¢” of dimension m. We are looking for an extension ¢ of
¢ to o. By our inductive procedure, we can assume that ¢ is defined already on
all faces of codimension one of o. After a linear change of coordinates, we may
assume that o is the standard cone R’ in R™. Let us assume that ¢ is given on
the face {x; = 0} of o by the smooth function ¢;(z1,..., 21, Zit1,...,Zm). For
any 1 <i4; < --- <ip < m, the restriction of ¢ to the face {z;, =--- = z;, =0}
of o is given by a smooth function ¢;, ;, depending only on the coordinates
xj with j & {i1,...,i,} which agrees with the restrictions of the functions
®iys - -, @i, to this face of codimension k. We consider all these functions ¢;, . ;,
as functions on o depending only on the coordinates x;. Then an elementary
combinatorial argument shows that

¢ = Z O; — Z Gij + -+ (—1)F Z Giyip £+ (1)1
i i<j i< <l
is a smooth extension of ¢ to o.

Finally, we prove the claim in general. There is a finite open covering (£2;);cs
of 2 such that Q; = Q, N (LC,,(P) + w;) for the local cone LC,, (P) of P at a
suitable w;. Let us choose an open covering (Qi)ie[ of Q such that ;NP = Q.
There is a partition of unity (p;)jes on Q such that every p; has compact
support in Qi(j) for a suitable i(j) € I. We choose v; € C°°(/Ng) with compact

support in Qi(j) such that v; = 1 on supp(pj). Then the special case above
shows that the piecewise smooth function v;¢ on P has a piecewise smooth
extension gz;j to Nr. Even if J is infinite, we note that only finitely many
rational fans of definition occur and the above construction gives piecewise
smooth extensions ¢; with finitely many integral R-affine polyhedral complexes
of definition. By passing to a common refinement, we may assume that they are
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all equal to a complete integral R-affine polyhedral complex 2. We conclude
that ¢ = Zjejﬁjﬁbj is a piecewise smooth extension of ¢ to 2 with & as a
polyhedral complex of definition. O

Remark 1.9. Let ¥ be a rational polyhedral fan of Ng and let ¢ : [¥| — R
be a piecewise linear function with polyhedral complex of definition X. Then ¢
is the restriction of a piecewise linear function on Nr with a complete rational
polyhedral fan of definition. The argument is a little different: By toric resolu-
tion of singularities, one can subdivide ¥ until we get a subcomplex of a smooth
rational polyhedral fan ¥’ of Ny (see [A.7] for the connection to toric varieties).
We may assume that ¢(0) = 0. Let A be a primitive lattice vector contained in
an edge of ¥/ with A\ € |X| and let ¢()\) € Z. Then there is a unique piecewise
linear function ¢ on Ng with ¢ = ¢ on |X| and ¢'(\) = ¢(A) for all primitive
lattice vectors A as above.

Similarly as in [Est12l [Fral3|], we introduce the corner locus of a piecewise
smooth function.

Definition 1.10 (Corner locus). Let C' = (%, m) be a tropical cycle with
smooth weights of dimension n. We consider a piecewise smooth function ¢ :
|| — R with polyhedral complex of definition 4. Given 7 € %,,_; we choose
for each o € 6, with 7 < 0 an w,; € N, as in[[[ii). For w in 7, we define

Wy = Z Mo (W)we,r € L.

TEEn
T<0

Note that w, depends on the choice of w. Viewing w, , (resp. w,) as a tangential
vector at w, we denote the corresponding derivative by E)aw—;: (resp. %). It is
straightforward to check that the definition of the weight function
0o ¢+
1.10.1 ms:T—R, m w::< Mo (W w)—
10y @)= (X melg @) - 5

T<0

(w)

does not depend on the choice of the wy,. The corner locus ¢ - C' of ¢ is
by definition the weighted polyhedral subcomplex ¢’ of € generated by %,_1
endowed with the smooth weight functions m, defined in (LI0T).

Remark 1.11. Let ¢ : || — R be a piecewise linear function on a tropical
cycle C' = (%, m) with integral weights. Then the corner locus ¢-% is a tropical
cycle with integral weights which is the tropical Weil divisor of ¢ on C' in the
sense of Allermann and Rau [ARIO, 6.5].

Esterov showed in [Est12] Theorem 2.7] that the corner locus of a piecewise
smooth function on a tropical cycle with polynomial weights is again a tropical
cycle of the same kind. We have here a similar result for tropical cycles with
smooth weights:

Proposition 1.12. The corner locus ¢ - C' of a piecewise smooth function ¢ :
|€| — R on a tropical cycle C = (€, m) of dimension n is a tropical cycle with
smooth weights of dimension n — 1.

Proof. This follows from Remark [[.T1] as explained in O
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Proposition 1.13. Let F : Ny — Ngr be an integral R-affine map. Let ¢
be a piecewise smooth function on an integral R-affine polyhedral complex &
on Ng. Suppose that C' = (¢',m') is a tropical cycle on Ny with smooth
weights m' such that F(|€'|) C |€|. Then we have the projection formula
F.(F*(¢) - C") = ¢ - F.(C"), where F*(¢) is the piecewise smooth function on
|€"| obtained by ¢po F.

Proof. This follows locally as in [AR10, Prop. 4.8] using [[.2] [Tl and a lin-
earization procedure (see proof of Proposition [[T4]). ]

Proposition 1.14. Let C and C’ be tropical cycles on Ng with smooth weights.
Let € be a polyhedral complez of definition for C and ¢ : |€| — R and ¢ : |€| —
R piecewise smooth functions. Then we have the associativity law

(1.14.1) ¢-(C-C"Y=(¢-0C)-C'
and the commutativity law
(1.14.2) - (Y- C)=1v-(¢-C)

as identities of tropical cycles on Ng.

Proof. Using [LT1] it is shown in [ARIO, Lemma 9.7, Proposition 6.7] that
(CIZTI) and ([TIZ2) hold for tropical cycles C,C’ with integral weights and
piecewise linear functions ¢, : |¢| — R with integral slopes. As both sides of
(CIZ1) and (LI42) are linear in weights and slopes, both formulas extends by
linearity to tropical cycles with constant weight functions and piecewise linear
functions with arbitrary real slopes.

To reduce to the above situation, we will use the procedure described in
We may assume that C and C’ are tropical cycles of pure dimension n and
n' respectively. Let 4 be an integral R-affine polyhedral complex such that
%<p and €<,y are polyhedral complexes of definition for C' and C’. We write
C = (€<n,m), C' = (¢.,,,m'), and C - C' = (€<;,m") with | ;== n+n' —r.
Given w € |¢| we denote by %, the rational polyhedral fan of local cones of €
in w. There is a bijective correspondence between the polyhedra o € € with
w € o and the cones o, in €,. Each ¢ € € with w € ¢ determines a canonical
isomorphism of affine spaces 1, : L, 5 A, with 1, (0) = w. We obtain tropical
fans with constant weight functions C,, = (6, <n, m(w)), CL, = (G <n’, M’ (w)),
and (C-C")y = (6, <n, m" (w)). We have C,,-C/, = (C-C"),, by our construction
of the stable tropical intersection product with smooth weights. There is a
unique piecewise linear function ¢, : |4,| — R such that for all o, € €, the
R-linear function ¢,,, on L, determined by ¢y |s, = do,, |0, satisfies

(do,,)(0) = (1,d)(0)
in L7 . We write

¢-(C

C<1,m1),

") (
( ) ") = (€x,ma),
¢u+ (Cu Cl) = ( w<l=mw1)
(¢w - Cu).C) = (G <ty Mw2)-
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The local nature of our definitions yields
Mo (W) = My o, (0)

fori =1,2 and all 0 € €<p4p/—r—1 With w € 0. Formula ([.I41]) for constant
weight functions and piecewise linear functions with arbitrary real slopes gives
M 1,0,(0) = My 24, (0). Hence m; = mg and (LIZI]) is proven in general.
The reduction of (LIZ2) to the case of constant weight functions and piecewise
linear functions proceeds exactly in the same way. O

Corollary 1.15. Let F : N — Ng be an integral R-affine map. We consider
a tropical cycle C = (€, m) with smooth weights on Ng and a piecewise smooth
function ¢ : |€| — R. We write F*C = (¢',m’) where F(|€"|) C |€|. Then ¢
induces a piecewise smooth function F*(¢) : |€'| — R and we have

F*(¢) - F*(C) = F*(¢ - O),
1.e. the formation of the corner locus is compatible with pull-back.

Proof. Using (LZ45) giving pull-back as a stable intersection with the graph, the
claim follows by applying Proposition [[.I3]and (I.IZ1]) in Proposition T4 O

2. THE ALGEBRA OF DELTA-PREFORMS

In this section we define polyhedral supercurrents on an open subset Q in
Ng for some free Z-module N of finite rank. The polyhedral supercurrents are
special supercurrents in the sense of Lagerberg. We show that an analogue of
Stokes’ theorem holds for polyhedral supercurrents with respect to the polyhe-
dral derivatives dp and d. Then we introduce the algebra of d-preforms on
which is going to play a central role in this paper. These J-preforms are special
polyhedral supercurrents defined by tropical cycles and superforms. We show
that §-preforms admit products and pullback morphisms, satisfy a projection
formula and that the polyhedral derivative of a d-preform coincides with its
derivative in the sense of supercurrents.

Throughout this section N and N’ denote free Z-modules of finite rank r and
. We write Ng = N ®z R and Np = N’ @z R. We refer to Appendix [A] for
the notation from convex geometry.

2.1. Given an open subset Q in Ng, we denote by Ap’q(ﬁ) the space of su-
performs of type (p,q) on Q, by A2?(Q) the space of superforms with com-

pact support of type (p,q) on Q, and by Dk,l(ﬁ) = Dr_k’r_l(ﬁ) the space of
supercurrents of type (k,l) on Q in the sense of Lagerberg (see also
[CLDI2, [Gubl3a]). We have seen in the introduction that A := @, ,AP? de-
fines a sheaf of differential bigraded R-algebras with respect to the differentials
d’ and d”. The bigraded sheaf D := @&, ;D7 contains A as a bigraded subsheaf
and has canonical differentials d’ and d” extending those of A.

The sheaf APY comes with a natural operator JP? : AP?7 — A%P which
extends to JP4 : DP9 — D%P_ The first one induces an involution J := @, ,JP4

on A which is determined by the fact that it is an endomorphism of sheaves of
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A%O_algebras and that d' o J = J o d”. The extension of J to supercurrents is
determined by

(J(T),a) = (=1)"(T, J())

for « € A77P779(Q) and T € DP9(Q)). Sections of APP (resp. DPP) which are
invariant under the action of (—1)PJPP are called symmetric superforms (resp.
symmetric supercurrents). Sections of APP (resp. DPP) which are invariant
under the action of (—1)P*LJPP are called anti-symmetric superforms (resp.
anti-symmetric supercurrents).

2.2. Let Q be a open subset of Ng. An integral R-affine polyhedron A of
dimension n in N determines a canonical calibration

fio € |N"Lg| = Or (A,) xE! A"L,

as in [CLD12| 3.5]. Given a superform o € Az""(£2) the integral

/AO‘:/NR“"W

was defined in §1.5] (see also [GubI3al §3]). The polyhedron A deter-

mines a continuous functional

(2.2.1) AP(Q) — R, an—)/ o
A

and a symmetric supercurrent da € Dnn(ﬁ)
The space ARY(Q2NA) of (p,g)-superforms on A is defined in [Gub13al 3.2].
For a superform a € ARLY(Q N A) the supercurrent

A NOA € Dy pnq(Q)

is defined by (@ A da, B) = (da,a A B) for all B € A~ P"79(Q).

Definition 2.3 (Polyhedral supercurrents). Let Q be a open subset of Ng.
A supercurrent o € D(ﬁ) is called polyhedral if there exists an integral R-
affine polyhedral complex € in Nr and a family (aa)ace of superforms ap €
AA(Q N A) such that

(2.3.1) a= ) aaAda
A€?

holds in D(€2). In this case we say that € is a polyhedral complex of definition
for a.. The polyhedral derivatives dp(a) and dj (a) of a polyhedral supercurrent
[231]) are the polyhedral supercurrents defined by the formulas

dp(a) = Y d'(aa) Ada,
VANS

diﬁ(a) = Z d”(aA) A OA.
Ae?
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Remark 2.4. (i) We observe that the family of forms (aa)acy in (231
is uniquely determined by « and %. Furthermore the support supp(a) of a
polyhedral supercurrent « is the union of the supports of the forms aa for all
Ae?.

(ii) It is straightforward to check that the definitions of the polyhedral deriva-
tives dp(a) and df(a) do not depend on the choice of the polyhedral complex
of definition .

(iii) We do not claim that the polyhedral derivatives of a polyhedral super-
current « coincide with derivative of a « in the sense of supercurrents. In fact
the derivatives of a polyhedral supercurrent in the sense of supercurrents are in
general not even polyhedral.

Definition 2.5. Let Q denote an open subset of Ng. Let P C Q be an integral
R-affine polyhedral set P in Nr. We choose an integral R-affine polyhedral
complex in Ng whose support is P.

(i) Let a € Dy o(€2) be a polyhedral supercurrent such that supp(a) N P is
compact. After suitable refinements, we may assume that o admits a polyhedral
complex of definition € such that Z is a subcomplex of €. In this situation we

write

(2.5.1) a= Y aaAda
NS

as in (23] and define the integral of « over P as

(2.5.2) /Pa: Z/A%.

AED

(ii) Let 5 € Dj(€2) be a polyhedral supercurrent with supp(3) NP compact.
Proceeding as in (i), we define the integral of  over the boundary of P as

(2.5.3) B = Ba

oP AEE:@ 0A
where the boundary integrals on the right are defined as in [CLDI2, 1.5] and
[Gub13al, 2.6]. We define the boundary integral ([25.3]) for a polyhedral super-

current 8 € Do,l(fl) with supp(8) N P compact by the same formula.

Remark 2.6. (i) The definitions in ([2.5.2) and (Z5.3]) do not depend on the
choice of the polyhedral complex 2.
(ii) On the Borel algebra B(P), we get signed measures

pra i BP) S B, apa() = Y [
Aeg/MNA

and
o BP) R, porsM) = 3 [ .
Acy I MnoA
(iii) We recall from that relint(P) denotes the set of regular points of a
polyhedral set P. Then supp(/) N P C relint(P) implies

(2.6.1) B=0
oP
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as an immediate consequence of the definitions.

Proposition 2.7 (Stokes’ formula for polyhedral supercurrents). Let Q denote
an open subset and P an integral R-affine polyhedral subset in Ng with P C €.

Then we have
/ d%a = / a, / %')5 = 15}
P oP P opP

for all polyhedral supercurrents a € Dy (Q) and B € Do 1(Q) with supp(a) N P
and supp(3) N P compact.

Proof. We choose a polyhedral complex of definition 4 for « such that a
subcomplex ¥ has support P. By linearity it is sufficient to treat the case
a = aa N oa for a superform ap € A?_l’"(Q NA)and A € 2,,. We get

/Pd;(a):/Pd'(%)MA:/Ad'(aA):/M%:/Wa.

using Stokes’ formula for superforms on polyhedra (see [CLDI12, (1.5.7)] or
[Gubl13al, 2.9]). The formula for 3 follows in the same way. O

Remark 2.8. Let Q be a open subset of Ng. An integral R-affine polyhedral
complex C' = (%, m) with smooth weights of pure dimension n and a superform
a € AP1(Q)) determine a polyhedral supercurrent

a o = Z (mA . Oz’A) ANOA € Dn_pm_q(ﬁ).
AECH

We get in particular the polyhedral supercurrents [a] = o A dn, € Dy—pr—q(€2)

and 0c = 1 Adc € Dy ().

Definition 2.9 (J-preforms). (i) Let Q be a open subset of Ng. A supercurrent
a € Dr_p7r_q(§) is called a d-preform of type (p,q) if there exist a finite set
I, a family (C;);er of tropical cycles with smooth weights C; = (%;, m;) of
codimension n; in Ng, and a family («;);er of superforms «; € Api’qi(ﬁ) such
that p; +n; = p and ¢; + n; = ¢ for all i € I and

(2.9.1) a=> a;Nig

el
holds in Dr_pm_q(ﬁ). The support of a é-preform is the support of its underlying
supercurrent. _ _

(ii) The d-preforms define a subspace PP4(Q2) in D,_, —,(2). We put
P Q)= @ PrQ)

p+q=n

and P(Q) = ©penP™(2). We denote by P.(£2) the subspace of P(€2) given by
the §-preforms with compact support. A d-preform o« € Pp’p(Q) of type (p,p)
is called symmetric (resp. anti-symmetric), if the underlying supercurrent of o
is symmetric (resp. anti-symmetric).

(iii) We say that a d-preform « has codimension [, if it admits a presentation
([229.1]) where all the tropical cycles %; are of pure codimension [. The d-preforms
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of codimension [ define a subspace of Dp+l’q+l(§~2) which we denote by Pp’q’l(ﬁ).
As an immediate consequence of our definitions, we have the direct sum

@)= € PQ.
p+g+2l=n
Example 2.10. It follows from Remark [C7 that a d-preform of codimension 0
on () is the same as a superform on €2 with piecewise smooth coefficients.

Remark 2.11. Let
a= Zai Ndc; € PPOL(Q)
el
be a é-preform as in (2.9.0]). Let ¢ be a common polyhedral complex of defini-
tion for the tropical cycles (C;)ier. Then the supercurrent « is polyhedral and
% is a polyhedral complex of definition for a. In fact we have C; = (¢, m;) for
suitable families of weight functions m; A on polyhedra A in %,._; and define

an =Y mia-(oila) € ARNQN|A]).

el
Then we get
oo, = Z m; A N OA
AEC,_;
and
o = Z an N OA.
AEE,_;

In order to compare d-preforms
a=Y aiNdg, B=Y B Nip, € PP(Q)
il jeJ
presented as in (Z0.1]), we choose a common polyhedral complex of definition
¢ for the finite families (C;);cr and (Dj);es of tropical cycles and obtain

(2.11.1) o = 5 = A = BA VA € 6,_;.

Proposition 2.12. Let Q denote an open subset of Ng. Presenting d-preforms
as in (Z291]), we can perform the following constructions:

(i) We have a canonical C*>(Q2)-linear map
AP —s PPAOR), s o A by,
and a C*°(Ng)-linear isomorphism
TZY(Ng) = PO%YNR), C+—— 1Adc.

(ii) There are well-defined C*°(Q2)-bilinear products
A Pp,q,l(ﬁ) R Pp’,q’,l’(ﬁ) SN Pp-i—p’,q-i-q’,l—l—l’(ﬁ),

<Zai/\50i)/\<25j/\5pj) = > (@i ABj) Aoy,

iel jeJ (i,5)eIxJ
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(iii) An integral R-affine map F : Ny — Ng induces a natural pull-back
F*:Pp’q’k(Q)—>qu’ Zal/\éc |—>ZF a;) N\ dp=c,

iel iel
for any open subset Q' of F_l(ﬁ).
(iv) The pull-back morphism F* in (iii) satisfies
FXanB) = (Fra) A (F7f)
for all o, p € P(ﬁ)

Proof. The proof of (i) is straightforward. For (ii), we have to show that the
definition

(2.12.1) anBi= > (aiABj)Adop,
(4,7)EIxJ
is independent of the presentations
a=> a;Ndg, € PPHQ), = BjNdp, € PPY(Q)
1€l jeJ

given as in ([2.9.1]). We choose a common polyhedral complex of definition % for
all tropical cycles C; and D;. Using Remark 2.1 we represent the é-preforms
as polyhedral supercurrents

(2.12.2) a=Y a;Noy, B= Y Bo Ay

o€l o' gV
We choose a generic vector v and € > 0 as in [[4(ii). From (2I21) and (L4,
we deduce

(2.12.3) anB= Y D IN:Ny+ Nyl aghBy Ad;

T€(€l+ll 0-70-,

where o, o’ ranges over all pairs in €' x € with cNo’ = 7 and 0N (0’ +ev) # 0.
Then (ii) follows from ([2.12.3]) and from the uniqueness of the representations

n (2122). Bilinearity is obvious.

Similarly we show (iii). Given a J-preform « as above, we have to prove that
(2.12.4) F*(a) =) (F*ai) Adpec,

i€l
is independent of the representation of « in (212.2]). There is a complete, inte-
gral R-affine polyhedral complex ¢” of N}, and a complete, common polyhedral
complex of definition ¥ for all tropical cycles C; satisfying the following com-
patibility property: For every o’ € ¢, there is a o € ¢ with F(0’) C 0. Using
the coefficients mz, from [[4Yv), we deduce from (ZI24]) and (LZ4) that
(2.12.5) = 3 Yoml, FrasAdy
Ye(@) oo

where ¢/, ranges over all pairs in (4”)° x ¢! with 7' C ¢/, F(y') C 0. Then
(iii) follows from (2I235]) and uniqueness of the representation (Z.I2.2]).
Note that (iv) is a direct consequence of our definitions. O
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Remark 2.13. Let P be an integral R-affine polyhedral subset in Ny of di-
mension n. Let C' = (¢, m) be a tropical cycle with |C| = P or |%| = P and
o € P;(Nr). Observe that [« is in general different from | Ny @ A Oc as the
latter integral takes the multiplicities of C' into account.

Proposition 2.14 (Projection formula). Let F' : N — Ngr be an integral
R-affine map and C" a tropical cycle of dimension n on Ng. Let P be an
integral R-affine polyhedral subset and Q an open subset of Nz with P C Q.
Let oo € P(Q) be a 6-preform such that supp(F*(a) Adcr) N F~Y(P) is compact.

Then supp(a A 0, (cry) N P is compact. If a € P™"(Q), then we have

(2141) / Oé/\éF*(C/) = / F*(Oé) /\50/,
P F-1(P)
If « € P"=17(Q), then we have
(2.14.2) / oAb o = / F*(a) A der.
oP dF—1(P)

Proof. We consider first the case where o € P™"™(€2). We may assume without
loss of generality that o € PPP!(Q) where n = p + 1. We write

a:Zai/\éci

el
for suitable oy € APP(Q) and C; € TZ/(Ng) as in (Z3.1). We get
a A 5F*(C’) = Z a; N\ 5F*(F*C'i-C")7
el
F*(a) Noor = Z F*(a,) NOp=c;.cr
el

by the projection formula [[5l(ii). We choose common polyhedral complexes of
definition ¢” in Ny for C’ and F*C; for all i € I and € in Ng for F,.C’ and
C; for all i € I. We may assume that F,(%¢”) is a subcomplex of €. After
further refinements we can find polyhedral subcomplexes 2’ of ¢’ with support
F~YP) and 2 of ¢ with support P. Then F,Z' is a subcomplex of & and we
write

(2143) Z a; N\ 6F*(F*Ci-0’) = Z gy N\ (50—,
el oEG)
(2.14.4) Z F*(a;) A Op=c,.cr = Z Qgr N Oy
i€l o' EC)
Consider ¢ € %,. Given ¢’ € %, with F(o') = o there is a unique form

Gy € Agy(o) such that F*(ay) = ay in Ay (o). From (LZA3J), ZI43) and
ZIZZ) we get

(2.14.5) ag= Y [Ny:Lp(Ny)| - éo.
o"E‘gI/,
F(o!)=0c
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and o, = 0 for all ¢/ € ) with dim F(¢') < p. If 0 € Z,, which means
o C P, then only ¢’ € &, contribute to the sum in (ZIZLH). Since the latter

is equivalent to o/ C F~1(P), we deduce from (ZIZ5) and compactness of
supp(F*(a) A d¢r) N F~(P) that supp(a A g, (¢vy) N P is compact. The above
formulas show that

/aAéFC/ Z/%—ZZNLF )]/

€Dy 0€EDp o E‘v”
F(U/)—O'

and hence the transformation formula of integration theory (see [CLD12, 1.5.8],
[Gub13al Proposition 3.10]) gives

/04/\51?((1/ Z Z /agr— Z/Oéo'—/ a) A\ der.

o'eE), '€,
F(U’)—U
This proves (2I4.J)). Formula ([2I4.2) is proved exactly in the same way using
the transformation formula for boundary integrals in [CLDI12, 1.5.8]. O

2.15. Given a tropical cycle C' = (%, m) with constant weight functions, it
follows from Stokes’ theorem that the supercurrent d¢ is closed under d’ and d”
[Gub13al, Prop. 3.8]. The following Proposition shows that this is is no longer
true for tropical cycles with smooth weights.

Proposition 2.16. Let C' = (¢,m) be a tropical cycle with smooth weights of
pure dimension n in Nr. Then we have
d/(sc = d/m/\&g,
d”(SC = d'mAn Og
in D.(Ngr) where the polyhedral supercurrent d'm A d¢ is defined by
(d'm A bg,a) = Z dmy A«
oECn g

and the supercurrent d’'m A d¢ is defined in an analog way.

Proof. This is a direct consequence of Stokes’ formula for superforms on poly-

hedra [CLDI12, (1.5.7)], [GubI3a, 2.9] and the balancing condition (LTI)). O

Remark 2.17. It follows from that the subspace P'(Ngr) of D'(Ngr) of
d-preforms is not closed under the differentials d’ and d” in the sense of super-
currents. We will address this problem again in

Proposition 2.18. Let Q denote an open subset of Nr. Then we have
d'(8) = dp(B), d"(B) = dp(B)
for all 5-preforms B € P(Q).

Proof. Tt is sufficient to treat the case § = a A 8¢ for a superform a € AP4(Q)
and a tropical cycle C' = (%, m) of pure dimension n on Ng. We have

g = Z (Mg - alg) A by

oECH
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From Proposition 2.16] we get

dB=dandc+ (-1)PTlandmAndy = Z (Mo - d'als + d'me Aals) A by
oECn

Then Leibniz’s rule shows

dp=") d(ms-als) A& = dp(p)

Ue((flﬁn

which proves the first equality. The second claim is proved similarly. ]

3. SUPERCURRENTS AND DELTA-PREFORMS ON TROPICAL CYCLES

In this section, we introduce supercurrents and d-preforms on a given tropical
cycle C' = (%, m) of pure dimension n with constant weight functions. Similarly
to complex manifolds, such tropical cycles have no boundary as d'd¢c = d"d¢c =
0. In the applications, C' will be the tropical variety of a closed subvariety of a
multiplicative torus. We build up on the results in Section 2. We will obtain
the formulas of Stokes and Green. The main result is the tropical Poincaré—
Lelong equation which will be used in Section [0l for the first Chern d-current of
a metrized line bundle.

3.1. The space AZY(Q) of (p,q)-superforms on an open subset Q in || is
defined in [GubI3al 3.2]. Observe that A%?(Q2) depends only on the support
|€| of €. We will often omit the polyhedral complex & from our notation and
write simply AP?((2) instead of A2Y(Q2) when € or at least |4 is clear from
the context. The spaces AP9(Q)) define a sheaf on |¢|. Hence the support of a
superform in AP9(QQ) is defined as a closed subset of Q. We denote by A2?(()
the space of superforms on €} with compact support.

Definition 3.2. We define the space of supercurrents D;‘f () of type (p,q) on
an open subset ) in || as follows. An element in D;fj 4(€2) is given by a linear

form T € Homg (AZ?(Q2), R) such that we can find an open set Q of Ny and a
supercurrent 7”7 € D, ,(2) such that @ = QN [¢| and T'(n]q) = T"(n) for all

n € APY(Q). As in B we often omit ¢ from the notation and write D, ,(£2)
instead of D;‘fq(Q). We also use the grading DP4(Q) := Dy n—q(2).

Remark 3.3. In the situation of we fix an open subset Q of Ng with
Q= QnN|%|. It follows from a partition of unity argument that Dy, ,(€2) can be

seen as a subspace of D, ,(€2). Furthermore the differentials d’ and d” on D()
induce differentials d’ and d” on D(Q).

A polyhedral supercurrent o/ on € is in D(Q) if and only if supp(e/) is
contained in Q. The corresponding element a in D(R2) is called a polyhedral
supercurrent on 2. Using[2:3] the polyhedral derivatives dpo and dj v are again
polyhedral supercurrents on 2. Definition yields integrals |’ pa= i) o and
boundary integrals fapa = fap o’ of polyhedral supercurrents « in Dy(2)
(resp. D1(€2)) over an integral R-affine polyhedral subset P of €2 provided that
supp(a) N P is compact.
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Definition 3.4. Let Q2 be an open subset of |%’| and consider an open subset
Q of Ng with Q = QN [%|. For any & € P(Q), the supercurrent & A ¢ on € 1
ies in the subspace D(§2) of D(€2). We will denote the corresponding element
in D(2) by @lo. A supercurrent v € D(2) is called a d-preform on § if there is
an open subset Q of N with Q = QN|%| and a @ € P(Q) with & = @Ad¢c. The
space of d-preforms on Q is denoted by P(£2) and the subspace of compactly
supported 0- preforms is denoted by P.(£2). Note that these spaces depend also
on the weights m of the tropical cycle C' = (%¢,m) and not only on the open
subset Q of |¥].

Remark 3.5. (i) A partition of unity argument again shows that P(Q) is the
image of the natural morphism
P(Q) — D(Q), a+—s dlg :=aAde

for any open subset Q of Ng with Q = QN [€|. We give P(Q) the unique
structure as a bigraded algebra such that the surjective map P(Q) — P(f)
is a homomorphism of bigraded algebras. Similarly, we define the grading by
codimension on P(Q). For §-preforms a = & A d¢ and o/ = & A d¢ on Q, their
product is given by the formula

alNd =aNd Nic.

(ii) By Remarks 2 ITland B3l oo = aAd¢ € P(R) is a polyhedral supercurrent
on ). After possibly passing to a subdivision of 4, we have

o = ZQA/\(SAED(Q)

AN
with ap € AA(QNA). It follows from Proposition 218 that
(3.5.1) dpa=da and dpa=d"a,

where on the left hand sides we use the polyhedral derivative introduced in 2.3]
and where on the right hand sides we use the derivative of currents in D(2).
(iii) Now we assume that o € P™™(Q)) and that P is an integral R-affine
polyhedral subset of € such that supp(a) N P is compact. By passing again
to a subdivision, we may assume that ¢ has a subcomplex Z with |2| =
Then the integral of polyhedral supercurrents on 2 and a decomposition of «

as above lead to
L= X fos

A similar formula holds for the boundary integral [, a for o € P"17(Q) or
a € PvrQ).

Proposition 3.6 (Stokes’ formula for -preforms). Let P be an integral R-affine
polyhedral subset of the open subset Q of |€'|. Then we have

oo o -

for all 6-preforms o € P"~1"(Q) and B € P™"~ 1(9) with supp(a) N P and
supp(8) N P compact.
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Proof. This follows from Proposition 27 and E5.1). O

The following result will be important in the construction of é-forms on
algebraic varieties.

Lemma 3.7. Let Q be an open subset of |€|. Given d'-closed (resp. d"-closed)
d-preforms v and ' on Q, their product v A+ is again d'-closed (resp. d"-
closed).

Proof. Consider an open subset Q of Ng with @ = QN |%| and d'-closed §-
preforms v and 7/ on 2. We may assume that v (resp. 7/) is of codimension [
(resp. I') and that + has degree k + 2 (resp. k' + 2I). We choose é-preforms
¥=> i Ndg; and 7' =37l A 5(;]/_ for superforms a; € A¥((Q), ol € AF'(Q)
and tropical cycles C; = (¢;,m;), C; = (¢}, m}) of codimension [, ! with smooth
weight functions such that v =4 A d¢ and v/ =4’ A dc. We have to show that
the supercurrent
YAY =5 A5 Noo € D()

is d'-closed. After suitable refinements we may assume that the polyhedral
complexes %, (5; and % are all subcomplexes of a complete integral R-affine
polyhedral complex 2 in Nygr. We choose v, w € Nr generic vectors in order
to compute stable tropical intersection products as in [[.4] for tropical cycles
with polyhedral complex of definition 2. We have C} - C' = (%<, m}). For
pE Pp_p and w € p, we have

m,(w) = Z Cot AT (W) A
p=c'NA

for small & > 0, where (0/,A) ranges over 2V x 9, and c,/n = [N : Ny + Na|
if o’ N (A +ev)# 0 and cyra =0 else. In the same way we write

Ci . Cj/ . C = (ggn—l—l’a m/-/().

ij
For 7 € 9,,_;_y and w € 7, we have
mi(W) = D CopmMio(w)mf,(w).
T=0Mp

for small € > 0, where (o, p) range over 2! x Z,_p and Cop =[N : Ny + N, if
oN(p+ew)# 0 and ¢,, = 0 else. Combining the last two formulas, we get
(371) m;/J/T(OJ) = Z Coo' A Mo (O.)) m_/ja’ (w) ma

T=0No/NA
where (0,0’, A) range over 2! x 2" x 9, and
(372) Coo! A = Co’,o”ﬁA *ColA-
We observe that by associativity and commutativity C; - (C} - C) = C} - (C; - C).
This implies

(373) Coo’ A = Ca",crﬂA *CoA-
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Now we use dp(y A dc) = d'y =0 in D(Q). For every p € Z,,_;, we get
(3.7.4) Z Z con d (Mmigmac;) =0
i p=oNA

on N p. Similarly, we use dp(¥ A dc) = d'v' = 0. For every p' € Z,,_y, this
gives

(3.7.5) Z Z corn d' (ml,macly) =0

Jj p'=0'NA
on QN p’. We have to show that
(3.7.6) d(yNY)=d(FNY Noo) = d(ai Ay A Jenene)

ij
vanishes in D(§). Since d’ agrees with dp on d-preforms, we deduce

T

(3.7.7) d'(a; Aoy A g,or.0) = > d(mifj i Aaf) NS,

By B1) and Leibniz’s rule, we can split this into the sum of
(3.7.8) Z Z Coor A MA d' (Migay) A mga,a;- A 0.
T T=0No'NA
and
(3.7.9) (—1)k Z Z Coo! A TVA Mgy N d'(m;»(,,a;-) Adr.
T T=0No'NA

Note that here and in the following, we use our standing assumption that the
weight ma of C' is constant. From [B.73]) and BL4) we get

/ !/ /
Z Z Z Coor AMAA (Miga) N M O

ij T T=0oNo’'NA

- ZZ >, CG’P( > ZCC’AmAd/(mi”ai))Am;'“'a;

T 1=0'Np p=cNA i

= 0.
In the same way we get
Z Z Z Coo! AMAMG 0 N\ d'(m}ola;») =0
ij T T=0cNo'NA

from B72) and BTH). These two equations and (B.L6)—(E.79) prove the

vanishing of d’(y A v’). In the same way, one derives d’(y A ') = 0 from the
vanishing of d”(vy) and d"(v'). O

Corollary 3.8. Let Q be an open subset of |€|. We consider 5 = n A~y €
PR(Q) and B = 1/ A+ € P¥(Q) for superforms n,n € A(Q) and d-preforms
v,y € P(Q). Ifdvy=d~" =0, then d'B is again a 5-preform with

dB=dnny and d(BAB)Y=dBNE +(-1)BAdS.
If d"~v = d"y =0, then corresponding formulas hold for d”.
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Proof. Given a superform n € AP(§2) and a supercurrent 7' € D({2), we have
(3.8.1) dnAT)=dnANT+ (—1)PnAd'T.

This implies the first formula and hence d’3 is a preform. Combined with
Lemma B7 we deduce the second formula as well. Similarly, we prove the
corresponding claims for d”. O

Proposition 3.9 (Greens’ formula for o-preforms). Let 2 be an open subset
of |€¢| and let P be an integral R-affine polyhedral subset of Q. We consider
symmetric d-preforms B; € PPoPi(Q) for i = 1,2 with p1 +py = n — 1 such
that B; = n; N y; for superforms n; € A(Q) and 0-preforms ~v; € P(Q) with
dy=d~ =d"v=d"y =0. Then we have

/ (BLAdd"By — B Add'Br) = / (BLAd B — o N d"By)
P oP

if we assume furthermore that supp(/1) N supp(f2) N P is compact.

Proof. The formula is obtained as in [CLDI12| 1.3.8] as a direct consequence of
Proposition and the Leibniz formula in Corollary [3.8] O

Definition 3.10. Let P be an integral R-affine polyhedral subset in Ng. A
piecewise smooth superform o on an open subset €2 of P is given by an integral
R-affine polyhedral complex & with support P and smooth superforms aa €
AA(Q2NA) for every A € & such that aa restricts to «, for every closed face
p of A. In this case we call Z a polyhedral complex of definition for a. The
support of a piecewise smooth superform « as above is the union of the supports
of the forms ap for all A in 2. We identify two superforms «, @’ on Q if they
have the same support and if aa = &/, on AN A"’ NQ for all polyhedra A, A/
of the underlying polyhedral complexes 2, 2'.

Remark 3.11 (Properties of piecewise smooth superforms). Let Q2 denote an
open subset of an integral R-affine polyhedral subset P in Ng.

(i) The space of piecewise smooth superforms on € is denoted by PS(2). It
comes with a natural bigrading and has a natural wedge product. We conclude
that PS(Q) is a bigraded R-algebra which contains A~'(§2) as a subalgebra.
We denote by PS:'(€2) the subspace of PS™'(€2) given by piecewise smooth
superforms with compact support.

(ii) Let N’ be also a free abelian group of finite rank and let F : N — Ng
be an integral R-affine map. Suppose that €’ is an open subset of an integral
R-affine polyhedral subset @ in N} with F(Q) € P and F() C Q. For a
piecewise smooth superform « on €2, there is an integral R-affine polyhedral
complex 2’ with |2'| = @ and a polyhedral complex of definition 2 for « such
that for every A’ € &', there is a A € 9 with F(A’) C A. Then we define a
piecewise smooth superform F*(«) = o’ on ' with 2’ as a polyhedral complex
of definition by setting o/y, := F*(aa) € Aa/(Q' N A') for every A’ € Z'. In
this way, we get a well-defined graded R-algebra homomorphism

F*: PS™(Q) — PS™ ().

In particular, we can restrict a to an open subset of an integral R-affine poly-
hedral subset of P.
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(iii) Let v € PSP4(Q2) be given by an integral R-affine polyhedral complex
2 and smooth superforms apn € AP4(Q N A) for every A € 2 . Then the
superforms d'aa € AZJrl’q(Q NA), with A ranging over &, define an element in
PSPTLA(Q) which we denote by dpa. Similarly, we define djpov € PSPIT((Q).
One verifies immediately that PS> (W) is a differential graded R-algebra. with
respect to the differentials

(3.11.1) dp : PSPI(Q) — PSPTLQ), dp : PSPI(Q) — PSPITHQ).

(iv) The elements of PS%9(Q) are the piecewise smooth functions on the
open subset  of P from Definition

3.12. Now we apply the above to an open subset ) of the polyhedral set
P :=|€| for the given tropical cycle C' = (%', m) with constant weight functions.
A piecewise smooth superform « as above defines a polyhedral supercurrent

[a] := Z an N oa
JANSY S
and the derivatives in (B.I1.1]) coincide — as suggested by the notation — with the
polyhedral derivatives introduced in Note that these differentials of piece-
wise smooth superforms are not compatible with the corresponding differentials
of the associated supercurrents. We define the d’'-residue of o by

Resg (o) := d'[a] — [dpa].

Similarly, we define residues with respect to the differential operators d” and
dd".

3.13. Given a € PS(Q2) and a polyhedral supercurrent /3 on the open subset
of ||, there is natural bilinear product a A § which is defined as a polyhedral
supercurrent on {2 as follows. After passing to a subdivision of %, we may
assume that ¢ is a polyhedral complex of definition for o and S. Then % is a
polyhedral complex of definition for a A 8 and for every A € € we set

(a /\,B)A = aa A Pa € AA(Q A A),

where «, 3 are given on Q by aa,Ba € AA(Q A A). For a € PS*(Q), the
Leibniz type formula

(3.13.1) dp(a A B) =dpa A B+ (—DFandpp
is a direct consequence of our definitions. An analog formula holds for df.

There is no obvious product on the space of polyhedral currents which ex-
tends the given products on the subspaces P(€2) and PS(2). The next remark
shows that such a product exists for a canonical subspace PSP(£2) of the space
of polyhedral currents.

Remark 3.14. The linear subspace PSP(2) of D(12), generated by currents of
the form a A B with o € PS(Q) and with 5 € P(Q), will play a role later. Note
that PSP(2) has a unique structure as a bigraded differential R-algebra with
respect to dp, djy extending the corresponding structures on PS(2) and P(f2).
To see that the wedge-product is well-defined, we can use the same arguments
as for P(€). The crucial point is that for a piecewise smooth form « as in
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312l and 7 < A € €, the restriction of aa to 7 is a,. This allows to use the

arguments in Proposition which show that A is well-defined on PSP(f2).
If F: Ny — Ng is an integral R-affine map and if Q' is an open subset of
the preimage of the open subset Q of N, then we have a unique pull-back F™* :
PSP(Q) — PSP() which extends the pull-back maps on piecewise smooth
forms and on d-preforms and which is compatible with the bigrading and the
wedge-product. Again, the argument is the same as in the proof of Proposition
Moreover, it is clear that the projection formulas in Proposition 2141 hold

more generally for o € PSP(Q).

3.15. Recall that C' = (¢, m) is a tropical cycle on Ny of pure dimension n
and with constant weight functions. Let ¢ be a piecewise smooth function on
|%’|. We have seen in [[L12] that the corner locus ¢-C'is again a tropical cycle. It
induces a polyhedral supercurrent 64.c € Dy,—1,-1(|€|) on |€|. By Proposition
LR there is a piecewise smooth function ¢ on Ny extending ¢. We have

5(]5-6’ = 5¢~>~NR A dc
and hence §4.c is a d-preform in PL1(|%|). By Remark B35 we obtain a 4-
preform &40 A B € PP4HL(|€)) for any 8 € PPoY(|€)).

The following tropical Poincaré—Lelong formula and its Corollary [3.19] com-
pute the d’'d’-residue of ¢.

Theorem 3.16. We consider a d-preform w € PP%(|€|) such that d'w = 0 =
d"w. Let n € AV~ P=l=bn=a=l=1(|¢|) be a superform such that 3 = n Aw has
compact support. Then we have

(3.16.1) (ﬁd,d/,ﬂ — dlp /]/3¢ ANp = / (5(;5,0 AB
€] €| %]
where we use the integral of polyhedral supercurrents on |€| defined in[33.

Proof. We may assume after suitable refinements that % is also a polyhedral
complex of definition for ¢ and w. From BI3]) and B.5T]), we get

Ay dB) + dp(dpo A B) = 6 d"d + dpdiy A f = dpdipd A — Hd'd".
Let P denote the polyhedral set |¢|. Stokes’ formula for polyhedral supercur-
rents 2.7] yields

(3.16.2) /P(dg, gqmﬁ—qsd'd”ﬁ) :[)P¢Ad’5+ép oA B.

We write
w = Zwi A d¢,
el
for tropical cycles C; = (¢<p—;, m;) with suitable smooth weight functions m;
and superforms w;. Then we have

dNd B = / dNdnAw;Ade,
oP Z oP

iel

= Z Z MigPo d'n A wj.
do

1€l 0€C,_



30 WALTER GUBLER AND KLAUS KUNNEMANN

For each o € ¢,,—; and each face 7 € ¢,,_;—1 we choose an element w,  as in
(LII). We observe that the elements w; , used in [Gubl3al 2.8] to define the
boundary integrals fao satisfy wrs = —ws . The definition of the boundary
integral uses the contraction (.,wr,)¢,—;y of the involved superform of type
(n —1,n — 1) given by inserting w; , for the (n — [)-th variable and leads to

/aP o N dlﬁ = — Z Z Z /T<micr¢o d,’l’] N wi, wo,T>{n—l}'

1€l TE€EC,_1—1 °€Cn—1

T<0
Given i € I and 7 € %,,_;_1, the balancing condition (LI for C; gives us the
vector field

Wir 1= E MigWe r o T — Lir.

CEC, |
T<0

We observe that ¢, |, = ¢, for all 7 < o yielding

| onds==3 3 [ dnnum)on =0

i€l T€Cn_1°T

as a superform contracted with a vector field with values in L restricts to zero
on 7. Using this in (3.16.2)), we obtain

(3.16.3) odd'8— [ dpdbons—— / dsd A B.
%] %] a|%)
Our claim is then a consequence of the following lemma. O

Lemma 3.17. Let ¢ be a piecewise smooth function on |€|. For any §-preform
B e PPN with compact support, we have

(3.17.1) dbo N B = —/ Ss.c N B, / dpp N\ B = Ss.c N B.

|| €] || €]
Proof. We prove only the first formula. The second formula follows by applying
the first one to J*(f) and using the symmetry of the supercurrent of integration.
We use the notations introduced in the proof of Theorem B.I61 We may assume
that g € PP~l=1n==Ll(|%|) and that

B=Y miNdc,
el
for tropical cycles C; = (<,—;,m;) with suitable smooth weight functions
m; and superforms n; € A"~'=Ln==1(|€|). Since B is a d-preform on C, we

may assume that there is a tropical cycle C; of codimension [ in Ng such that
C; = C;.C for every i € I. Recall that % denotes the partial derivative along

the tangential vector w, . An exercise in linear algebra gives
ag
Owg,

forall 7 € I, 0 € %,—; and all faces 7 of o of codimension one. Furthermore
one sees easily that

folon
/d//@ A (0is Wir) (2n—21—2) = —/ ¢ A 1.

- awiT

(d"Po A NiyWor) on—21-1} = AN+ d"do N (Niy Wo,r) {2n—21-2}
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Let ¢ - C; = (¥<p—1—1,m;) denote the corner locus of ¢ on C; introduced in
[[I0l Using the last two formulas and the definition of the weight functions m;,
of the corner locus in (LI0J]), we get

Z /(miad/,¢a ATy Wor) {2n—21-1}

T

CEC,
T<0
¢
= Z /(mwa—a An; + d"¢r A (1, Z miawa;r>{2n—2l—2})
oc6, 1 VT Wo,r cEC,,
n—I n—I1
T<0 T<0
0 0
= Z /(mwai Ani_aﬁAni>
o, I Wo,r Wit
T<0
_ /( S m 9% a@)m.
T Noct, 7 awa;r awi'r ’
T<0
= Mir 1;

for all i € I and 7 € 6,,_;_1. For the polyhedral set P :=|%|, we have

| dkons = X 3 [ madonn

1€l 0€6,_

= — Z Z Z /<miad//¢a A i, wa,‘r>{2n—2l—1}

1€l TEC,_1—1 7€Cn_|
T<0

= —Z Z /miTT/i

i€l 7€6n_11 T
= —Z/?’]i/\(5¢,ci.
: P

We get d¢.c; = 5450,0 = d¢, A\ dg.c from Proposition [[LI4l Hence

Z/Pni/\5¢.Ci:/P<Zm/\5éi)/\5¢.C:/P5¢.C/\ﬁ

el iel
yields our claim. O

Remark 3.18. In the situation of Lemma BI7 we consider a d-preform [ €
P=tn=1(|%|) on C. However we do no longer assume that 3 has compact
support. Instead we make the weaker assumption that the polyhedral super-
currents dj A B € D1 o(|€]) (vesp. dpdpAB € Do 1(|€])) and dg.cAB € Doo(|€])
have compact support. Then the first (resp. second) formula in [BI7.I]) still
hold for 3. In order to prove this, one chooses a function f € A%(|%’|) which is
equal to 1 on the above compact supports and applies Lemma [3.17 to f - 3.

Corollary 3.19. Let C = (¢,m) be a tropical cycle with constant weight func-
tions of pure dimension n on Ng and ¢ : |€| — R a piecewise smooth function
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with corner locus ¢ - C'. Then we have
(3.19.1) dd"[6] - [dpdisd] = 350
in D? (7).

n—1n—1
Proof. Both sides of (8.19.0]) have support in |%¢’|. Hence it suffices to show that
(d'd"[¢] — [dpdpe]) (@) = dg.c(a)
holds for all @ € AZ"""7!(|%]) and this is a special case of Theorem O

Corollary 3.20. Let ¢ : |%| — R a piecewise linear function on C. Then we
have

(3.20.1) d'd"[p] = dp.c
in Df—l,n—l(NR)'
Proof. This follows from Corollary O

4. DELTA-FORMS ON ALGEBRAIC VARIETIES

In this section, K is an algebraically closed field endowed with a complete
non-trivial non-archimedean absolute value | | and a corresponding valuation
v = —log| |. Let I' := v(K*) be the value group. Let X be an algebraic
variety over K of dimension n and X" the associated Berkovich space.

We introduce the algebra B(W) of d-forms on an open subset W of X",
We use tropicalizations as in [CLDI2] and [Gubl3a] to pullback algebras of
d-preforms to X 2. After a suitable sheafification process we obtain the sheaves
of algebras B and P of é-forms and generalized d-forms. We show that B is a
sheaf of bigraded differential R-algebras with respect to natural differentials d’
and d”.

4.1. Consider a tropical chart (V,¢y) on X as in [Gubl13al 4.15]. It consists of
a very affine Zariski open U in X. Recall that U is called very affine if U has
a closed immersion into a multiplicative torus. Then there is a canonical torus
Ty with cocharacter group

NU = HomZ(O(U)X/KX,Z),

and a canonical closed embedding ¢y : U — Ty, unique up to translation (see
[Gubl13al 4.12, 4.13] for details). We get a tropicalization map

o tro
tropy : U™ =% T =R Nyr

associated with . The second ingredient of a tropical chart is an open subset
V C U for which there is an open subset Q2 of Nyr with V' = trop[}l(f)).
The set trop; (U*") is the support of a canonical tropical cycle Trop (U) =
(Trop (U), my) with integral weights. It is the tropical variety associated to
the closed subvariety U of Ty equipped with its canonical tropical weights

(see [GubI3b, §3, §13]). Note that V = trop;,'(©2) for the open subset © :=
QN Trop(U) of Trop(U).
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Definition 4.2. Let f : X’ — X be a morphism of algebraic varieties over
K. We say that charts (V,¢p) and (V' ¢p/) of X and X' respectively are
compatible with respect to f, if we have f(U') CU and f**(V') C V.

4.3. Let f : X’ — X be a morphism of algebraic varieties over K Given
compatible charts (V, ¢y ) and (V', pp) of X and X', we obtain a commutative
diagram

V'c (U/)an Yu’ Ty trop NU’,R

lfanlvl J{fan'UE/m lw lF
trop

1748 U YT, Nyr

where 1 : Ty — 17 is the canonical affine homomorphism of tori induced by
0*(U) = 0*(U’) and where F : Ny g — Ny is the induced canonical inte-
gral I'-affine map. These maps are unique up to translation, but this ambuigity
will never play a role. If ' is the open subset of Trop(U’) with trop[;,l(Q’ )=V,
then ' C F~1(Q) N Trop(U").

Let Y be the schematic image of f. We define deg (f) = [K(X') : K(Y)] if
the extension of function fields is finite. Otherwise we set deg (f) = 0. Then a
formula of Sturmfels and Tevelev which was generalized by Baker, Payne and
Rabinoff to the present setting gives

(4.3.1) F, Trop (U') = deg (f) - Trop (f(U"))
as an equality of tropical cycles (see [ST0S], or [Gub13bl Thm. 13.17]).

Definition 4.4. Let us consider a tropical chart (V,¢py) of X. As above, we
consider the open subset € := tropy; (V') of Trop(U). We choose an open subset
Q of Nygr with @ = QN Trop(U) and a é-preform @ € PP4(). For any
morphism f : X’ — X and a tropical chart (V' ¢p) of X’ compatible with
(V,¢u), we define Q' := tropy(V'). We choose an open subset Q' of F~1(€)
with @' N Trop(U’) = €. By Proposition ZIZ, we have F*(a) € PP4(€Y). We
denote by NP4(V, ¢y) the subspace given by elements & € PP4() such that
we have F*(&)|or = 0 € PP4()) for all compatible pairs of charts as above (see
[3.4] for the definition of the restriction). We define

PPV, oy) := PP9(Q) /NPIV, opr).

A partition of unity argument shows that this definition is independent of
the choice of Q. We call an element in PPP(V,@y) symmetric (resp. anti-
symmetric) if it can be represented by a symmetric (resp. anti-symmetric)
§-preform in PP4(2). We define

PPaYV, py) == Pp’q’l(ﬁ)/(Pp’q’l(ﬁ) N NPV, ch)).
using the §-preforms on Q of codimension { from Definition

Remark 4.5. (i) The A-product descends to the space

P(V,eu) = @ PPV, ¢v)
P,q=0
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and we get a bigraded anti-commutative R-algebra which contains A(Q)) as a
bigraded subalgebra.

(ii) If (V' pp) and (V, o) are compatible charts with respect to f : X' — X
as in ([A2]), then we get a canonical bigraded homomorphism

f*:P(VﬂDU) _>P(V,7()0U’)

of bigraded R-algebras which is defined for o € PP4(V, ¢y ) as follows: By
definition, « is represented by some & € PP q(Q). Let Q' := tropy (V') and
choose an open subset ' of F~1(Q) with @' = Q' N 1 Trop(U’). Then we define
f*(a) € PPA(V' opi) as the class of F*(&) € PP9(Q). If X = X’ and f = id
then (V' @pr) is a tropical subchart of (V) py) and we write aly for the pull-
back of o € PPU(V, prs).

Note that the definition of f*(«) does not depend on the choice of the rep-
resentative &. However, the elements of PP9(V, ¢r) do not only depend on the
restriction

(4.5.1) alg = dlg = & A dpyeprr) € PPI(Q) € DP(Q)

to Q as it might happen that two different elements «, 5 € PP4(V, o) satisfy
alg = Bla € PP4(2). The purpose of our definition of P(V, ¢y ) is to have a
pull-back as above at hand. Here we use the fact that we always have a pull-back
from tropical cycles on Ny g to tropical cycles on Ny g, but there a pull-back
available from tropical cycles on Trop(U) to tropical cycles on Trop(U’) only if
these tropical varieties are smooth (see [FRI3]).

4.6. As mentioned already in[2.17, we have the problem that the differential op-
erators d’ and d” are not defined on the algebra P(V, ¢r7). For o in PP4(V, @)
and every compatible tropical chart (V' ¢p) with respect to f : X' — X, we
use the above notation. We get a d-preform f*(a)|q = F*(a)|q € PPI(Y).
Recall that f*(a)|o is a supercurrent on €. We differentiate it in the sense
of supercurrents to get d'[f*(a)|q/] € D(€), but it has not to be a J-preform
on €. In the following construction, we pass to a convenient subalgebra of
P(V,¢y) which is invariant under d’ and d”.

In a preliminary step, we consider the elements w of PPY4(V,¢y) (resp.
PPV, ) satisfying the closedness condition

(4.6.1) d[f"(w)le] = d"[f"(w)lew] = 0 € D(Y)

for every tropical chart (V’, /) which is compatible with (V, ¢r) with respect
to f: X’ — X. These elements form a subspace ZP4(V, ) of PPV, ¢r)
(resp. ZPPH(V, o) of PP4Y(V, pr)) and we define

Z(Vipu) = EP 27(V,ev) = @ 277V, v)

p,q>0 p,q,[>0

as usual.

Proposition 4.7. Using the notation above, Z(V, @y) is a bigraded R-subalge-
bra of P(V,¢yu).
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Proof. The only non-trivial point is that Z(V, ¢r) is closed under the A-product.
This is a direct consequence of Lemma [3.7] applied to d-preforms on the tropical
cycle Trop (U’) for any tropical chart (V', pys) compatible with (V, ¢r). O

Example 4.8. Every tropical cycle C' = (¢’,m) on Nyr with constant weight
functions induces an element in Z(V,py). Indeed, if (V/,¢p/) is a tropical
chart on X’ compatible with (V, ¢y ) as above, then F*(d¢)|q is given by the
restriction of d g« (¢).mrop(r) to . Since F*(C')-Trop(U’) is a tropical cycle with
constant weight functions, the associated current is d’- and d”-closed [Gubl13al,
Proposition 3.8].

Definition 4.9. Let AZ(V,py) be the subalgebra of P(V, ¢y ) generated by
A(Q) and Z(V, o). An element 5 € AZ(Ng) has the form

(4.9.1) B=> aiAw
i€l
for a finite set I with all a; € A(Q) and w; € Z(V, ¢p). We define
dB .= Zd'(ai) Awi, d'B:= Zd"(ai) A w;.
il i€l
It follows from the closedness condition ({G6.1]) that d’'8 and d” 3 are well-defined
elements in AZ(V, ¢y). By definition, we have

Z(V,pu) ={a € AZ(V,pu) | d(a) = d"(a) = 0}.

An element in AZ(V,¢y) is called symmetric (resp. anti-symmetric) if it is
symmetric (resp. anti-symmetric) in P(V, pr).

The following result shows that AZ(V, ¢y ) is a good analogue of the algebra
of complex differential forms.

Proposition 4.10. The space AZ(V,py) is a bigraded differential R-algebra
with respect to the differentials d' and d".

Proof. This follows easily from Leibniz’s rule B8(ii) and Proposition @7 O

Proposition 4.11. Let f : X' — X be a morphism of varieties over K. Let
(V,pu) and (V' @ur) be tropical charts of X and X' respectively which are com-
patible with respect to f. Then the pull-back homomorphism f* : P(V,oy) —
PV’ oyr) maps Z(V,oy) to Z(V',ur) and AZ(V,py) to AZ(V', @ur).

Proof. This follows directly from the definitions. We leave the details to the
reader. O

Proposition 4.12. Let (V,¢y) be a tropical chart of X and Q) := tropy (V).
Let (Q)ier be a finite open covering of Q. Fori € I, let V; := tropal(Qi) and let
a; € P(Vi,pu). Foralli,j € I, we assume that oilv,nv; = ajlvav;. Then there
is a unique o € P(V,pu) with aly, = a; for every i € I. If a; € AZ(V;, o)
for every i € I then a € AZ(V, py).

Proof. 1t is a straightforward consequence of our definitions that « is unique.
In order to construct o we choose for each i € I an open subset €; in Nyg
such that ; N Trop (U) = £; and a d-preform &; € P(§2;) which represents «;.
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Let (¢;)icr be a smooth partition of unity on Q = UierQ; with respect to the
covering (£2;);er. Observe that we may choose the same index set I as we do

not require that the ¢; have compact support. Then & := ) .; ¢;c; € P(Q2)
induces by our assumptions the desired element « in P(V, ¢y ). If

a; = Zﬁzj Nwij € AZ(Vi, ou)
Jjel;

as in (@I, we choose representatives 3;; € A(€;) of Bi; € A(€) and @;j in

P(Q;) of wij € Z(V,¢y). Then we may choose &; as Zjell- ¢ifij N\ @i; and

a= Z¢i5éi = ZZ@ﬂzj N @i

iel i€l jel;
shows a € AZ(V, @y ) using finiteness of I. O

Recall that the tropical charts (V,¢p) of X form a basis for X** [Gubl3al,
Proposition 4.16]. Hence we can use the algebras P(V, ¢r) and AZ(V, ¢y) to
define sheaves on X®" as follows:

Definition 4.13. For a fixed open subset W in X?", the set of all tropical
charts (V,¢p) on X with W C V' is ordered with respect to compatibility and
forms a directed set. Then we get presheaves

(4.13.1) W s lim P(V, @u), W= lim AZ(V, o)

of real on X?*, where the limit is taken over this directed set with respect to the
pull-back maps considered in Proposition [LTTl The associated sheaves P and
B on X?" are by definition the sheaf of generalized §-forms and the subsheaf of
d-forms. On an open subset W of X?" the space of §-forms

BW)= & B™(W)= @ B"(W)

p,q>0 p,q,{>0

and the space of generalized d-forms

PWw)= & rrew) =  pPreiw)

,q>0 p,4,l>0

carry natural gradings by the (p,q)-type of the underlying currents and the
codimension of the underlying tropical cycles (as defined in and [£4]). The
wedge product on the spaces AZ(V,¢y)) (resp. P(V,¢y)) induces a prod-
uct on B(W) (resp. P(W)). Moreover, the differential operators d’,d” on
AZ(V,pu)) induce differential operators d’,d” on B(W). The symmetric and
anti-symmetric elements in P(V, ¢y ) define subsheaves of (generalized) sym-
metric and anti-symmetric J-forms in BP*? and PP for all p,q > 0.

4.14. We conclude that a d-form 8 of bidegree (p,q) on an open subset W of
X2 is given by a covering (V;);er of W by tropical charts (V, ¢r,) of X** and
elements 3; € AZP4(V;, ¢y,) such that

Bilvinv; = Bjlviny;
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holds for all i, € I. If ' is another d-form of bidegree (p,q) on W given by
B € Avaq(Vj’,ngJ/_) with respect to the tropical charts (Vj’,goUJ/_ )jes covering
W, then 8 and 3’ define the same d-forms if and only if

Bilvirvy = Bjlvinvy
holds for all i € I and j € J. A similar description holds for generalized §-forms.

Proposition 4.15. (i) The sheaves P and B are sheaves of bigraded anti-
commutative R-algebras.

(i) We have natural monomorphisms of sheaves of bigraded R-algebras A —
B and B — P.

(i1i) The differentials d',d" : B — B turn (B,d’,d") into a sheaf of bigraded
differential R-algebras.

Proof. Only the injectivity of the natural morphism A — B does not follow
directly from what we have shown before. The injectivity of A — B can be
checked on the presheaves (LI3.1]). For each tropical chart (V,py) of X the
natural map from A(V') to AZ(V, py) is injective as the associated map A(Q2) —
AZ(V,ou) — D(Q) for Q = tropy (V) is injective. This yields directly our
claim. O

4.16. Let f: X’ — X be a morphism of varieties over K. For an open subset
W of X* and an open subset W’ of f~'(W), we have a canonical pull-back
morphism f* : P(W) — P(W’) which respects products and the bigrading.
Furthermore it induces a homomorphism f* : B(W) — B(W’) of bigraded
R-algebras which commutes with the differentials d’ and d’ on B. They are
induced by the pull-back f* : P(V,¢y) — P(V',@ys) for compatible charts
(V' opr) on W and (V, py) on W given in Proposition 1]

Lemma 4.17. Let (V, ¢y ) be a tropical chart on X. Let (V;);cr be an open cov-
ering of V' by tropical charts (V;, ou,) on X which are compatible with (V, ¢rr).
There are canonical integral I'-affine morphisms F; : Ny, g — Nyr such that
tropy, = Fjotropy,. We choose open subsets Q in Nyr and Q; in Fi_l(Q) such
that V = tropl}l(ﬁ) and V; = tropl}l(ﬂi) foralli € I. Let ay € P(Q) be a

d-preform. Then &y A dryop (1) vanishes in D(SQ) if (&) A dmvop ;) vanishes

in D(SY) for everyi € I.

Proof. We write Gy = ..y a; A dc; for suitable superforms a; € A(2) and
tropical cycles Cj. We have Fj, Trop (U;) = Trop (U) by @31]). The projection
formula gives

Fi (FCj - Trop (U;)) = Cj - Trop (U).
By the same arguments as in the proof of Proposition 214l the vanishing of
F’i* (dU) A 5Trop U;) — Z F’i*(aj) N 5Fi*Cj-Trop (U)
JjeJ
in D(;) for all i € I yields that

ay A Oyop (U) = Z o N OF,, (Frc; Trop (U2))
jed



38 WALTER GUBLER AND KLAUS KUNNEMANN

vanishes in D(Q). O

Proposition 4.18. Given a tropical chart (V,oy) on X, we have by construc-
tion natural algebra homomorphisms

tropy; : PPV, py) — PPI(V),
trop}; : AZPA(V, py) — BPY(V)
for all p,q > 0. These maps are injective.

Proof. We extend the argument in Lemme 3.2.2]. Tt suffices to show
that the upper map is injective. Let trop;;(ay) vanish for some ay € P(V, o).
We obtain an open covering (V;);er of V by tropical charts (V;, py,) compatible
with (V, ¢p) such that ap|y, = 0 in P(V;, ¢y,) for all i € I. Let ay be induced
by ay € P(Q) for some open subset Q € Nyg with V = trop'(€2). We have
to show that ay € N(V,¢op). Let f: X’ — X be a morphism of varieties and
(V' @pyr) a tropical chart on X’ which is compatible with (V,¢r). We obtain
a canonical integral I'-affine morphism F' : Ny g — Ny such that tropy; =
Fotropy,. We choose an open subset € in F~(Q) such that V' = trop;* ().

We have to show that F*(arr) A dep(ury vanishes in D(§Y).

For every i € I we choose an open covering (V}})jes; of (fay=t(vi)nv’
by tropical charts (Vz‘/jv‘PU{j) on X’ which are compatible with (V' py/) and
(Vi,eu,). For alli € I and j € J; we obtain a commutative diagram

(U*i/j)an(_> (U/)an

fU{Ji flor
J

Uian( Ual’l

of canonical maps. We choose an open subset ng in (Fi’j)_l(fl’) N (Fi) = ()
such that ‘/2/] — tropl}i,lj(Q;j). We have (FZ’])*F*(dU) A OTyop W) = 0 in D(Q;j)
by the commutativity of the above diagram and the fact that ayl|y, = 0 in
P(Vi,u,). Now Lemma BT applied to F*(ay) on (V,¢y) and the covering
(Vi})ij of V' yields the vanishing of F™*(ar) A d1yop () in D(€Y'). O
4.19. Let W be an open subset of X®". By construction, the algebra A> (W)
of differential forms on W is a bigraded subalgebra of the algebra B~ (W) of
d-forms. In general, AP9(W) is a proper subspace of BP4(W). The situation
in degree zero is quite different as we may identify d-forms of degree 0 with
functions. We will show that

(4.19.1) AYO (W) = BYO(W).

Clearly, this is a local statement and so we may consider a tropical chart (V, pr)
on W. It is enough to show

(4.19.2) AY0(Q) = AZ0(V, pp)
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for the open subset Q := tropy (V) of Trop(U). Let Q be any open subset of
Nyr. Since pull-back of functions is always well-defined, we may identify the
elements of P%Y(V, ) with some continuous functions on €2 and a partition
of unity argument together with Example shows

(4.19.3) POV op) = {¢la | ¢ € P*O(Q)} = {dla | 6 € PS*O(Q)}

To prove (£I19.2)), it is enough to show that the elements of Z(V, ) are pre-
cisely the locally constant functions on 2. By (£.19.3]), we have to show that ¢|q
is locally constant for any ¢ € PS%%(Q) with ¢|q € Z(V, ¢y ). This means that
¢ is a continuous function on Q with an integral R-affine complete polyhedral
complex & on Ng such that ¢|ona is smooth for every A € €. By refinement,
we may assume that a subcomplex Z of ¢ has support equal to Trop(U). Then
the closedness condition (L6.]) yields that [¢|g] is d’- and d”-closed. We con-
clude that ¢|ona is constant on every A € 2. By continuity, we deduce that
¢|q is locally constant proving the claim.

4.20. Let (V,r) be a tropical chart on X and Q = tropy (V).

(i) If 9 is an open subset of €2, then Vj := tropl}l(Qo) is an open subset of
V and (Vp, ) is a tropical chart of X. We say that ay € P(V, ¢p) vanishes
on the open subset €y if we have agr|y, = 0 in P(Vp, o) (see Remark [A5]). We
define the support of ay € P(V,py) as the closed subset

ay does not vanish on any open}

- Q‘
supp(av) {w < neighbourhood €y of w in 2

in Q.

(ii) A (generalized) d-form « on an open subset W of X" has a well defined
support as a section of the sheaf BP¢ (resp. PP4). We denote by BY? (resp.
by PY'?) the subsheaves of forms with compact support.

(iii) Observe that compact support always implies proper support in the sense
of 4.2.1] as our assumptions imply that we have OW = () for each open

subset W of X" (using that X?" is closed meaning that it has no boundary,
see Theorem 3.4.1]).

Proposition 4.21. Let (V,py) be a tropical chart on X. Suppose that a gen-
eralized 0-form a € P(V) is given by ay € P(V,py). Then ay is uniquely
determined and we have tropy (supp(«)) = supp(aw). Furthermore o has com-
pact support if and only if oy has compact support.

Proof. This uniqueness follows from Proposition .18 The second statement
follows from Proposition I8 by the same arguments as in Corol-
laire 3.2.3]. The last statement is a direct consequence of the continuity and
properness of the tropicalization map trop;; (see [BPRII, Remark in 2.3]). O

5. INTEGRATION OF DELTA-FORMS

We keep the notation and the hypotheses from the previous section. Our goal
is to introduce integration of generalized J-forms of top degree with compact
support. We proceed as in [GubI3al 5.13]. A crucial ingredient in our definition
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of the integral is Lemma which shows that the support of a generalized ¢-
form of high degree is always concentrated in points of high local dimensions.
This allows us to compute the integral with a single chart of integration. We
obtain a well defined integral for generalized J-forms which satisfies a projection
formula and the theorem of Stokes.

5.1. Let (V,¢r) be a tropical chart of X. As before we write V' = trop;;' (Q)
for some open subset Q of Ny g and Q = QN Trop (U).

(i) An element oy in P(V, ) is represented by a d-preform &g in P(Q) and
determines a d-preform

aU’Q - &U A 5Trop(U) S P(Q) - D(Q)
on {2 as in M.51] which does neither depend on the choice of &y nor on the
choice of 2.

(ii) Given ay in P™"™(V, ¢y) and an integral R-affine polyhedral subset P of
Q such that P N supp(ay|rrop (1)) is compact, we define

/OéU ::/dU/\(STrop(U)
P P

where the righthand side is defined as in Remark As usual, we extend the
integral by 0 to the agp of other bidegrees.

(iii) If oy in P™™(V, ¢y ) and if the support of ay|q is compact, then we can
consider ay|g as a d-preform on Trop(U) with compact support and we write

/ ay = / aula
| Trop(U)|
again using Remark

(iv) Given ay in P"=57(V,¢y) or P*" 1(V,¢y) and an integral R-affine
polyhedral subset P of € such that P N supp(ay|ryep (7)) is compact, we define

/ ay = / ayg N 6Trop %)
oP oP

where the righthand side is defined in Remark We extend the boundary
integral by 0 to the oy of other bidegrees.

5.2. In the next result, we look at functoriality of the above integrals with
respect to a morphism f : X’ — X of algebraic varieties over K. Let (V, ¢y) be
a tropical chart of X. Let U’ be a very affine open subset of X’ with f(U’) C U.
Recall that there is a canonical integral I'-affine morphism F' : Ny g — Nygr
such that trop; = F o tropy,. We deduce easily that (V' : (fan) Lvyn
(U")?™ py) is a tropical chart of X’ which is compatible with the tropical chart
(V,pu). Let P be an integral R-affine polyhedral subset of € := trop;; (V') and
let Q := F~Y(P) N Trop (U'). We consider ay € P(V,pp) and its pull-back
f*(lav) € P(V',¢pr) (see Remark [H). In the following, we will use the degree
of a morphism as introduced in

Proposition 5.3. Under the hypothesis of [2.3, we assume additionally that
Q Nsupp(f*(av)|mop(wy) s compact. Then the following properties hold:

(i) The set PN supp (au|tvop (1)) 18 compact.
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(ii) If ay is of bidegree (n,n), then we have

(5.3.1) deg(f /aU—/f ay).

(iii) If ay is of bidegree (n — 1,n) or (n,n — 1), then we have
(5.2 deg(f): [ av=[ pau).
oP oQ

Proof. We choose an open subset Q of Ny g with Q = Q N Trop(U). We write
V' = tropal(fl’) for some open subset ' of Nf. Replacing Q' by ' N F~1(Q),
we may assume that Q' is contained in F~1(Q). We write Q' = Q' N Trop(U").
If ay € P(V,py) is represented by some element ay € P(2), then f*(ay)
is represented by the element F*(ay) in P(€). We obtain from #3.1) and

(2I41) that P Nsupp (av|tyoep (7)) is compact. This proves (i).
If ayy € P™™(V, ¢y ), then we obtain

(5.3.3) deg (f) / Gty A brop (1) = / F a1y A S130p 01
P F-1(P)

if we combine (L3.]) with the projection formula (ZIZ4I]). By definition, (5.3.1])
is a direct consequence of (0.3.3]). Equation (5:3.2]) is derived in the same way

from @3] and 2142 O

Let W denote an open subset of X?". Note that a generalized J-form on W is
locally given by elements of P(V, ) for tropical charts (V, ¢r). The following
corollary will be crucial for the definition of the integral of generalized é-forms.

Corollary 5.4. We consider very affine open subsets U' C U in X. Let
a = tropy;(ay) for some ay € P(U*,py). Then there is a unique ayr €
P(U")™, oyr) with ol = tropg, (ayr). If o is of bidegree (n,n) and has
compact support in (U")*™, then we have

/ ay = / agyr.
|Trop(U)] |Trop(U)]

Proof. Let F' : Nypr — Nygr be the canonical affine map with tropy = F o
tropy, on (U')™. Then oy is given by apr := F*(ay) € P((U")™, ¢ur).
This proves existence and uniqueness follows from I8 To prove the last claim,
we use (.30 for f =1id, P = |Trop (U)| and Q = |Trop (U’)]. O

In the following result, we need the local invariant d(z) for x € X*" [Gub13al,
4.2]. This invariant was introduced in [Ber90, Chapter 9] and was extensively
studied in [Ducl2]. We note that d(z) < m if x belongs to a Zariski closed
subset of dimension m [Ber90l, Proposition 9.1.3].

Lemma 5.5. Let W be an open subset of X*" and let o € PPA(W). Ifz € W
satisfies d(x) < max(p,q), then x & supp(«).

Proof. The proof relies on a result of Ducros [Ducl2, Théoréme 3.4] which says
roughly that in a sufficiently small analytic neighbourhood of z, the dimension
of the tropical variety is bounded by d(z). The details are as follows. We
choose a tropical chart (V, ¢y ) around x such that « is induced by a d-preform
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Y icr @ A dc, on Nygr. By linearity, we may assume that o is induced by
a1 N\d¢, for asuperform o in AP (Nyr) and a tropical cycle C; of codimension
c:=p—p =q—¢ >0in Nyr. By definition of a tropical chart, there is an
open subset  of Nyr such that V = trop[}l(ﬁ). By the mentioned result of
Ducros (see also [Gub13al Proposition 4.14]), there is a compact neighbourhood
Vy of x in V such that tropy (V) is a polyhedral subset of Ny g with

(5.5.1) dim(tropy (V) < d(x) < max(p, q).

We will show that aly, = 0. Let f: X’ — X be a morphism of algebraic
varieties over K and (V' @) a tropical chart of X' with f**(V') C V,. By
definition, we have V' = trop, (€) for the open subset Q' := trop;, (V') of
Trop(U’). In this situation, we get a commutative diagram

(5.5.2) Ve U™ 2 Ty —— Nyig
lfaan’ J{fanl(U’)an l lF
Ve v 2,1y Nyr

as before. To prove the claim, it is enough to show that
fHa@)lar == F*(a1) A dp=cy)lar = 0,
or equivalently
(5.5.3) F*(a1) Ndgr =0 € D()
for the tropical cycle C" := F*(Cy) - Trop(U’) of codimension ¢ in Trop(U’). We
note that ' = tropy, (V') € F~L(tropy(V,)). Let A’ be a maximal polyhedron
from C’ with A’N Q' # (. Then F(A'N Q') C trop;(V;) and hence
(5.5.4) F*(a1)|amner = (Flarne) " (a1l panniropy (vi))-
We will show below that
(5.5.5) codim(F (A" N QY), tropy (Vz)) > c.

Then (53] follows from (5.5.4]) by using (B.55) and (BE5I). This proves
x & supp(a).

It remains to prove (B.5.5). By definition of the stable tropical intersection
product in [[4(ii), there are maximal polyhedra A{, and A} of Trop(U’) and
F*(Ch), respectively, such that A" = Aj N A}. Moreover, No; g and Na; g
intersect transversely in Ny g which means that
(5.5.6) NA(f),R +NA’1,R = Ny Rr.

Similarly, the definition of pull-back of tropical cycles in (I4]) (v) shows that
there is a maximal polyhedron A; of Cy with F(A]) C Ay and such that
(557) NALR + LF(NU’7R) = NU’]R.

It follows from (G.56) and (@57) that Lp(Nay g) intersects Na, g transversely
in Nygr. Since the codimension is decreasing under a surjective linear map, we
get easily

Lr(Narr) =Lp(Nayr N Nay r) = Le(Nayr) 0 Na, r
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and hence
codim(F (A" NQ), F(A) N Q) = codim(Lp(Nar ), Lrp(Nayr)) =c
by transversality. Using F(Q') C tropy (Vz), this proves (5.5.5]). O

Corollary 5.6. Let W be an open subset of X®" and let U be an open subset
of X. If a € PPYW) with dim(X \ U) < max(p,q), then supp(a) C W N U,

Proof. If « € W \ U*", then the assumptions yield d(z) < dim(X \ U) <
max(p, q) and hence the claim follows from Lemma [5.5] O

Proposition 5.7. Let o € PP2(X?*") with compact support in the open subset
W of X,

(a) There is a non-empty tropical chart (V,py) with supp(a) NU* CV C
U N W and oy € PPYU, py) such that a = tropy;(ay) on U,

(b) Given U, the element oy in (a) is unique.

(¢) If « is a d-form, then we may choose ay € AZPA(U™, o).

(d) If max(p,q) = dim(X), then any non-empty very affine open subset U
of X with a|yan = tropy; (o) for some ay € PPY(U, py) satisfies au-
tomatically supp(«) C U?". Moreover, oy has always compact support
in Trop(U).

Ezplicitly, if supp(a) is covered by non-empty tropical charts (Vi, ou,)i=1,....s in
W and if o is given on V; by a; € PP94(V;, py,), then any non-empty very affine
open subset U of UyN...NUsg and V= (V1 U...UVs)NU fit in (a).

Proof. Since the support of « is a compact subset of W, it is covered by tropical
charts (V;,¢u,)i=1,..s describing a as above. Compactness again shows that
for any i = 1,...,s, there is a relatively compact open subset €, of Q; with
corresponding open subset V' := tropl}il(Q;-) of V; such that supp(a) C V' U
...UV!/. Let us consider a non-empty very affine open subset U of Uy N---NUs
of X and the open subsets

S S
Vi=vumnl v cv=0mnJV
i=1 1=1
of WNU*. We have to show that V' and U satisfy (a). Let F; : Nyr — Ny, r
be the canonical integral T'-affine map induced by the inclusion U C Uj; (see
[4.3]). Then the open subsets
S S
Q' :=Trop(U) N U E7HQL) € Q= Trop(U) N U EH Q)
i=1 i=1
of Trop(U) satisfy V = trop;,* () and V' = trop; () which means that
(V',ou) and (V, ¢y ) are compatible tropical charts of X contained in W. Note
that the tropical chart (V; N U, @) is compatible with (V;, ¢p,) and hence
a is given on (V;,py) by o = ailvnuen € P(V; N U, ¢y). Using that Q)
is relatively compact in €;, we deduce that the closure S of ' in Trop(U) is
contained in Q. We set V" := trop;* (Trop(U) \ S) leading to the tropical chart
(V" o). Since o has compact support in W, we may view a as an element of
PPa(X?), By construction, we have supp(«) N U C V'. Using that V/ and
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V" are disjoint, we deduce that « is given on the tropical chart (V" ¢r) by
0 € PPYV” o). We note that the tropical charts (V; N U™, ¢y )i=1,.. s and
(V' @) cover U™ and hence we may apply the glueing from Proposition
to get the desired oy € PPU(U, ¢pr) from (a).

Uniqueness in (b) follows from Proposition I8 If o € BY(X?"), then we
may choose a; € AZP9(V;, ¢p,) and hence we get (c).

If max(p, q) = dim(X), then (d) follows from Corollary and Proposition
421 O

Definition 5.8. Let W be an open subset of X** and let a € P."" (W), where
n = dim(X). We may view « as a generalized o-form on X*" with compact
support contained in W. A non-empty very affine open subset U of X is called
a very affine chart of integration for a if a|yan = tropy; (o) for some ay €
P™M(U o). By Proposition 5.7 a chart of integration exists, oy is unique
and has compact support in Trop(U). We define the integral of o over W by

/ a::/ ayg
w Trop(U))|

where the righthand side is defined in 5l As usual, we extend the integral by
0 to generalized §-forms of other bidegrees.

Proposition 5.9. Let W be an open subset of X*® and let o € P.""(W).

(1) If supp(«) is covered by finitely many non-empty tropical charts (Vi, pu,)
such that o is given on any V; by oy € P™"™(Vi, @u,), then U := (), U; is a very
affine chart of integration for a.

(i) The definition of the integral fWa given in [2.8 does not depend on the
choice of the very affine chart of integration for a.

(ii) The integral defines a linear map [y, : Pe"" (W) — R.

(iv) If f : X' — X is a proper morphism of degree deg (f) then the projection
formula

(5.9.1) deg (f) - / o= / e’
w (fom) =1 (W)
holds for all a € P.""(W).

Proof. The explicit description of U in Proposition 5.7 proves (i). We show (ii).
Let U be a very affine chart of integration for cv. Then every non-empty very
affine open subset U’ of U is a very affine chart of integration and it is enough
to show that U’ leads to the same integral. By uniqueness in Proposition (.7,
the pull-back of oy with respect to the canonical affine map F': Npy g — Nyr
is equal to ag and the claim follows from Corollary 5.4l

Claim (iii) is a direct consequence of our definitions. To prove (iv), we
may assume that dim(X’) = dim(X) = n. We choose a very affine chart of
integration U for « and a non-empty very affine open subset U’ of X’ with
f(U') C U. Note that f*(«) is given on (U')* by f*(ay) € P™"(U',u)
constructed in Remark Since f*" is proper as well, the support of f*(«)
is compact. We conclude that U’ is a very affine chart of integration for f*(«)
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and

/ fra = / F(aw):
(fam)=1(W) |Trop(U")|

The projection formula in (iv) is now a direct consequence of (5.3.1). O

In our setting, we have the following version of the theorem of Stokes.

Theorem 5.10. For a € B*"~1(X) we have

do= d'a=0.
Xan Xan
Proof. By Proposition B.7] there is a non-empty very affine open subset U of
X such that supp(a) € U™ and ay € AZ?" "L (U™ @) such that a|ga =
trop}; (o). Then U is a chart of integration for d’'a and d”a using d'ay and
d" oy on the tropical side for integration. The claim follows from Stokes’ formula
for d-preforms on Trop(U) (see Proposition B.G]) using that boundary integrals
/. B|Trop(rr)| vamish as Trop(U) satisfies the balancing condition. O

6. DELTA-CURRENTS

Let K be an algebraically closed field endowed with a complete non-trivial
non-archimedean absolute value and corresponding valuation v as before. In
this section, we define d-currents on an open subset W of X?" for an n-
dimensional algebraic variety X over K. We proceed similarly as in the case
of manifolds in differential geometry endowing some specific subspaces of the
space B.(W) of é-forms with compact support in W with the structure of a
locally convex topological vector space. Then we define a §-current as a linear
functional on B.(W) with continuous restrictions to all these subspaces.

6.1. Let (V,¢p) be a tropical chart of X with V' C W and let Q := trop; (V)
be as usual. We recall from that an element § € AZ(V, py) has the form

(6.1.1) B = Zaj ANw;j € P(V, o)
jed
for a finite set J, o; € A(Q) and w; € Z(V, pp).

Now we fiz the family w; := (wj);jes and define AZ(V, ¢y, wy) as the subspace
of AZ(V,py) given by all elements 3 with a decomposition (G.I1]) for suitable
a; € A(Q2). For every s € N and every compact subset C' of §2, we have the
usual seminorms pc s on A(Q2) measuring uniform convergence on C' of the

derivatives of the coefficients of the superforms up to order s (see for example
(17.3.1)]). We get seminorms pc s, on AZ(V, py,wy) by defining

PC.sw, (B) = inf{mg}{pc,s(aj) ‘ 8= Zaj ANwj, aj € A(Q)}
/ jed
Letting s € N and the compact subset C of W vary, we get a structure of a
locally convex topological vector space on AZ(V, oy, wy).
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6.2. A ¢-form S on W is given by a covering (V;, v, )icr of W by tropical
charts and by 8; € AZ(V;, pu,;) such that S|y, = tropy,. (8;) for every i € I.
Using [6.1] we have a finite tuple wy, of elements in AZ(V;, py,) such that 3; €
AZ(Vi, pu,,wy,) for every i € I. Now we fix the covering by tropical charts and
all wy, and we define B(W; V;, py,,wy, : @ € I) to be the subspace of B(W) given
by the elements 3 such that 8|y, = tropy; (8;) for some 3; € AZ(V;, pu,,wy,)
and for every i € I. We endow B(W;V;,oy,,wy, : i € I) with the coarsest
structure of a locally convex topological vector space such that the canonical
linear maps
B(W;V;, YU, Wy 1 E 1) — AZ(V;, (IDUi7in)

are continuous for every i € I. An element § € B(W;V;, py,,wys, : i € I) given
as above is mapped to 8; which is well-defined by Proposition [Z18]

For a compact subset C' of W, we consider the subspace Bo(W; V;, ou,,wy, -
i €I)of BW;Vi,pu,,wy, i € I) given by the §-forms with compact support
in C. We endow it with the induced structure of a locally convex topological
vector space.

Definition 6.3. A §-current on W is a real linear functional 7" on B.(W) such
that the restriction of T to Bo(W; Vi, pu,,wy, @ € I) is continuous for every
compact subset C' of W, for every covering (V;, ¢u, )icr of W by tropical charts
and for every finite tuple wy, of elements in Z(V;,¢y,). We denote the space
of d-currents on W by E(W). A d-current is called symmetric (resp. anti-
symmetric) if it vanishes on the subspace of anti-symmetric (resp. symmetric)
d-forms in B.(W).

6.4. Let W be an open subset of X®". Using that B.(W) = &, ,BYY(W) is
bigraded, we get E(W) = @, E, (W) as a bigraded R-vector space, where a
d-current in E, (W) acts trivially on every BYY(W) with (p,q) # (r,s). We
set EPY(W) := Ep_py—q(W). The definition of d-currents in is local and
hence F.. is a sheaf of bigraded real vector spaces on X*". This follows from
standard arguments using partition of unity if W is paracompact, and follows
in general from the fact that every compact subset C of W has a paracompact
open neighbourhood in W by [CLDI12, Lemme (2.1.6)]. The argument is similar
as in [CLDI2| Lemme 4.2.5] and we leave the details to the reader.
There is a product

(6.4.1) BPY(W) x BV (W) — EPHPLatd (W), (a,T) — a AT
such that
(@ AT, B) = (=1)PTOEHTIT (o A B)
for each 8 € BR PPm=a=d ().
Proposition 6.5. Let U be a Zariski open subset of X and let W be an open
subset of X*". If codim(X \ U, X) > min(p, q), then EPY{(W NU*") = EP2(W).

Proof. Corollary shows that every d-form on W of bidegree (n — p,n — q)
has support in W NU*". We conclude that every d-current 7" in EP4(W NU")
is a linear functional on By 7"~ 4(W). It remains to prove that the restriction
of T to Bg_p UYWL Vi, v, wy, i € ) is continuous for every compact subset
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C of W, for every covering (V;, pu,)icr of W by tropical charts and for every
finite tuple w,, of elements in Z(V;, ¢y, ).

We consider the set S of x € W for which there is ¢ € I and a compact
neighbourhood V,, of z in W N'V; with

(6.5.1) dim(tropy, (Vz)) < max(n — p,n — q).

Note that trop, (V;) is a polyhedral subset of Nyr by Théoreme 3.2].
Obviously, S is an open subset of W. It follows from the proof of Lemma[G5l that
S is disjoint from the support of any d-form in B P"~UW; V;, oy, wy, 1 i € I).
We conclude that

(652) Bg_pm_q(W; ‘/i, PU;,WJ; - (&S I) = B?)_p’n_q(W; Vvi) PU;,WJ; - (&S I)

for the compact subset D := C'\ S of C. By the proof of Lemma again,
every x € X"\ U™ satisfies

d(z) < dim(X \ U) < max(n —p,n — q)

and has a compact neighbourhood V, contained in some V; with ([@5.1]). This
proves D C W N U*. Using [@52) and T € EPY(W N U"), we get the
continuity of the restriction of 1" to Bg_p’"_q(W; Vi,ou,,wy, 11 € 1). O

Proposition 6.6. A generalized 0-form n € PP4(W) determines a d-current
[n] € EP9W) such that

{[n], B) =/ nApB
w
for each B € Be P"TH(W).
Proof. We have to show that the restriction of [n] to every subspace
BT WL Vi, ooy, wy, ti€ )

as in Definition is continuous. By passing to a refinement of the covering
by tropical charts, we may assume that 7 is given on V; by n; € PP4(V;, ¢,)
for every i € I. Since C is compact, there is a finite subset Iy of I such that
User, Vi covers C. By Proposition B3(i), we may use U := (¢, Ui as very
affine chart of integration for any v € BS"(W; Vi, pu,,wy, 1 i € I).

Similarly as in the proof of Proposition [6.5, we consider the set S of x € W
for which there is 7 € I and a compact neighbourhood V,. of z in W N'V; with

(6.6.1) dim(tropy, (Vz)) < n.

It follows again from the proof of Lemma B35l that the open subset S of W is dis-
joint from the support of nAS € P™"(W) for any 8 € B"P"=UW;V;, pu,,wy, :
i € I) and that the compact set D := C'\ S is contained in W N U?".

By definition, 8 € BA "YW Vi, ¢u,,wy, @ € I) is given on V by §; =
ZjeJi aij Awij with ag; € A(Q;) and wi; € Z(V;, ou,), where €Q; := tropy;, (V).
For i € Iy, let F; : Nyr — Ny, r be the canonical affine map with trop;, = F;o
tropy on U and let ) := F; 1 (Q;)NTrop(U) = tropy (ViNU™). The definition
of fW 1A uses that n A 3 is given on U?" by a unique vy € P™"™(U*", ¢y) (see
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Definition [5.8]). Moreover, Proposition [5.7] shows that 7 has compact support
in U;ez, % and that vy is characterized by the restrictions

Y lvinuan = Z ni A aij A\ wijlvngan € P (Vi, ou;)
JE€J;
for every i € Iy. Recall that D is a compact subset of WNU*" with supp(y) C D.
By Proposition [L.21] trop; (D) is a compact set of Trop(U) containing the
support of 47. Then there is an integral R-affine polyhedral subset P of Trop(U)
with trop;; (D) C P and hence we have

(662 wg=[ ne=[  w=[w

We use now that P is independent of the choice of 3 € BL"(W; Vi, ¢u,,wy, :
i € I). If all the oy; are small with respect to the supremum-norm (of the
coefficients), then a partition of unity argument on Trop(U) shows that (6.6.2])
is small proving the desired continuity. O

Remark 6.7. The maps PP4(W) — EP4(W) induce a map of sheaves PP9 —
EP1 o+ [a] which fits into a commutative diagram

(6.7.1) APACy BPac__, pa,
o g
DPd«__ Epa

There is an induced map PP4(W) — DP4(W). For € PP2(W), we denote
the associated current in DP4(W) by [5]p.

There is no a priori reason that the canonical map from d-forms to currents
or d-currents is injective. However, we have the following functorial criterion:

Proposition 6.8. Let W be an open subset of X*" and let o, 5 € PPY(W).
Then « = B if and only if [f*()]p = [f*(B)]p € DPYW') for all morphisms
f: X' — X from algebraic varieties X' over K and for all open subsets W' of
(X" with f(W') CW.

Proof. If a = 3, then all pull-backs and also their associated currents are the
same. Conversely, we assume that the associated currents of all pull-backs are
the same for v and . There is an open covering (V;);cr of X®" by tropical charts
(Vi, pu,) such that «, 8 are given on V; by oy, 5; € PP4(V;, @u,). Let f: X' — X
be a morphism of varieties over K and let (V' ,¢y7) be a tropical chart of X’
which is compatible with (V;, ¢p,). Let Q' denote the open subset tropgy (V') of
Trop(U’). It follows from our definitions that «; = §; in P(V;, ¢y, ) if we show
()| = f*(Bi)lor € DP1(Q) for all morphisms f and all charts (V/, op)
compatible with (V;,¢p,). By assumption, we have [f*(a)]p = [f*(8)]p in
DP4(V"). We conclude that f*(;)lor = f*(8i)|or € PPUQ') C DP4(Q)) and
get a; = B; € P(Vi, pu,) proving the claim. O

6.9. As usual, we define the linear differential operators d’ : EP9(W) —
EPYLYW) and d” : EP9 — EPITY(W) by

(d'T,B) = (=1)PYIUT, d'B), (d'T,B) = (=1)P 9T, d"B).
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Note that d’ and d” induce continuous linear maps on the locally convex topo-
logical vector spaces introduced in and hence it is easy to check that d’ and
d" are well-defined on d-currents. Moreover, the natural maps from fit into
commutative diagrams

[] []

(6.9.1) BPd -, Epa Bra_ 1 pra
ldl ldl ldll ld//
Bpr+la L] s fptla Bpat+1 -] s Epatl

of sheaves. As usual, we define d := d’ 4 d" also on E.

6.10. If f : X' — X is a proper morphism of algebraic varieties, then we get a
push-forward f. : E,.s(f~*(W)) — E,.s(W) as follows: For T" € E, ((f~(W)),
the push-forward is the d-current on W given by

(£(T), 8) == (T, f*(B))

for 8 € Bo*(W). It is easy to see that pull-back of §-forms induces continu-
ous linear maps between appropriate locally convex topological vector spaces
defined in and hence the proper push-forward of d-currents is well-defined.

Example 6.11. In[5.8] we have introduced [y.. 8 for 8 € P:""(X?"). Setting
(6x,8) == [yan B, We get the -current dx = [1] € E®0(X™). We call it the
0-current of integration along X. Using linearity in the components and [G.10],
we get a d-current of integration §z for every algebraic cycle Z on X.

Proposition 6.12. Let f : X' — X be a proper morphism of algebraic varieties
and let Z' be a p-dimensional algebraic cycle on X'. Then we have the equality
[0z =05, 7 in E, ,(X*).

Proof. This is a direct consequence of the projection formula (G.9.1]). O

Proposition 6.13. Let W be an open subset of X*". We equip the space C.(W)
of continuous functions f : W — R with compact support with the supremum
norm | |w and its subspace A%(W) of smooth functions with compact support
with the induced norm. Then for each o € P (W) the map

AAW) — R, fn—>/ fa
w
is continuous and extends in a unique way to a continuous map C.(W) — R.

Proof. We may assume that « is of codimension [. We observe that the Stone-
Weierstral Theorem [CLDI2, Prop. (3.3.5)] implies that A%(W) is a dense
subspace of C.(W). Consider f € A%W) and a € P.""(W). Our claims are
obvious once we have obtained a bound C, such that the inequality

(6.13.1) (/Wf-a( <Co-|flw

holds. We are going to prove this inequality in four steps.

First step: The definition of the bound Cl,.
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We fix a very affine chart of integration U for o which means that there is
ay € P"(U™, ¢y) with tropj;(ay) = « and we set N := Ny. Then ay is
represented by a d-preform ay € P.""(Ng) of the form

(6.13.2) ay =Y as A,

as a polyhedral supercurrent, where o ranges over €" for a complete integral R-
affine polyhedral complex € of N and where o, € A?_l’"_l(a). The definition
of the bound C,, will depend on the choice of U and of the lift &y, but not on
the choice of &. The restriction a,, of a, to an n — [-dimensional face 7 of o
is an element of Aﬁ‘l’”‘l(r). As this is a superform of top-degree, we have a
well-defined compactly supported superform || of degree (n — I,n — 1) with
continuous coefficient on 7. This single coefficient is independent of the choice
of an integral base of L, and it is given by the absolute value of the coefficient
of a. After passing to a refinement, we may assume that Trop(U) is given by
the tropical cycle (¢<p,m). Then we define

(6.13.3) Co:=Y [N:Na+ NU]mA/ o7 |,
Ao T

where (A, o) ranges over all elements of %, x €' such that La + L, = Ng and
such that 7 := A No is n — [-dimensional. Here, the integral of a superform of
top-degree with continuous coefficient is defined as in [CLDI12] (1.2.2),(1.4.1)].

Second step: A first estimate for the integral.

By definition of a smooth function, there is a covering of W by tropical charts

Vi, pur )jes such that f |Vj’ = trop}}]{ (¢);) for smooth functions ¢} on the open

subsets Q) = tropUJr_(Vj’ ) of Trop(U}). Any given compact subset C' of W
containing the support of « will be covered by (VJ’ )jeJ, for a finite subset Jy of
J. By Proposition 59, U’ := U N icgo U ]’ is a very affine chart of integration
for a and for fa. Let N’ := Ny and let F' : N — Ng be the canonical
integral R-affine map. Since the restriction map 0(U)* — O(U’)* is injective,
it follows that F' is surjective. After refining %, there is a complete integral
R-affine polyhedral complex ¢’ on Nj such that Trop(U’) = (¢Z,,m') and
such that A := F(A’) € € for every A’ € €. -

Note that (V' := ;e Vi N (U)™, u7) is a tropical chart of W containing
CN(U")® and the support of a by Corollary 5.6l The pull-backs of the functions
¢’ with respect to the canonical affine maps Fj : N — NUJ’-JR glue to a well-

defined smooth function fir on Q' := tropy,(V’). By definition, we have

(6.13.4) / fa =/ fur ™ (&w) | mvop(ur)-
w (Trop(U7")
Using that F is surjective, we deduce from (6I3.2]) and ([ZIZ5) that

F*(ay) = > [N :Lp(N') + No| - Fag Ay,

O—/
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where o’ ranges over all elements of (¢”)! such that o := F(¢”) is of codimension
lin N. We choose a generic vector v' € Nj. It follows from ([2I23]) that

F*(a0) | Tropn = Y, Y JIN': N+ N[N : Lp(N') + NoJmarF*ag A Sy,
,7—/ A/o-/
where 7/ ranges over ¢’ _, and (A’,0’) ranges over all pairs in €, x (¢”)! such
that 7 = A’ N ¢’ and such that A’ N (¢/ + ev’) # () for all sufficiently small
e > 0. Additionally, we assume that o := F(¢’) is of codimension [ in Ny as
above. By degree reasons, we may restrict the sum to those 7/ with 7 := F(7/)
of dimension n—1[. Note that this is equivalent to restrict our attention to those

A" with A := F(A’) of dimension n. Since « has support in V', the restriction
of F*a, to ¢’ has support in ' No’. By ([6134]), we have

[ fa= 3 STIN No -+ NIV LoV + NoJma [ forFa.
w !
We deduce the following bound

ot

<|flw D IN': No + NL]IN : Lp(N') + NU]mA// |F*ag-|.

,T/ A/a./

(6.13.5)

The transformation formula shows

[ 1Pl = (N LeV2) [ o

T

and hence the sum in ([6I3.5) is equal to

(6.13.6) > Y [Ny : Lp(NL)IN": Nar+ N[N : Lp(N') + NoJmar / g .

T/ AIO'/

Third step: The following basic lattice index identity holds:
[N, : Lp(N.)][N': N\, + N[N : Lp(N') + N,]

(6.13.7) _ [N : Na + Ng”NA :LF(NA’)]'

In the basic lattice index identity (G.I3.7), (A’,¢”) is a pair in €, x (¢”)! such
that A’ N (¢/ + ev’) # 0 for € > 0 sufficiently small and such that o := F(o”")
is of codimension [ in N. We have also used A := F(A"), 7/ := A’ N ¢’ and
7 := F (7). Since F is a surjective integral R-affine map, all lattice indices in
the claim of the third step are finite. Setting P’ := N, and Q := N, the
basic lattice identity (GI3.7) follows from the projection formula for lattices in
Lemma below.

Fourth step: The desired inequality (6I3.1]) holds.

To prove ([GI31]), we note that v := F(v') is a generic vector for 4. We have
7=ANo and AN (o +¢ev) # (. The basic lattice index identity ([6.I3.7)) yields
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that the sum in ([G.I3.0) is equal to
(6.13.8) S" SN Na+ NyJ[Na < Le(NA)Jma / )
' Alg! T

The Sturmfels—Tevelev multiplicity formula (£31]) gives

> [Na : Lp(NA)Imar = ma,
A/

where A’ ranges over all elements of 4, mapping onto a given A € %,. Using
this, one can show that (6I3.8)) is equal to

(6.13.9) ZZ[N:NAJrNU]mA/\aUT!,
T Ao T

where the sum is over all pairs (A,0) € %, x €' such that AN (o + ev) #

0
and 7 = ANo. Now ([GI31]) follows from (G.I33)-(GI3.9). O

The basic lattice index identity (GI37) is a special case of the following
projection formula for lattices. Note that it is stronger as the projection formula
for tropical cycles in Proposition The latter would not give the required
bound in the fourth step above.

Lemma 6.14. Let F : N’ — N be a homomorphism of free abelian groups of
finite rank and let P' C N, Q C N be subgroups. We assume that rk(F(N')) =
rk(N) = rk(F(P") + Q). Then we have the equality

[F(P2nQ: FP'NF Q)N : P+ FTHQ)]IN : F(N') + Q]

(6.14.1) , , ,
=[N:F(P)rON +QIF(P)r NN : F(P")]
where all involved lattice indices are finite.

Proof. The assumptions show easily that all lattice indices are finite. Using
F(PPNF Q) = F(P')NQ and the isomorphism theorem A/(A N B) =
(A + B)/B for abelian groups, we get

(F(P)eNQ)/F(P'NF Q) = (F(P)rNQ+ F(P)/F(P").
Similarly, F(P)g NQ + F(P") = F(P)r N (F(P') + Q) yields
(F(P)rNN)/(F(P)rNQ+F(P)) = (F(P)r NN +Q)/(F(P') + Q).

Multiplying (GIZ4I) by [F(P')r "N + Q : F(P') + @], the above two isomor-
phisms show that the claim is equivalent to

(6.14.2) IN: P+ F Y Q)N : F(IN)+Q] =[N : F(P") + Q).

Using F(P)+ QN F(N') = (F(P') + Q)N F(N'), we have

N'J(P'+ F~1(Q)) = F(N')/(F(P") + QN F(N")) = (F(N') + Q)/(F(P") + Q)
and hence (BIZ2) holds. This proves the claim. O
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We recall that on a locally compact Hausdorff space Y, the Riesz represen-
tation theorem gives a bijective correspondence between positive (resp. signed)
Radon measures on Y and positive (resp. bounded) linear functionals on the
space of continuous real functions with compact support on Y endowed with
the supremum norm.

Corollary 6.15. Let W be an open subset of X*. For each o € P."" (W) there
s a unique signed Radon measure j1o, on W such that

(6.15.1) /Wf - /Wfdua

for all smooth functions f on W with compact support.

Proof. This is a consequence of Proposition [6.13] and Riesz’s representation
theorem. g

Proposition 6.16. Let W be an open subset of X®" and let f be a continuous
function on W. Then the map

] : BI(W) 5 R, s /W f dpa

is a §-current in E%0(W).

Proof. The integral is well-defined by Corollary [6.15] using that supp(«) is com-
pact. Obviously, [f] is a linear map. We have to show that the restriction of
[f] to any subspace BS"(W; Vi, ¢u,,wy, : @ € I) as in is continuous. For
i € 1, let Q; := tropy,(V;). For every x € C, there is i(z) € I with x € V(.
We choose a polytopal neighbourhood P;(,) of tropy, - () in N, 5 such that
Pi(z) N Trop(Uj(z)) € Q4() and we denote the interior of P,y by Qj(,). There
is a finite set Y of X such that the open sets tropl}il(z)(Qi(x)), x €Y, cover
the compact set C'. By Proposition 5.9} U := NzeyUj(,,) works as a very affine
chart of integration for every o € BL" (W Vi, ¢u,,wy, : i € I). Then we have
ay € AZ>" (U, ¢y ) with tropf;(ay) = a. By the Sturmfels—Tevelev multiplic-
ity formula (£3.1]) and by degree reasons, one can show that ay has support
in the compact subset

Co=J U 2iw N (Piay)
TEY Aj(a)
of Trop(U), where Aj;, ranges over all n-dimensional faces of Trop(U) such
that Ay, N Fzz;) (Pj(z)) is mapped onto an n-dimensional face of Trop(Uj(,))
by the canonical affine map Fj,) : Nyr — NUi(ac)vR' Using the supremum
seminorm |f|c on C, we get

(6.16.1) | /Wfdua( < Co|fle

To see this, we note first that supp(us) € C. There is a smooth function g on
W with 0 < g <1 with g =1 on C and with compact support in a sufficiently
small neighbourhood of C' [CLD12], Corollaire 3.3.4]. Then (6I6.1)) follows from
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applying (6I3J) to compactly supported smooth approximations of fg using
the Stone—Weierstraf-theorem in Corollaire 3.3.4].

Now we deduce the claim from the definition of the bound C,, in (6I33):
We set i :=i(x) for x € Y and we may assume that a|y; is given by

E Qjj N\ Wij

JE€Ji

for a;; € A(€;) with small supremum seminorm pp,Amyop(v;),0(cij) of the co-
efficients. Noting that the w;; are fixed, this yields that every a,, in (GI3.3])
has small coefficient. Using that only the compact subset Cyy N 7 matters for
integration, we deduce that C, is small and hence (GIGI]) shows that [f] is
continuous. O

7. THE POINCARE-LELONG FORMULA AND FIRST CHERN DELTA-CURRENTS

The Poincaré—Lelong formula in complex analysis is of fundamental impor-
tance for Arakelov theory. Chambert—Loir and Ducros have shown in [CLD12|
§4.6] that the Poincaré-Lelong formula holds also for smooth forms and cur-
rents on Berkovich spaces. We show here that the same holds for d-forms and
d-currents on the analytification of an algebraic variety. We use the Poincaré—
Lelong formula to define the first Chern é-current of a continuously metrized
line bundle.

In this section, K is an algebraically closed field endowed with a complete
non-trivial non-archimedean absolute value | | and value group I" := — log | K *|.

7.1. Let X be a variety over K of dimension n and let f € K(X) \ {0}. In
Example [6.11] we have introduced the d-current of integration dx leading to
the definition of the d-current §z for any cycle Z on X. Using that for the Weil
divisor cyc(f) of f, we get a d-current deyq(p) on X"

On the other hand, the complement U of the support of the principal Cartier
divisor div(f) is an open dense subset of X. By Proposition [6.5] we get the
S-current [log |f|] € E®O(U) = EOO(Xxan).

Theorem 7.2. For a non-zero rational function f on X, the Poincaré—Lelong
equation

5cyc(f) =d'd" [10g |f|]
holds in BV (X).

Proof. The proof is similar as in [CLD12] §4.6], but it is more on the tropical
side as we do not have integrals of J-forms over analytic subdomains at hand.
We will first do some reduction steps and then we will introduce some notation
which allows us to use results from [CLDI2]. The claim is local on X*" and so
we may assume that X = Spec(A4) and f € A. The latter induces a morphism
f: X — A'. We may assume that the morphism is not constant as otherwise
all terms are 0. Since A is a domain, the property S; of Serre is satisfied.

Let us recall some results from before we start the actual proof. Let
W be an affinoid subdomain of X®" and let g : W — T?" be an analytic map
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for T' = GJ,. Following [CLDI12], we call such a map to a torus an analytic
moment map. We obtain a continuous map

Grop :=tropog: W — R".

We get an analytic map h = (f,g) : W — (A})® x T2 We denote the
fibre of W over t € (A1) by W; with respect to the restriction of f to W.
If I is an interval in (0,00), then W; := |f|~*(I) N W. We observe that W}
and W carry natural structures of analytic spaces of dimension n — 1 and n
respectively. It follows from general results of Ducros Théoréeme 3.2]
that the sets girop(W:) and hipop(Wr) are integral R-affine polyhedral sets of
dimension less or equal to n — 1 and n respectively. These polyhedral sets can
be equipped with natural integral weights. A construction of these so called
tropical weights can be found in [GubI13al §7] or in 3.5] in the language
of calibrations. We observe that the tropical weights take the multiplicities of
irreducible components into account. The k-skeleton of a polyhedral set P of
dimension at most k is by definition the union of all k-dimensional polyhedra
contained in P. By Proposition 4.6.6], there exist a real number r > 0
and an integral R-affine polyhedral complex % in R" of pure dimension n — 1
with integer weights m such that all polyhedra in % are polytopes with the
following properties:

(a) for every t in the closed ball in (A1)® with center 0 and radius r, the
(n—1)-skeleton of grop(W;) endowed with the canonical tropical weights
is equal to (¢, m);

(b) for every closed interval I C (0, 7], the n-skeleton of hyop (W) endowed
with the canonical analytic tropical weights is equal to (—log(l),1) X
(¢,m) as a product of weighted polyhedral complexes.

In fact, Chambert—Loir and Ducros formulated this crucial result in terms of
canonical calibrations instead of analytic tropical weights. We refer to [Gub13al,
§7] for the definition and translation of these equivalent notions. The analytic
space Wy coincides with the closed analytic subspace of W determined by the
effective Cartier divisor div (f|w). Using (a) for ¢ = 0, we see that (¢, m)
is equal to the (n — 1)-skeleton of giop(div(flw)) as a weighted polyhedral
complex.

After recalling these preliminary results, we start with the proof. Since the
d-currents deye(ry and d'd’[log|f|] are symmetric, it is enough to check the

Poincaré-Lelong equation by evaluating at a symmetric a € B¢ _1’"_1(X an),
The d-form « is given by tropical charts (V;, ¢, )ier covering X*" and symmetric
a; € AZ" 51V, pp.). Since a has compact support, there are finitely many
i such that the corresponding V;’s cover supp(«). In the following, we restrict
our attention to these finitely many ¢’s and we number them by ¢ = 1,...,m.

Let us consider the very affine open subset U := U; N ---NU,, \ supp(div(f))
of X. Let G : Nyr — Ny, r (resp. F': Nyr — R) be the canonical affine map
compatible with trop;; and tropy, (resp. —log|f]). Let zo be the coordinate
on R and let H; := (F,G;) : Nuyr — R X Ny, r.

For every x € supp(«), thereisani € {1,...,m} such that x € V;. We choose
an integral I'-affine polytope A; of maximal dimension in Ny, r containing
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tropy, (r) in its interior. We may assume that A; N Trop(U;) C tropy, (V;).
Then W; = trop[_]il(Ai) is an affinoid subdomain of X" with = € Int(W;).
Renumbering the covering and using again compactness of supp(a), we may
assume that 7 does not depend on x which means that the interiors of the
affinoid subdomains W1, ..., W,, cover supp(c). Note that W := |J;~, W; is a
compact analytic subdomain of X?".

For every non-empty subset E of {1,...,m}, the set Wg := ;g W; is
affinoid (using that X*" is separated). Note that Ug := (), U; is very affine
and we set Vg := ();cp Vi. We choose > 0 sufficiently small such that (a) and
(b) above hold for every Wg and moment map gg := ¢p,. Note that the union
of the integral I'-affine polyhedral sets

(7.2.1) tropy (W; N U™) = Trop(U) NG; H(A) (i =1,...,m)

is equal to tropy; (W NU?"). For every subset E of {1,...,m}, we have a integral
I'-affine polyhedral set

(7.2.2) tropy(WgNU*) = Trop(U) N ﬂ GHA) = ﬂ tropy (W; N U™).
icE icE

For V := |, Vi n U, it follows from Corollary that (V,py) is a tropical
chart containing the support of d’a. The d-form « is represented on V by
ay € AZ"InY(Vipp), ie. a = tropj(ay) on V. In fact, we have seen in
Proposition B.7lthat ayr extends by 0 to an element of AZ"~1=1(U ), but
the support of this extension is not necessarily compact. We conclude that U
is a very affine chart of integration for log | f|d'd”"« and that

(7.2.3) (@d"flog |]], 0) = — / F*(ag)d d"ap.
tropg (V)

The minus sign comes from the use of tropical coordinates tropy;(F*(x¢)) =
—log | f| as remarked above. Corollary shows that the support of d”’« does
not meet f~1(0). Since the support of d”« is compact, there is a positive s < r
such |f(z)] > s for every x € supp(d”a). We consider the analytic subdomain
W(s):={zeW||f(x)] > s} of W, the affinoid subdomain W;(s) := {x € W} |
|f(z)| > s} of W; and the affinoid subdomain Wg(s) := {x € Wg | |f(x)| > s}
of Wg. It follows from (ZZ1]) and (T22)) that their tropicalizations are integral
R-affine polyhedral sets such that the union of all

(7.2.4)  tropy (Wi(s) N U™) = Trop(U) N G5 (A;) N F~((—00, —log 5])

for i =1,...,mis equal to tropy (W (s) N U*") and such that

(7.2.5) tropy(Wg(s) nU*) = Trop(U) N ﬂ G (A) N F Y ((—o0, —log 5]).
el

In the following, we use integrals and boundary integrals of J-preforms over

integral R-affine polyhedral sets as introduced in Definition 225, Remark

and BJ1 By the choice of s, we have supp(d’a) C W(s) N U**. We conclude
that supp(d”agr) C tropy (W (s) NU) and hence

(7.2.6) / F*(zo)d'd" oy — / F*(zo)d d" .
tropy (V') tropy (W (s)NUan)
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By Green’s formula (see Proposition B.9) and using d'd” F*(x¢) = 0, the inte-
grals in ((CL2.6]) are equal to

(7.2.7) (F*(zo)d" oy — d"(F* (o)) A o).

/8(tropU(W(s)ﬂUan))
By construction and (ZZ1l), we have
supp(ag) C relint(tropy (W NU™)).

By the choice of s, it follows that supp(d” ) is contained in relint(tropg; (W (s)N
Uam)). It follows from Remark[2.6(iii) applied to the integral R-affine polyhedral
set tropy (W (s) N U") that

(7.2.8) F*(xo)d”aU = 0.

/8(tropU(W(S)ﬂUan))
Combining (Z.2.3) and (Z2.8)-(Z.2.8) with (Z3.1)) below, we get
(7.2.9) (dd"llog | fI]; @) = (Feye(p) @)

proving the claim. O

Lemma 7.3. In the situation of the proof of Theorem [7.3 above, we have

(7.3.1) d//(F*(azo)) Nay = <5cyc () a).

/8(tropU(W(s)ﬁUa“))
Proof. For integers £ > 1, there are ¢y, € C®°(R) with 0 < ¢y < 1, pg(t) = 1
for t < —log(s) — 1/¢ and @y(t) = 0 for t > —log(s) — 1/(2¢). By construc-
tion, supp (p¢(F*(x))d” (F*(x0)) A ay is contained in the relative interior of
tropy (W (s) N U*") and hence

(7.3.2) @e(F*(w0))d" (F*(x0)) Aoy =0

/é)(tropU(W(s)ﬂUa“))
as above. Setting 1y := 1 — ¢y, it follows from (7.3.2)) that the left hand side in
([C3J) is equal to

(7.3.3) Ye(F* (0))d" (F*(20)) A

/8(tropU (W (s)nUan))

Now we use the additivity of measures from Remark [2.6](ii). The decomposition
([C2Z4) of the polyhedral set tropy; (W (s) NU") and equation (Z.2Z3]) show that

[T33) is equal to
@) vy | V(P (@)’ (F* (x0) A .
j=1 |E|=j d(tropy (Wg(s)nUan))

We fix i € E. Let Gg : Nyr — Nyyr and Gg; : Nyy,r — Ny, r be the
canonical affine maps which are compatible with the given moment maps. Let
us consider the closed embedding

hg = (f,98) = (f,vup) : Ug \ div(f) = Gm x Tu,.
inducing the tropical variety hg trop(Ug \ div(f)) which we view as a tropical
cycle on R x Ny7, g. The affine maps Hg := (F,GE) : Nur — R x Ny, r (resp.
Hp;:=idr x Gg; : R x Ny, g = R x Ny, r) are compatible with the moment
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maps ¢y and hg (resp. hp and h;). The Sturmfels—Tevelev multiplicity formula
shows that

(7.3.5) hE trop(Up \ div(f)) = (HEg)«(Trop(U))

(see [Gubl3al, Proposition 4.11] for the required generalization of ([£3.1])). For
ap = qilyy, € AZ" TN Vg ou,), we have aly, = trop*UE(aE) and the
definition of ap does not depend on the choice of ¢ € E. In the following,
the weighted integral R-affine polyhedral complex X g(s) := hg trop(Wg(s)) in
R x Ny, r plays a crucial role. Note that we have

(7.3.6) S5(5) = hiwop(Ur \ div(f)) N [ Hp (=00, —log s] x A;).

Sy
Let Pg : R x Ny, r — Ny, r denote the canonical projection. By definition,
the element ap of AZ"‘L”_l(VE,QOUE) is represented by a J-preform ap on
an open subset Qg of Ny, g with Qg N Trop(Ug) = tropy, (Ve). Recall from
[E5T), that aylo = Gy A dmop(y) denotes the d-preform on Q := Tropy (V)
induced by ay. Using ay = Gj;(ag), we get

aU’Q - G*E(QE)‘Q = G*E'(dE) A 5Trop(U) - HE'PE(&E) A 5Trop U)-

We consider the coordinate x¢ on R also as a function on R x Ny, g. Using
tropy (W (s)NU) = Hp' (Xp(s))NTrop(U) and (Z33H), the projection formula
[2I42) shows that

/ Be(F*(20))d" (F* () A o
A(tropy (Wg(s)NUa?))

(7.37) = Hi(e(20)d"w0) N Hp Pp(6e) A dtvop (1)

/é)(tropU (We(s)nUan))

= / be(x0)d" 0 N PE(6E) Ay o (Us\div(f)
A(XE(s))
By construction of the functions ¢y, we have

lim Vo(xo)d o A Ph(ag) A6 N
(=0 Jo(zp(s)) e(%0)d 0 N PE(GE) N Op o (U \liv( )
(7.3.8)

/E e ol 5(OE) N\ Ohp o (Up\div())

By (C3.0) and [Gubl3al, §7], the analytic tropical weights on the n-skeleton
of the tropicalization Y g(s) of the affinoid domain Wg(s) are the same as
the tropical weights induced by hg trop(Ug \ div(f)). Using that s < r and
I := [s,r], it follows from (a) and (b) that the n-skeletons of Xg(I) := {w €
YE(s) | zo(w) € —log(I)} and —log(I) x tropy, (div(f)NWEg) are equal even as
a product of weighted polyhedral complexes if we endow — log(I) with weight 1.
Note that these tropicalizations can differ from the n-skeletons only inside the
relative boundary. As we have some flexibility in the choice of the polyhedra A;
and in the choice of s, we may assume that ¥ p(I) = —log(I) x trop,, (div(f)N
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Wg) and that this is of pure dimension n. We conclude that (Z.3.3)) is equal to

(7.3.9) ap.

/tropUE (div(f)NWgnUZ*)
Using (T33)—-(C3.9), it follows that the left hand side of (T.3.1]) is equal to

SEIEDS

J=1 |El=j

Let Y be an irreducible component of div(f) and let By := {i € {1,...,m} |

U;NY # (}. Then we use the very affine open subset Ug, to compute the
following integrals over Y by going the above steps backwards:

PBCHANDD

i=1 |E|=j

:/ aUEY :/ «,
tropUEy (YﬂWﬂU%‘;) Y

where we have used in the last step that W covers supp(«). Using linearity in
the irreducible components Y (see [Gub13bl Remark 13.12]), we get equation

3. O

Remark 7.4. Let f denote a regular function on the affine variety X. The proof
of Lemma [T.3] given above shows that equation (Z3.0]) holds more generally for
any generalized J-forms o on X?" with compact support. If we permute the
roles of d’ and d”, we obtain by the same argument that

/ ap.
tropy (div(/)INWeNUZ")

[—
tropy ., (YNWgNUR)
(7.3.10) e TR

(7.4.1) d'F*(20) N ow = (Jeye(s), )

/é)(tropU (W (s)nUan))

n

holds for all generalized d-forms o € P~ "1 (X)), An elegant way to deduce
[41) is to apply (3] for J*(a) and to use symmetry of the J-current of
integration.

7.5. Let ¢ denote an invertible analytic function on some open subset W of
X2, Given x € W there exists by [Gubl3al, Proposition 7.2] an open subset U
of X, an algebraic moment map f : U — G,, and an open neighbourhood V' of
x in U*™ N W such that —log |p| and —log |f| agree on V. It follows that the
function — log || belongs to A°(W) and we get

(7.5.1) d'd"[—log |g|] = —[d'd" log |¢]] =0

from (6.9.0) and the trivial case of the Poincaré-Lelong formula where f is
invertible.

7.6. Let L be a line bundle on X and let W be an open subset of X?". We
fix an open covering (U;);er of X, a family (s;);er of frames s; € T'(U;, L), and
the 1-cocyle (h;j) with values in O% determined by s; = h;js;. Recall that a
continuous metric || || on L over W is given by a family (p;)ier of continuous
functions p; : U™ N W — R such that p; = |hijlp; on (U; NU;)* N W for
all i,7 € I. An analytic section s € I'(V, L*") on some open subset V' of W
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determines as follows a continuous function [[s]| : V' — R. We write s = f;s;
for some analytic function f; on V N U and define ||s|| = |fi| - p; on V N U".
Observe that we have p; = ||s;|| on UM NW.

7.7. Let L be a line bundle on X endowed with a continuous metric || || over the
open subset W of X®". Then we define the first Chern current associated to the
metrized line bundle (L|w, || ||) as the 6-current [c(L|w, | ||)] € EMY(W) given
locally on W N U by d'd"[—log ||s|ganaw ||] for any trivialization U of L with
non-vanishing section s € I'(U, L). Here, we have used that a continuous func-
tion defines a §-current as explained in Proposition 616l Since d'd"[—log |¢|] =
0 for an invertible analytic function ¢, the d-current [ci(L|w,| ||)] is well-
defined on W and we may even use analytic trivializations in the definition.
Obviously, the formation of the first Chern current is compatible with tensor
product of metrized line bundles as usual.

If the metric is smooth, then [c;(L, || ||)] is the current associated to the first
Chern form ¢; (L, || ||) defined in [CLDI12]. In general, the notion ¢;(L|w, || ||)
has no meaning as a form and we use the bracket to emphasize that [c1 (L|w, || ||)]
is a d-current. In Section @ we will introduce metrics for which ¢i(L|w, | ||)

has a meaning as a d-form.

Corollary 7.8. Let L be a line bundle on X endowed with a continuous metric
| || over the open subset W of X?*. For every non-trivial meromorphic section
s of L with associated Weil divisor Y, the equality

[er (Llw, [I1ID] = d'd" [log ||s|w||] + dy |w
holds in EYL(W).

Proof. This can be checked locally on a trivialization U of L with non-vanishing
sy € I'(U, L). Then there is a rational function f on X with s = fsy and hence

d/d//[— log ”S‘WmUan ”] = d/d//[— log ”SU’W{]Uan H] + d/d//[— log ’f’WﬁUan H

Using the definition of ¢; (L|wnyan, ||.||) for the first summand and using Theo-
rem for the second summand, we get the claim. O

8. PIECEWISE SMOOTH AND FORMAL METRICS ON LINE BUNDLES

In this section, X is an algebraic variety over the algebraically closed field
K. We assume that K is endowed with a non-archimedean non-trivial complete
value | |, corresponding valuation v := —log| |, valuation ring K° and value
group I' := v(K ™). In the following, we consider an open subset W of X",

We first introduce piecewise smooth functions and piecewise linear functions
on W. This leads to corresponding notions for metrics on line bundles. We
prove that a piecewise linear metric is the same as a formal metric. We show
that canonical metrics in various situations are piecewise smooth.

In Definition [L.6] we have defined piecewise smooth functions on an open
subset of an integral R-affine polyhedral set. Using tropicalizations and viewing
tropical varieties as polyhedral sets, we will define piecewise smooth functions
on W as follows:
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Definition 8.1. A function f: W — R is called piecewise smooth if for every
x € W there is a tropical chart (V,¢p) such that V' is an open neighbourhood
of z in W and such that there is a piecewise smooth function ¢ on tropy (V')
with f = ¢ o trop;; on V.

In a similar way, we will define a piecewise linear function on W. We recall
from Definition that we have defined piecewise linear functions on integral
R-affine polyhedral complexes. As we are working with a variety over a valued
field, we will take the value group I' into account and we will require in the def-
inition of piecewise linear functions additionally that the underlying polyhedral
complex and the restriction of the functions are both integral I'-affine. Note
however that in Definition B the underlying polyhedral complex for ¢ is only
assumed to be integral R-affine.

Definition 8.2. A function f : W — R is called piecewise linear if for every
x € W there is a tropical chart (V,pp) such that V' is an open neighbourhood
of z in W and a real function ¢ on trop; (V') with f = ¢ o trop;; on V. We
require that there is an integral I'-affine polyhedral complex ¥ in Nyr with
tropg; (V) C |X| such that ¢ is the restriction of a function on [¥| with integral
I"-affine restrictions to all faces of 3.

8.3. The space of piecewise smooth functions on W is an R-subalgebra of the
R-algebra of continuous functions on W. It contains all smooth functions on
W. The space of piecewise linear functions on W is closed under forming max
and min. Moreover, it is a subgroup of the space of piecewise smooth functions
on W with respect to addition. If ¢ : X’ — X is a morphism and W’ is an
open subset of ()~ (W), then for every piecewise smooth (resp. piecewise
linear) function f on W, the restriction of f o ¢ to W’ is a piecewise smooth
(resp. piecewise linear) function on W'.

In the following result, we need the G-topology on W. It is a Grothendieck
topology build up from analytic subdomains of W and it is closely related to
the Grothendieck topology of the underlying rigid analytic space ([Ber93l §1.3,
§1.6]).

Proposition 8.4. Let f : W — R be a continuous function. Then f is piecewise
smooth (resp. piecewise linear) if and only if there is a G-covering (W;)icr
by analytic (resp. strict analytic) subdomains W; of W and analytic moment
maps p; : Wi — (1;)* to tori T; := Spec(K[M;]) such that f = ¢; o j trop
on W; for a smooth (resp. integral I'-affine) function ¢; : Nyjg — R, where
N; := Hom(M;,Z) as usual.

Proof. First, we assume that f is piecewise smooth (resp. piecewise linear).
For any = € W, there is a tropical chart (V,¢y) in W containing x such that
f = ¢otropy on V for a piecewise smooth (resp. integral I'-affine function) ¢
on the open subset 2 := trop;; (V') of Trop(U). There are finitely many integral
R-affine (resp. I'-affine) polytopes A; in Ny containing tropy(z) such that
(U; A; is a neighbourhood of tropy(x) in € and such that ¢|a, = ¢;|a, for a
smooth (resp. integral I'-affine) function ¢; : Nyr — R. Note that the affinoid
(vesp. strictly affinoid) subdomains W;(z) := trop;,'(4;) of W contain = and
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cover a neighbourhood of x. Letting x vary over W, we get a G-covering of W
with the desired properties.

To prove the converse, we assume that f is given on a G-covering (W;);er of
W by smooth (resp. integral I'-affine) functions ¢; : N; g — R with respect to
analytic moment maps ¢; : W; — (T;)*". Piecewise smoothness (resp. piecewise
linearity) is a local condition and so we have to check that f is piecewise smooth
in a neighbourhood of € X?". There is a finite Iy C I such that the sets
(Wi)ier, cover a sufficiently small strict affinoid neighbourhood W' of x in W.
By shrinking W, we may assume that x € W; for every i € Ip. In the following,
we restrict our attention to elements i € Iy. The definition of an analytic (resp.
of a strict analytic) domain shows that we may assume that all W/ := W; n W’
are affinoid (resp. strict affinoid) subdomains of W. Any analytic function on
a neighbourhood of z in W/ can be approximated uniformly on a sufficiently
small neighbourhood of z by rational functions on X. By shrinking W again,
this shows that we may assume that (Pi’Wi’ is induced by the restriction of an
algebraic moment map ¢} : U; — T; for a dense open subset U; of X with
W/! C (U;)™ (see [Gubl3al Prop. 7.2] for a similar argument). Similarly, we
may assume that there are affinoid coordinates (z;;)jes, on W/ which extend
to rational functions on X. Clearly, we may assume that |z;;(z)] = 1 for
i € Iy and j € J;. There is a tropical chart (V,py) with x € V. C W/,
U C e, Ui and such that all the functions z;; are in &(U)*. We may assume

that trop;;(«) = 0 and hence there is an open neighbourhood Qof 0in Ny r with

V= tropEl(ﬁ). By [Gubl3al 4.12, Proposition 4.16], ¢} is the composition
of an affine homomorphism ; : Ty — T; with ¢p. By shrinking V' and using
the Bieri-Groves theorem [Gubl3b, Thm. 3.3], we may assume that there are
finitely many rational cones (Aj);jes in Nyg such that

(8.4.1) tropy (V) = QN U Aj.

jed
For every ¢ € Iy and every j € J;, there is a linear form u;; € My with
—log|z;j| = u;j o tropy; on U*". The definition of affinoid coordinates yields

(8.4.2) W/ N U™ = tropy'(0;)

for o; ;= {w € Nyr | uij(w) > ri;Vj € J;} and suitable r;; € R. Note that o;
is an integral R-affine polyhedron. In the piecewise linear case, we may choose
always r;; = 0 and hence o; is a rational cone. Using that the sets W/NU®" cover
V and equations (R4.1]), (IENZI), we get the decomposition (o; N A;NQ)ier, jes
of tropy; (V). On o; N A; N Q, we choose the smooth (resp. integral I'-affine)
function qS;-j := ¢; o 1;. Using ([84.2]), we see that these functions paste to a
continuous piecewise smooth (resp. continuous piecewise linear) function ¢’ on
tropy; (V') with ¢ o trop;; = f on V. This proves easily that f is piecewise
smooth (resp. piecewise linear) on W. 0

Definition 8.5. Let L be a line bundle on X and let W be an open subset of
X A metric || || on Ll is called piecewise smooth (resp. piecewise linear)
if for every © € W, there is a tropical chart (V,¢py) with x € V. C W and
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a non-vanishing section s € I'(U, L) such that —log||s|y || is piecewise smooth
(resp. piecewise linear) on V.

8.6. Since —log|f| is smooth for an invertible regular function f and even
the pull-back of a linear function with respect to a suitable tropicalization, the
last definition does neither depend on the choice of the trivialization s nor on
the choice of the tropical chart (V,p). Moreover, we may also use analytic
trivializations in the definition. By Proposition 84l the definition of a piecewise
linear metric agrees with the definition of PL-metrics in [CLDI12] §6.2].

Note that every piecewise linear metric is piecewise smooth. It follows from
that every piecewise smooth metric is continuous, that the tensor product
of piecewise linear (resp. piecewise smooth) metrics is again a piecewise linear
(resp. piecewise smooth) metric and that the dual metric of a a piecewise linear
(resp. piecewise smooth) metric is piecewise linear (resp. piecewise smooth).
Moreover, the pull-back of a piecewise linear (resp. piecewise smooth) metric
on L|w with respect to a morphism ¢ : X’ — X is a piecewise linear (resp.
piecewise smooth) metric on ¢*(L)|y for any open subset W’ of ¢! (W).

8.7. Recall that K° is the valuation ring of the given non-archimedean absolute
value | | on K. Raynaud introduced an admissible formal scheme over K° as
a formal scheme 2" over the valuation ring K° which is locally isomorphic to
Spf(A) for a flat K°-algebra A of topologically finite type over K° (see
§1] for details). For simplicity, we require additionally that 2~ has a locally
finite atlas of admissible affine formal schemes over K°. Then 2" has a generic
fibre 2, (resp. a special fibre Z§) which is a paracompact strictly analytic
Berkovich space over K (resp. an algebraic scheme over the residue field K )
locally isomorphic to .# (<) (resp. Spec(A @xo K)) for the strict affinoid
algebra o := A ®@go K (see [Ber93, §1.6] for the equivalence to rigid analytic
spaces over K with an affinoid covering of finite type).

A formal K°-model of X is an admissible formal scheme 2~ over K° with
an isomorphism %, = X', For a line bundle L on X, we define a formal
K°-model of L as a line bundle . on a formal K°-model 2  of X with an
isomorphism %, = L*" over Z; = X*". For simplicity, we usually identify .7
with L2".

8.8. Let L be a line bundle on X. A formal metric on L is a metric || || &
associated to a formal K°-model .Z of L in the following way: If .Z admits
a formal trivialization over % and if s € I'(%,.%£) corresponds under this
trivialization to the function v € 04 (%), then |s(x)|| = |y(z)| for all z € %,.
This definition is independent of the choice of the trivialization and shows
immediately that formal metrics are continuous. The tensor product and the
pull-back of formal metrics are again formal metrics.

Proposition 8.9. Fvery line bundle L on X has a formal K°-model and hence
a formal metric.

Proof. This follows as in [Gub98, Prop. 7.6] based on the theorem of Raynaud
that every paracompact analytic space has a formal K°-model (see [Bos14l
Theorem 8.4.3]). The argument for paracompact strictly K-analytic spaces
was first given in Proposition 6.2.13]. O
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Proposition 8.10. Let || || be a formal metric on the line bundle L on X. Then
there is an admissible formal K°-model 2 of X with reduced special fibre Z
and a K°-model £ of L on 2" such that || | = || || . Moreover, the invertible
sheaf associated to £ is always canonically isomorphic to the sheaf on 2~ given
by {s e (L, %,) | ||s(s)|| < 1Vx € %,} on a formal open subset % of Z .

Proof. This follows as in [Gub98, Lemma 7.4 and Proposition 7.5]. O

Proposition 8.11. Let || || be a metric on the line bundle L on X. Then the
following properties are equivalent:

(a) || || is a formal metric;

(b) || || is a piecewise linear metric;

(c) there is a G-covering (W;)ier of X" by strict analytic subdomains W; of
X and trivializations s; € T'(W;, L*) with ||s;(z)|| = 1 for all x € W;
and all i € 1.

Proof. If we use again Raynaud’s theorem to generalize to paracompact X",
the equivalence of (a) and (c) is proved as in [Gub98, Lemma 7.4 and Propo-
sition 7.5]. The implication (a) = (c) can also be found in [CLDI2l Exemple
6.2.10]. It remains to see the equivalence of (b) and (c). Suppose that (b) holds.
Then there is a locally finite covering of X by trivializations U; of L such that
—log ||s;|| is piecewise linear on (U;)*" for every ¢ € I. By Proposition 84 there
is a G-covering Wj; of (U;)*" and analytic moment maps ¢;; : Wi; — (T3;)™"
such that —log||s;|| = ¢ij © Yijtrop 00 Wij for an integral I'-affine function ¢;;
on N;jr. The definition of integral I'-affine functions shows that there is an
invertible analytic function ~;; on W;; such that ||s;|| = |vi;| on W;;. Using the
trivialization ’72-;181' on Wij;, we get (b) = (c). The converse is an immediate
application of Proposition B4l O

8.12. If X is proper over K, than an algebraic K°-model of X is an integral
scheme X which is of finite type, flat and proper over K° and with a fixed
isomorphism between the generic fibre 2, and X. We use the isomorphism
to identify X, and X. An algebraic K°-model of L is a line bundle £ on an
algebraic K°-model X of X together with a fixed isomorphism between £, and
L. We define an algebraic metric on L as in[8.§ by using an algebraic K°-model
£ of L.

Proposition 8.13. On a line bundle on a proper variety over K, a metric is
algebraic if and only if it is formal.

Proof. Passing to the formal completion along the special fibre, it is clear that
every algebraic metric is a formal metric. Using [Gub03| Proposition 10.5], the
converse is true if X is projective. The same argument shows that the converse
is also true for proper X if the formal GAGA theorem in [Gro61l, Theorem 5.1.4]
holds over K° and if X has an algebraic K°-model. In [Gro61, Theorem 5.1.4],
the base has to be noetherian and hence it applies only for discrete valuation
rings. The required generalization is now given in [FK13l Theorem 1.10.1.2].
The existence of an algebraic K°-model follows from Nagata’s compactification
theorem. This was proved by Nagata in the noetherian case and proved by
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Conrad in general (based on notes of Deligne, see Temkin’s paper for
another proof and references). 0

Corollary 8.14. Let L be a line bundle on a proper variety over K. Then L
has an algebraic metric.

Proof. This follows from Proposition and Proposition B.I3 O

We will show now that many important metrics are piecewise smooth.

Example 8.15. Let L be a line bundle on the abelian variety A over K.
Choosing a rigidification of L at 0 € A and assuming L symmetric (resp. odd),
the theorem of the cube allows to identify [m]*(L) with L®™ (resp. L®™).

There is a unique continuous metric || ||.,, on L* with [m]*| ||.., = | ||?;’:’2
(resp. M|l llean = | 157™) for all m € Z. In general, L2 is the tensor product

of a symmetric and an odd line bundle, unique up to 2-torsion in Pic(A4), and
hence we get a canonical metric || ||.,, on L which is unique up to multiples
from |K*| if we vary rigidifications. We claim that || ||, is locally on X*" the
tensor product of a smooth metric and a piecewise linear metric. In particular,
we deduce that || ||, is a piecewise smooth metric.

To prove the claim, we use the Raynaud extension of A to describe the
canonical metric on L (see [Gubl0l §4] for details). The Raynaud extension is
an exact sequence

(8.15.1) 1— 7T s F-LB™ 0

of commutative analytic groups, where T' = Spec(K[M]) is a multiplicative
torus of rank r and B is an abelian variety of good reduction. Moreover, there
is a lattice P in E with E/P = A*". More precisely P is a discrete subgroup of
E(K) which is mapped by a canonical map val : E — Ng isomorphically onto a
complete lattice A of Ng, where N is the dual of M. The map val is locally over
B a tropicalization. Note that the Raynaud extension is algebraizable, but the
quotient homomorphism p : £ — A®" is only defined in the analytic category.

Let # be the abelian scheme over K° with generic fibre B. By loc. cit.
there exists a line bundle J# on % such that ¢*((4,)*") = p*(L*"). Here
and in the following, we use rigidified line bundles to identify isomorphic line
bundles. Then ¢*| |,, is a formal metric on p*(L*"). On p*(L*"), we have a
canonical P-action « over the canonical action of P on E by translation. By
loc. cit. there is a 1-cocycle Z in Z'(P,(R*)¥) such that

(8.15.2) (@ o (W)ll),,., = Zy(2)7H - (@ [|wll ),

forall y € P, x € E and w € (p*L*),. The cocycle Z depends only on the
map val which means that there is a unique function z) : Ng — R with

zy(val(z)) = —log(Zy(z)) (v € P,z € E,\ =val(y)).

Moreover, there is a canonical symmetric bilinear form b : A x A — Z associated
to L such that

Za(w) = 22 (0) + b(w, A)  (w € Ng, A € A).
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The cocycle condition
Zpy(x) = Zp(v2)Zy(2)  (p,7 € P € E)

shows that
241 (0) = 20(0) + 2,(0) + b\, 1) (A, p€A)
which means that A — z)(0) is a quadratic function on A. There is a unique

extension to a quadratic function gy : Ng — R. We define a metric || || on
p*(L™) by || || == e~ ®valg*|| || ,. Using 8I5.2) and that g is a quadratic
function with associated bilinear form b, it follows easily that || || descends to

the canonical metric on L. We conclude from the descent with respect to the
local isomorphism p that the canonical metric on L is locally on A*" the tensor
product of a smooth metric with a piecewise linear metric. This proves the
claim.

Example 8.16. Let L be a line bundle on a proper smooth algebraic variety
over K which is algebraically equivalent to zero. Let A denote the Albanese
variety of X (see [Gro62, Exp. 236, Thm. 2.1, Cor. 3.2]). We fix some
x € X(K) and obtain a universal morphism 1) : X — A from X to the abelian
variety A with ¢ (z) = 0. Furthermore L is in a canonical way the pullback of
an odd line bundle on A along . It follows that L carries a canonical metric

unique up to multiples from |K*|. By [Gubl0, Example 3.7], there is

N . . . . .
gn is an algebraic metric and hence piecewise

is a piecewise smooth metric.

|| Hcan7
an integer N > 1 such that || ||

linear. We conclude that || ||..,

Example 8.17. Let L be a line bundle on a complete toric variety X over K.
Similarly as in the case of abelian varieties and using rigidifications, we have
[m]*(L) = L®™ and there is a unique metric || ||, on L with [m]*|| ||.,, =
| |27 for all integers m € Z (see [MaiO0, Section 3]). There is a canonical
algebraic K°-model 2" of K° and a canonical algebraic K°-model .Z by using
the same rational polyhedral fan and the same piecewise linear function. Since
|l lean = Il ll#, the canonical metric on L is algebraic and hence a piecewise

linear metric.

8.18. Finally, we consider the case where our ground field K is equipped with
the trivial valuation. If L is a line bundle on X, then we choose an algebraically
closed extension field F' endowed with a non-trivial complete absolute value
extending the trivial absolute value of K. Then K C F° and the line bundle
L®k F° on X @k F° is a canonical algebraic F'°-model of the line bundle Lg
on Xp. We conclude that L has a canonical metric || ||,

The metric || ||, has the following intrinsic description. Let U = Spec(A) be
an affine open subset of X which is a trivialization of L given by the nowhere
vanishing section s € T'(U,L). We consider the formal affinoid subdomain
U :={xeU||f(x) <1Vfe A} of X*. Note that U° is the set of points
in U™ with reduction contained in U (see [GubI3bl §4] for more details). It
follows that ||s(z)||can = 1 for all z € U°. Since X is proper, such trivializations
U® cover X*" leading to a description of || ||.,,, which is independent of F'.

For simplicity, we have considered only varieties in this paper. We may also
consider continuous metrics on L*" for a line bundle over a separated scheme
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X of finite type over the ground field K. For such schemes X, the intrinsic
description above shows in particular that we still have a canonical metric

| |lcan 00 L in the case of a trivially valued K.

9. PIECEWISE SMOOTH FORMS AND DELTA-METRICS

Let K be an algebraically closed field endowed with a non-trivial non-archi-
medean complete absolute value | | and corresponding valuation v := —log| |.
We consider again an algebraic variety X over K of dimension n. In this section,
we first study piecewise smooth forms on an open subset W of X?". This lead
to a decomposition of the first Chern current of a piecewise smoothly metrized
line bundle (L|w, || ||) into the sum of a piecewise smooth form and a residual
current. We show that the residual current is induced by a generalized J-form.
If the first Chern current of (L|w, || ||) is induced by a d-form on W, then || ||
is called a d-metric and the d-form is called the first Chern §-form. We show
that many important metrics are é-metrics. In the following sections, we will
use d-metrics for our approach to non-archimedean Arakelov theory.

9.1. In Definition BI0] we have defined the space PS() of piecewise smooth
superforms on an open subset € of a polyhedral subset. If (V| ¢y) is a tropical
chart, then we apply this definition for the open subset Q := trop; (V) of
Trop(U). If « € PS(Q) and (V',py) is a tropical chart with V! C V and
U’ C U, then we define ay as the piecewise smooth form on Q' := trop (V')
given by pull-back of o with respect to the canonical affine map Ny g — Nyg.

Definition 9.2. A piecewise smooth form on an open subset W of X®" may be
defined in a similar way as a differential form in A(W): A piecewise smooth form
« is given by an open covering (V;, ¢, )ier of W by tropical charts and piecewise
smooth superforms a; on Q; := tropy, (V;) such that a;[v,nv;, = ajlv;ny; for all
i,7 € I. A superform o given by the covering (V]’ ,ngJ/_)je J and piecewise
j
if Oéz‘|v;~mvj’ = 04;'|vaj’ for every ¢« € I and every j € J.

smooth superforms o on Q) := tropy (V) will be identified with a if and only

9.3. We denote the space of piecewise smooth forms on W by PS(W). It comes
with a bigrading and is canonically equipped with a A-product. We conclude
easily that PS» (W) is a bigraded A~ (W)-algebra on X®". It is clear that
PSYO(W) is the space of piecewise smooth functions on W. It coincides with
the space P%*(W) of generalized é-preforms of degree zero. The equality

(9.3.1) PSYO(W) = PYO(W)

is in fact a direct consequence of ([EI93)).

If o : X’ — X is a morphism of algebraic varieties over K, then the pull-
back of piecewise smooth superforms from [B.I0] carries over to define a pull-back
[ PSPYW) — PSP4(W') for any open subset W’ of (X')*" with f(W') C W.
In the special case of X = X', f = id and W’ an open subset of W, we denote
the pull-back by a|y and call it the restriction of a to W',

9.4. In BITT] we have introduced differentials of piecewise smooth forms on
open subsets of polyhedral sets. If « € PSP4(W) is given as in Definition
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0.2, then the polyhedral differential dpov € PSPTL4(W) is locally defined by
dpo; € PSPTL4(Q;). Similarly, we define djya € PSP4THW). Then PS™ (W)
is a differential graded R-algebra with respect to the polyhedral differentials d},
and dp.

9.5. The bigraded differential R-algebras PS(W) of piecewise smooth forms
and P(W) of generalized J-forms are not directly comparable except that they
contain both A(W) as a bigraded differential R-subalgebra. We construct a
bigraded differential R-algebra PSP (W) containing both spaces as follows.

Recall from Remark B.14] that we have obtained a bigraded differential R-
algebra PSP() with respect to dp,dp for any open subset  of Ng. We
repeat now the construction of generalized d-forms in §] building up on the
spaces PSP() instead of P(€). This leads first to spaces PSP(V, py) for
tropical charts (V, o) of X and then to the desired space PSP(W). Note that
PSP(W) is a differential bigraded R-algebra with respect to the polyhedral
differential operators dp and dp, which extends the corresponding structure on
the subalgebra P(W). To see that PS(W) is a graded subalgebra of PSP(W),
we use the obvious generalization of Proposition [I.8] from piecewise smooth
functions to piecewise smooth forms. Obviously, PSP(W) is generated by the
subalgebras PS(W) and P(W). Moreover, the polyhedral differentials dj, d
agree with the corresponding differential operators on PS(W).

All properties of generalized 0-forms from §l and §5 extend immediately to
the sheaves PSP. Hence we have an integral [}, o for any o € PSP (W).
As a special case, we obtain such an integral for a piecewise smooth form with
compact support on W. As in [6.4] this leads to a d-current [a] € EP4(W) for
any a € PSPP4(W). In particular, this applies to a piecewise smooth «.

Remark 9.6. Note that the polyhedral differential dia of a piecewise smooth
form a or more generally of any a € PSP(W) is not compatible with the
corresponding differential of the associated d-current. We define the d’'-residue
by

Resg () == d'[a] — [dpal.
Similarly, we define residues with respect to d” and d'd".

9.7. Now we consider a line bundle L on X endowed with a piecewise smooth
metric || || over the open subset W of X?". We are going to obtain a canon-
ical decomposition of the Chern current [ci(L|w, | ||)] € EY(X®) (see 1)
into a piecewise smooth part c1(Llw,| |)ps € PSY (W) and a residual part
[er (Llw, || [D]res € EVH(W).

Let (U,s) be a trivialization of L, i.e. U is an open subset of X and s is
a nowhere vanishing section in I'(U, L). Then —log||s|| is a piecewise smooth
function on U N W and hence —dpd} log ||s|pannw || € PSHHU NW). Note
that this piecewise smooth form is independent of the choice of s by the same
argument as in[7.7land hence we obtain a globally defined element of PS% (W)
which we denote by ¢i(L|w, || ||)ps. Recall from that we denote the as-
sociated o-current on W by [c1(L|w, || ||)ps]. The same argument shows that
the residues Resy g (— log ||s|yanqw ||) paste together to give a global d-current
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[Cl(L|W’ H H)]res € El’l(W) and we have
(9.7.1) ler (Llws 1 IDT = len(Llws | 1Dps] + e (Zlws [ D ]res-

Proposition 9.8. Let || || be a piecewise smooth metric on L|y. Then there
is a unique B € PLY (W) with

[e*(B)] = lex (@™ (D)lwr, "I D]res € BV (W)

for every morphism ¢ : X' — X from any algebraic variety X' over K and for
every open subset W' of o1 (W). The generalized §-form B has codimension 1
(see Definition[{.13) and will be denoted by c1(L|w, || ||)res-

Proof. Note that uniqueness follows from Proposition By definition of
a piecewise smooth metric, there is an open covering (V;);c;r of W by tropi-
cal charts (V;, ¢y,), nowhere vanishing sections s; € I'(V;, L*") and piecewise
smooth functions ¢; on Q; := tropy, (V;) with —log||si|| = ¢; o tropy, on V;.
Passing to a refinement of the open covering, we may assume that ¢; is defined
on Trop(U;). By Proposition [L8 there is a piecewise smooth function ¢; on
Ny, r restricting to ¢;. By Lemma [[.T2] the corner locus C; := b; - Ny, r of b
is a tropical cycle of codimension 1.

The é-preform d¢, represents an element 3; € P(V;,¢y,) of codimension 1
(see [£4]). We have seen in that there is a pull-back f*(5;) € PHY(V', pp)
for every morphism f : X’ — X of algebraic varieties over K and every tropical
chart (V/,pr) of X' compatible with (V;, ;). For the open subset Q' :=
tropy/ (V') of Trop(U’), we have f*(8;)|qr € PHL(Y) € DML(QY) (see EET).
Let F': Ny»g — Ny, r be the canonical affine map with tropy;, = F o tropy, on
(U")a». By Proposition [[LT14 and Corollary [LI5L F*(C;) - Trop(U’) is the corner
locus of ¢/ := ¢; o F ]Trop(U/) and hence we get

F(Bi)ler = F*(8c,) A drvop(ury = 8¢y mvop(ur) € PHH(SY).

Together with the tropical Poincaré-Lelong formula (Corollary B19]), we get
(9.8.1) (Bl + [dpdpe’] = d'd"[¢'] € DML(Q).
It follows from (O.81]) that f*(5;)|q is independent of all choices. This yields
that Bilv,nv; = Bjlviny, for alld,j € I. We get a well-defined generalized J-form
B € PLYY(W) of codimension 1 given by 3; € PY1(V;, ¢p,) on V; for every i € I.

It remains to check that [¢*(5)] = [c1(¢*(L)|wr, || ||)]res for every mor-
phism ¢ : X’ — X and every open subset W’ of ¢~ (W). This has to be tested
on a € B _l’n_l(W’ ). The claim is local and a partition of unity argument
in a paracompact open neighbourhood of supp(«) shows that we may assume

supp(a) € ¢ (V;) for some i € I. There are finitely many tropical charts

(Vj’  Pu )jes in W’ which cover supp(c) such that « is given on every Vj’ by

aj € AZ”_L"_I(VJ/, (PU;)- We choose a non-empty very affine open subset U’
of X’ contained in every U] and in o~ 1(U;). By Proposition 5.9, U’ is a very
affine chart of integration for both ¢*(8) A« and d’d”«. By construction, V' :=
Ujes ViN o H(V;)N(U")® and ¢ form a tropical chart in W’. By Proposition
B « is given on ' := tropy, (V') by agr € AZ" =YV’ o). In the follow-
ing, we will use only the d-preform o/ € P*~5"~1(Q)') induced by ag. For the
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tropical cycle C" := Trop(U’) and the canonical affine map F : Nyv g — Ny, R,
it follows as above that *(3) is given on V'’ by the element in P"'(V’ o)
represented by 0(y,0m).n,, . € PUYY(Nyg). For ¢ := ¢; o F1vop(ury, we have
seen that

¢ (Bi)ler = (O(g107) Ny v = 0gr.cr € PHHLY).

Note that supp(a) C U, Vi N 0 Y(V;). We deduce from the generalizations
of Corollary and Proposition @21l to P.SP-forms (see [0.5]) that the currents

pd' Nad dbd N al,d'd" ! ! A dy.cr have compact support in . We write
C' = (¢',m’) for an integral T'-affine polyhedral complex ¢’ and a family of
integral weights m/. To prove [c1(¢*(L)|wr, @[ ||)]res = [¢*(B)], we have to
show that

(9.8.2) Y Ndd o = dgr.cr N o —l—/ dpd o Na

|| %] ||
holds. If o/ has compact support in €', then this follows from the tropical
Poincaré-Lelong formula ([@.81]). In general, we still can deduce from the proof
of the tropical Poincaré-Lelong formula in Theorem the formula (BI6.3)
which here reads as

¢’Ad’d"a’:—/ g¢’Aa’+/ dodihd) A
"] ale| |

as we have used only that d'a’ and dp ¢/ Ao/ have compact support. Now (0.8.2)
follows from Lemma BI7 and Remark BI8 using additionally that o’ A d4.cr
has compact support. ]

Definition 9.9. A metric || || on L|w is called a §-metric if for every x € W,
there are a tropical chart (V, ¢r) such that € V- C W and a piecewise smooth
function ¢ on Trop(U) satisfying the following properties:

(i) There is a nowhere vanishing section s of L over U such that ¢otrop; =
—log ||s|| on V.

(ii) There is a superform 7 on NUR of bidegree (1, 1) with piecewise smooth
coefficients such that dpdp¢ and ’y]Tmp agree on the open subset
tropg; (V') of Trop(U).

Remark 9.10. Condition (i) just means that the metric is piecewise smooth.
Note that a superform on Ny g with piecewise smooth coefficients is the same
as a 0-preform on Nyp of codimension 0 (see Example 2.10). Using 0.7 we
deduce easily that (ii) is equivalent to the condition that [ci(L|w, || ||)ps] is the
d-current associated to a generalized d-form on W (of codimension 0).

Proposition 9.11. Let || || be a piecewise smooth metric on L|y . Then || || is
a 6-metric if and only if there is a 3 € BYY (W) with

[o*(B)] = [er (¥ (L) lw, @7 ID] € BHH (W)

for every morphism ¢ : X' — X from any algebraic variety X' over K and for
every open subset W' of o=t (W).
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Proof. Suppose that || || is a d-metric. By Remark @10, there is v € PH1(W)
of codimension 0 such that [c¢i(L|w, || ||)ps] = [7]. Since 7 is of codimension 0,
we may handle v as a piecewise smooth form and hence we get

" (1] = " (cL(@lw, || Dps)] = ler (@™ (L)lwr, "1l [)ps] € BV (W),
Proposition (0.8 yields that 8 := ¢1(L, || ||)res + v € PYH(W) and that

[o*(8)] = lex (@™ (L)lwr, I Dres] + [0* ()] = lea (@™ (L) lwr, 71| )] € BVH(WY)

as claimed. It remains to show that 3 € BLY(W). Let (V,py) be a tropical
chart in W and let ¢ be a piecewise smooth function on Trop(U) as in Defini-
tion such that By is given by By € PYY(V,¢y). For every tropical chart
(U, pyr) of an algebraic variety X’ over K compatible with (V,¢p) with re-
spect to the morphism f : X’ — X and for Q' := trop;,(V’), the last display
yields

(9.11.1) [f*(Bv)|ev] = d'd"[¢p o F] € DV(Q),

where I : Ny g — Ny is the canonical affine map. Since this supercurrent is
d'-closed and d”-closed on €, we conclude that 3 is given on V by an element
of Z(V,py). This shows 8 € BLL(W).

To prove the converse, we just use that [c1(L|w, || ||)] = [5] for some 5 €
PYL(W). By Proposition B8 [c1(L|w, || |)ps] is the d-current associated to
B —ci(Llw, |l Nies € P (W). By Remark @101 || || is a 6-metric. O

Definition 9.12. Let || || be a 0-metric on L|y. By Proposition[6.8] the §-form
B in Proposition [@.I1]is unique. We call it the first Chern §-form of (L|w, || )
and we denote it by c1(L|w, | ||)-

9.13. We summarize the above constructions and definitions. A metric || ||
on L|w is a d-metric if and only if every x € W is contained in a tropical
chart (V,¢y) in W with a piecewise smooth function ¢ on Ny g and a nowhere
vanishing section s of L over U such that

—log ||s|| = ¢ o tropy
on V and such that
d,Pd/P,’(QﬂtropU(V)) = 7|tropU(V)

for a superform v on Ny of bidegree (1,1) with piecewise smooth coefficients.
Then the restriction of ¢i(L|w, | ||)res to V is represented by the o-preform
0Ny o0 Nur, c1(Llw, || [[)ps|v is given by v and ¢1 (L|w, || [|)|v is represented
by the d-preform v + d¢.n,, on Nyr. A piecewise linear metric is a §-metric
as we can choose ¢ integral I'-affine (use Remark [[L9)) and v = 0.

9.14. By construction, the d-current associated to ¢1(L|w, || ||) is equal to the
first Chern current [c1(L|w, || ||)] defined in [77] which explains the notation
used there. It is an immediate consequence of equation (Q.I1.T]) that the first
Chern 0-form ¢1 (L, || ||) is d’-closed and d”’-closed.

To be a §-metric is a local property and respects isometry. The tensor product
of d-metrics is again a d-metric and the dual metric of a d-metric is also a 9J-
metric. If a positive tensor power of a metric || || on L|y is a é-metric, then
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| || is a d-metric. It is easy to see that the first Chern o-form ¢y (L|w, || ) is
additive in terms of isometry classes (L|w, || ||) for o-metrics || ||.

Proposition 9.15. Let o : X' — X be a morphism of algebraic varieties and

let L be a line bundle on X endowed with a 6-metric || || over the open subset
W of X2, Then ¢*|| || is a 6-metric on *(L)|w: and we have
(9.15.1) a(e* (Dlw @Il ) = ¢*er(Llw, || [Ne BYHW)

for any open subset W' of =1 (W).
Proof. This follows from and Proposition O

Remark 9.16. Smooth metrics and piecewise linear metrics are J-metrics
which is clear from the definitions. It follows from Proposition RI1] that ev-
ery formal metric is a d-metric. In particular, every algebraic metric on a line
bundle of a proper variety is a d-metric.

Example 9.17. All the canonical metrics in Example BI5] in Example
and in Example are 6-metrics. Indeed, a positive tensor power of such a
metric is locally the tensor product of a formal metric with a smooth metric
and hence the claim follows from Remark

10. MONGE-AMPERE MEASURES

We have seen in the previous section that formal metrics are §-metrics giving
rise to a first Chern é-form. The formalism of d-forms allows us to define the
Monge-Ampere measure as a wedge-product of first Chern §-forms. We recall
that Chambert—Loir has introduced discrete measures for formally metrized line
bundles on a proper variety which are important for non-archimedean equidistri-
bution. The main result of this section shows that the Monge—Ampere measure
is equal to the Chambert—Loir measure.

In the following, K is an algebraically closed field endowed with a complete
non-trivial non-archimedean absolute value | |, corresponding valuation v :=
—log| | and value group I' := v(K*). We consider a proper algebraic variety
X over K of dimension n.

10.1. Let Lq,..., L, be line bundles on X endowed with §-metrics. Then the
wedge-product c;(L1) A -++ A c1(Ly,) of the first Chern é-forms is a -form of
bidegree (n,n). By Corollary [6.15] the §-current associated to a J-form on X"
of type (n,n) extends to a bounded linear functional on the space of continuous
functions and defines a signed Radon measure on X#'. The signed measure
associated to c1(L1) A-+- A c1(Ly) is called the Monge-Ampére measure and is
denoted by

MA(Cl(L_l), . ,Cl(L_n)).

Proposition 10.2. If ¢ : X' — X 1is a morphism of n-dimensional proper
varieties over K, then the following projection formula holds:

@:sMA(ci(¢"L1), ..., c1(¢"Ln)) = deg(p)MA (c1(L1),. .-, c1(Ln)).
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Proof. The Stone-Weierstral Theorem Prop. (3.3.5)] implies that
A%(X?) is a dense subspace of C'(X®"). For functions in A°(X?") the de-
sired equality follows from Proposition and from the projection formula
for 6-forms (B29.1]). This yields our claim. O

Proposition 10.3. If X is a proper variety of dimension n, then the total mass
of MA(cl(Ll, 1), ei(Ln, || Hn)) 18 equal to degL17___7Ln(X).

Proof. This follows similarly as in [CLDI12, Proposition 6.4.3]. They handled
there only the case of smooth metrics, but our formalism of §-forms allows us
to obtain this result more generally for J-metrics. O

We recall the crucial properties of Chambert-Loir’s measures. They were
introduced in a slightly different setting by Chambert—Loir in [CLO6].

Proposition 10.4. There is a unique way to associate to any n-dimensional
proper variety X over K and to any family of formally metrized line bundles
Li,...,L, on X a signed Radon measure ji = WLy o on X such that the
following properties hold:

(a) The measure p is multilinear and symmetric in Ly, ..., Ly,.
(b) If ¢ : Y — X is a morphism of n-dimensional proper varieties over K,
then the following projection formula holds:

L (Ngo*fl,...,m> = deg()pg, .1,

(c) If & is a formal K°-model of X with reduced special fibre and if the
metric of L; is induced by a formal K°-model -Z; of L; on 2~ for every
j=1,....n, then

p=> degy 5 (V)
Y

where Y ranges over the irreducible components of 2 and O¢y 18 the
Dirac measure in the unique point & of X" which reduces to the generic

point of Y (see [Ber90), Proposition 2.4.4] ).
(d) The total mass is given by pu(X*") = degr, . (X).

Proof. For existence, we refer to [Gub07] §3]. Uniqueness follows from (c) alone
as the existence of a simultaneous formal K°-model with reduced special fibre
is a consequence of [Gub98, Proposition 7.5]. O

Theorem 10.5. For formally metrized line bundles L1, . .. ,L_n_on the proper
variety X of dimension n, the Monge-Ampére measure MA(c1(L1),...,c1(Ly))
agrees with the Chambert-Loir measure Wy T

This theorem was first proven by Chambert-Loir and Ducros [CLDI12, §6.9]
for their Monge-Ampeére measures defined by a tricky approximation process
with smooth metrics. Their argument uses Zariski—-Riemann spaces, while we
use here a more tropical approach related to our d-forms.

10.6. In Lemma [T0.8] we will consider a closed subvariety % of a torus T =
Spec(K°[M]) over K°. We will use the following notation: N is the dual of the
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free abelian group M of finite rank. Let U be the generic fibre of % and let %
be the special fibre.

The tropicalization trop : (Tx)*" — Ngr (resp. trop : T2" — Ng) with
respect to the valuation v on K (resp. the trivial valuation on K ) leads to the
tropical variety Trop(U) (resp. Trop(%;)).

The local cone LCy(Trop(U)) at 0 is defined as the cone in Ny which agrees
with Trop(U) in a neighbourhood of 0. We endow it with the weights induced
by the canonical tropical weights on Trop(U).

10.7. For the proof of Theorem 0.5 we need a preparatory result. Let L be
a line bundle on the proper variety X over K. We consider an algebraic K°-
model (Z7,.Z) of (X, L). Then we get an algebraic metric || || , on L. We have
seen in that the restriction %5 of . to the special fibre 2 has a canonical
metric || ||.,,- Note that the first metric is continuous on the Berkovich space
X with respect to the given valuation v while || ||.,, is continuous on the
Berkovich space 2" with respect to the trivial valuation on the residue field
K. Since 2 is assumed to be proper, we have a reduction map 7 : X** — 2.
For x € X?", m(x) is a scheme theoretic point of 2. Using the trivial valuation

on the residue field of 7(x), we will view m(x) as a point of Z2".

In the next lemma, we will show that || ||.,, is piecewise linear in an neigh-
bourhood of 7(z) in Z*". This means that using a trivialization and a tropi-
calization, the canonical metric is induced by a piecewise linear function on the
tropical variety. It will be crucial in the proof of Theorem that we can
use tropically the same piecewise linear function to describe the formal metric
| || & in a neighbourhood of  in X*". We make this now precise:

Lemma 10.8. Under the setup given in[I0.7, we fix an element z € X*" and
an open neighbourhood ¥ of w(x) in Z . Then there is an open neighbourhood
U of m(x) in ¥ and a closed embedding % — T into a torus T = Spec(K°[M])
with the following properties (a)-(f) using the notation from [10.0:

(a) We have 0 = trop(z) and the weighted local cone in 0 satisfies
LCo(Trop(U)) = Trop(%s).
(b) There is an open neighbourhood Q of 0 in Ng with
LCo(Trop(U)) N = Trop(U) N Q.
(¢) There exist a complete rational polyhedral fan 3 on Ny and a continuous
function ¢ : Ng — R which is piecewise linear with respect to ¥ (i.e.
for every o € X, there is uy, € M with ¢ = u, on o).
(d) % is a trivialization of £ with respect to a nowhere vanishing section
sel(w,2).
(e) We have —log||s||.y = ¢ o trop on a neighbourhood of x in X*".
(f) We have —log ||s||can = ¢ o trop on a neighbourhood of m(x) in Z2".
If m(z) is the generic point of an irreducible component of Zs, then there is an
U as above with (a)-(d) and the following stronger properties:
(") We have —log||s|.¢ = ¢ o trop on trop~1(Q) C U™,
(f’) The identity —log ||$||can = @ o trop holds on %2".
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Proof. Let (%;)icr be a finite affine open covering of 2" such that £ is trivial
over any %;. The generic (resp. special) fibre of %; is denoted by U; (resp.
U s). For every i € I, we choose a nowhere vanishing section s; € I'(%;, Z).
Let I(z) :={i € I | n(z) € %} Fori € I(x), let (x;;)jecs, be a finite set of
generators of the K°-algebra &(%;). Replacing x;; by 1+ z;; if necessary, we
may assume that these generators are invertible in 7(z). For i € I, we have an
affinoid subdomain

U ={zeU||a(z)| <1Va€ O%U)} ={zc UM |n(z) € %}

of X* Using the trivial valuation on K, we get similarly an affinoid subdomain
U =z € %7 | la(z)| < 1Va € O(%,s)} of 23" We consider 7(z) as a
point of 22" by using the trivial absolute value on the residue field of 7(x) and
hence we have I(z) = {i € I | 7(z) € %, }.

It is easy to see that 7(z) has a very affine open neighbourhood % in 2" such
that 7% is contained in %; for every i € I(z). Very affine means that there is a
closed embedding ¢ : Z — T into a torus T = Spec(K°[M]). By shrinking %
and by adding new invertible functions to ¢, we obtain the following properties:

(i) For every i,k € I(x), the invertible meromorphic function s;/s; on %
is the restriction of a character y"i associated to some wu;, € M.
(ii) For every i € I(x) and every j € J;, the generator x;; is invertible on
7 and equal to the restriction of a character X%‘ associated to some
uj; € M.
Note that we have 0 = trop(w(x)) € Trop(%;) since we use the trivial valuation
on the residue field of w(z). It follows from 7(x) € % that trop(z) = 0. By
definition, %; is the initial degeneration of U at 0 and hence (a) follows from
[Gub13Db, Propositions 10.15, 13.7]. By definition of the local cone, we find an
open neighbourhood € of 0 in Ng with (b).
By construction, .Z is trivial over % and we choose s := s for a fixed
k € I(x) in (d). For i € I(z), we define the rational cone o; := {w € Ng |

(w,u;) > 0Vj € Ji} in Ng. Then (ii) yields

(10.8.1) U U = trop ™~ (oy) N U™,

By the Bieri-Groves theorem, Trop(%5) is the support of a rational polyhedral
fan in Nr (see [GubI3b, Remark 3.4]). We conclude that there is a complete
rational polyhedral fan > on Nr and a rational polyhedral subfan ¥, with
32| = Uier(s) i NTrop(%;) such that every cone o € X, is contained in o; for
some i € I(z). Note that [|s;|[can = 1 on %", and hence (i) shows that

(10.8.2) — log||$]lcan = —log |sk/si| = ug; o trop

on %;°,N%3". By (I08T)), there is a continuous function ¢ : [¥;| — R with ¢ =
ug; on every o. Using Remark and passing to a refinement of X, we easily
extend ¢ to a continuous function on Ng satisfying (c). Since 2 is proper over
K, the sets U5, i € I, form an open covering of Z™. It follows from (1081
and (I0.8.2)) that (f) holds in the neighbourhood W := % \ U,y r(2) %55 Of
m(x) in 22"
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Again (ii) shows
(10.8.3) US NU™ = trop™ (o) N U™,
for every i € I(x). Note that ||s;]| ¢ =1 on U and hence (i) shows that
(10.8.4) —log ||s|l.¢ = —log |sk/si| = ug; o trop

on UP NU*. Since X is proper, the sets U, ¢ € I, form a compact covering
of X** Tt follows from (a), (b), (I083) and (I0.84) that (e) holds in the
neighbourhood trop=1(€) \ Uien s Ui of @ in X**. This proves (e).

We assume now that 7(x) is the generic point of an irreducible component
Y of Z5. Then we may assume that %, C Y. Let ¢ € I with % sNY # 0.
Since we use the trivial valuation on the residue field of 7(z), we deduce easily
that 7(z) € %, By construction, we get W = %" proving (f’). It remains
to show (e’). Let ¢ € I\ I(z). By construction, we have % s NY = (. For
y € UP NU™, we have 7(y) € % s and hence w(y) ¢ Y. In particular, we have
y & U°. Using trop~1(0) N U™ = U°, we see that trop(U? N U*) is a closed
subset of Trop(U) not containing 0. By shrinking ﬁ, we may assume that Qisa
neighbourhood of 0 which is disjoint from trop(U NU*") for every i € I\ I(z).
Then the above proof of (e) shows that (e’) holds. O

Now we are ready to prove Theorem [10.5]

Proof. Let pMA := MA(c1(Ly),...,c1(Ly,)). For simplicity, we assume that
L =Ly =---= L, and that all metrics are induced by the same K°-model .Z on
Z". The general case follows either by the same arguments or by multilinearity.
It is more convenient for us to work algebraically and so we use Proposition
to assume that 2" and .Z are algebraic K°-models. There is a generically
finite surjective morphism 2~/ — 2 from a proper flat variety 2~ over K° with
reduced special fibre. This is a consequence of de Jong’s pluristable alteration
theorem which works over any Henselian valuation ring (see Lemma
9.2]). Since both sides of the claim satisfy the projection formula, we may
prove the claim for .2”/. This shows that we may assume that .2 is an algebraic
K°-model of X with reduced special fibre.

We will analyse M4 in a neighbourhood of € X", Let 7(z) € 2 be the
reduction of . We choose a very affine open neighbourhood % of w(x) in 2
as in Lemma [T0.8l We will use the closed embedding % < T into the torus T
and the notation from there.

It follows from a theorem of Ducros Théoreme 3.4] that x has a
compact analytic neighbourhood V' such that the germ of trop(V') in trop(z)
(considering polytopal neighbourhoods) agrees with the germ of trop(W) in
trop(x) for every compact analytic neighbourhood W C V of z. Using that
trop(xz) = 0, we deduce from 1) in [Ducl2l Théoreme 3.4] that the dimension
of the germ is equal to the transcendence degree of K (7(z)) over K.

We first assume that w(z) is not the generic point of an irreducible com-
ponent of 2. Then the transcendence degree of K(m(z)) over K is smaller
than n = dim(X). Using the theorem of Ducros, there is a compact analytic
neighbourhood V' of x in X" such that trop(V') has dimension < n and such
that Lemma [I0.8(e) holds on V. We choose a tropical chart (V' ,¢p/) in
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which is contained in V' and with U’ contained in the generic fibre U of % .
We describe ¢q(L)|y+ using the function ¢ constructed in Lemma [[0.8] and the
canonical affine map I’ : Nyvr — Ng. Using that ¢ is piecewise linear, it
follows from [@.13 that ¢1(L)|y+ = trop},(8) for B € AZM (V' o) represented
by the d-preform dp«(g). Ny 00 Nyrr. By our construction of products and

Corollary [CI5], M4 is given on V' by " € AZ™™(V', py) represented by the
d-preform

An
(10.8.5) (90 3pe) = Or-i)

on Ny g, where C' is the n-codimensional tropical cycle of Ng obtained by the
n-fold self-intersection of the tropical divisor ¢ - Ng. Since V' C V, we have
F(tropy: (V")) C trop(V) and hence dim(F(tropg(V'))) < n. It follows from
the definition of the pull-back and the local nature of stable tropical intersection
that 0« (). Trop(u7) does not meet the open subset tropy (V') of Trop(U’). A
similar argument applies to any tropical chart compatible with (V’,¢p/) and
hence (I0:83) yields "™ = 0. We conclude that the support of x™* does not
meet V.

Now we assume that 7(z) is the generic point of an irreducible component
Y of Z5. Then z is the unique point of X** with reduction m(x) (see [Ber90,
Proposition 2.4.4]) and we write z = {y. We may assume that the very affine
open neighbourhood % of n(z) in 2" from Lemma has special fibre %
disjoint from all other irreducible components Y’ of 2. We conclude that
7(&§yr) & %s and hence trop(§y+) # 0 = trop(z). We may choose the neighbour-
hood Q of 0 in Ng disjoint from all points trop(§y~). We will use in the following
that Lemma [[0.8(e’) holds on the open subset V := trop~1(Q) of X?". Since
no &y is contained in V', the non-generic case above shows that the restriction
of uMA to V is supported in &y

Now we choose a very affine open subset U’ contained in the generic fibre U
of % with x € (U")*. Let F : Nyv g — Ngr be the canonical affine map. Then

V' = troppr (F7H(Q)) = (U™ N V.

is an open neighbourhood of z in X" and (V’, @) is a tropical chart. Similarly
as above, pM* is given on V' by g\ € AZ™™(V'!, pyr) represented by the 6-
preform in (IL85). Since pMA|y, is supported in the single point 2 = &y, we
conclude that the 0-dimensional tropical cycle F*(C) - Trop(U’) has only one
point w’ contained in the open subset trop (V') of Trop(U’). In fact, we have
W' = tropys(x) with multiplicity p™#(V’). The tropical projection formula
in Proposition and the Sturmfels-Tevelev multiplicity formula [Gub13D,
Theorem 13.17] give the identity

Fi(F*(C) - Trop(U")) = C - Trop(V)

of tropical cycles on Ng. Using that trop;., (V') = F~!(trop(V)) N Trop(U’),
we deduce that ™A (V') is equal to the multiplicity of 0 = trop(z) = F(w') in
C-Trop(U). By Lemma[[0.8] we conclude that ™4 (V") is equal to the tropical
intersection number of C' with LCy(Trop(U)) = Trop(%s).
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We recall that C is the n-fold self-intersection of the tropical divisor ¢ -
Ngr and we note that these objects are weighted tropical fans. Now we use
Lemma [T0.8(f"). This shows that %; is a very affine chart of integration for
c1(Zsly s || Nlean)™s where this 6-form is represented by the pull-back of d¢ with
respect to the canonical affine map Ny, g — Nr. Note that we may perform
a base change to omit the trivial valuation which was excluded for simplic-
ity in our paper. The tropical projection formula and the Sturmfels—Tevelev
multiplicity formula show

/ 1 (Zly o | [loan)™ = deg(C - Trop(74)

as above. By Proposition [[0.3] the left hand side is equal to deg (Y"). We have
seen above that the right hand side equals ™A (V’). This proves that pMA|y
is a point measure concentrated in x = {y with total mass degy(Y). By
Proposition [[0.4)(c), the Chambert-Loir measure Br, ., is equal to pMA O

n

11. GREEN CURRENTS

In this section, K is an algebraically closed field endowed with a non-trivial
non-archimedean complete absolute value and X is an algebraic variety over K
of dimension n. We introduce Green currents for cycles on X. We define the
product gy * gz for a divisor Y and a cycle Z on X which intersect properly.
This operation has the expected properties.

Definition 11.1. Let Z be a cycle of X of codimension p and let g be any
S-current in EP~1P=1( X)), Then we define w(Z, g) := d'd"g+ 65 € EPP(X™).
If there is a é-form wz, € BPP(X*) with w(Z,g9) = [wz,], then we call g a
Green current for the cycle Z. We will use often the notion gz for such a current
and then we set w(gz) = w(Z,gz) and wyz := wyz 4, for simplicity.

11.2. Let (L, || ||) be a line bundle on X endowed with a d-metric and let Z
be a cycle of codimension p in X with any current gz € EP~MP~1(X1). We
assume that s is a meromorphic section of L with Cartier divisor D intersecting
7 properly. By the Poincaré-Lelong equation in Corollary [T.8 and by the
definition of a d-metric in[@I2] gy := [—log ||s]|] is a Green current for the Weil
divisor Y associated to D with wy = ¢1(L, || ||)-

If Z is a prime cycle of codimension p, then we define gy A 67 € EPP(X?")
as the push-forward of [—log ||s|||z] with respect to the inclusion iy : Z — X.
In general, we proceed by linearity in the prime components of Z to define
gy N\ oz € EPP(X?). This leads to the definition of the x-product

gy * gz =gy Nz +wy A gz € EPP(X™).

Lemma 11.3. Under the hypothesis above and if Z is prime, then we have the
identity

(11.3.1) d/d//[— log ”S|Hz] = [(,Uylz] — 5D-Z

of 6-currents on Z?".
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Proof. This follows immediately from the Poincaré-Lelong equation for s|z (see
Corollary [(.8). We use here ¢1(L|z, || ||) = c1(L,|| ||)|z which follows from
Proposition O

Proposition 11.4. Under the hypothesis in[I11.2, we have
w(D - Z, gy x gz) = wy ANw(gz).
If g7 is a Green current for Z, then gy * gz is a Green current for D - Z.

Proof. Using Lemma [[1.3] and linearity in the prime components of Z, we get
(11.4.1) d'd"[—log||s|| Adz] =wy Aoz —dp.z

and hence and Proposition FLI5((iii) give

w(D-Z,gy *gz) =dd"[—log ||s|| A 6z] + d'd"(wy A gz) +0p.z = wy Aw(gz)
proving the claim. O

Proposition 11.5. For i = 1,2, let L; be a line bundle on X with a d-metric
| |l, and non-zero meromorphic section s;. We assume that the associated
Cartier divisors D1 and Dy intersect properly. Let ny, = —log||si||; and let
gy, = [nv;] be the induced Green current for the Weil divisor Y; of D;. Then we
have the identity

gyr * 9y, — Gy, * gy = d/[di;nﬂ A 77Y2] + d//[UYl N di)’l’})@]

of §-currents on X2,

Note that the piecewise smooth forms dpny, A ny, and ny; A dpny, of degree
1 are defined on the analytification of a Zariski open and dense subset of X.
By and Proposition [6.5], they define §-currents on X",

Proof. The claim can be checked locally on X. Hence we may assume that X
is affine and L1 = Ls = Ox. For i = 1,2, we may view s; as a rational function
fi and we have
ny, = —log|fi| — log [[1];.

The usual partition of unity argument shows that it is enough to test the claim
by evaluating at a € B?_l’"_l(W) for a small open neighbourhood W of a
given point x in X*". There are finitely many tropical charts ((Vj, ¢u;)j=1,..m
in W covering supp(«) such that a = tropy;, (aj) on Vj for some element «; €
VAL ¢u;). We will use a Zariski dense very affine open subset U of
Uy N---N U, which will serve as a very affine chart of integration for various
forms. Now we consider the restriction of the canonical affine map F; : Nyr —
Ny, r to Trop(U). Let Q in Trop (U) denote the union of the preimages of
the open subsets Q; := tropy, (V;) in Trop(U;) and put V' = trop; ' (Q2). By
Proposition there exists a unique element oy € AZ"~5"~Y(V, ) such
that o]y = trop};(ay) and such that ay coincides for all j on the preimage of €
with the pullback of a;. Note that € is an open subset of Trop(U) and (V, ¢r)
is a tropical chart for V := tropl}l(Q). Then oy has not necessarily compact
support, but we can extend ag by zero to an element in AZ"~LPL(U orr)
using that supp(a) N U?" is a closed subset of V. By abuse of notation, this
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extension will also be denoted by «y. Then we have o = tropy; (o) on U*".
By shrinking W and using an appropriate U, we may assume that

—log||1]|; = ¢i o tropys

on V for a piecewise smooth function ¢; on Trop(U) and i = 1,2. Since we deal
with d-metrics, we may assume that there is a piecewise smooth extension ¢;
of ¢; to Nyr and a superform v; on Ny of bidegree (1,1) such that the first
Chern J-form wy; is represented on V' by the d-preform v; + 0 Gi-Nug O Nur

and such that v; restricts to dpd}¢; on Q (see @.I3). We have

ny, = —log|fi| —log|[1]li = —log | fi| + ¢ o tropy

on V. Using bilinearity of * and of A, we may either assume that ny; is equal
to —log ||1||; or equal to — log | f;|. Hence we have to consider the following four
cases:

Case 1: 51 = 89 = 1.

In this case, the divisors Y1,Ys are zero and ny, = —log ||1]|; for i = 1,2 are
piecewise smooth functions on X**. Then we have

(11’5’1) <gY1 * gY27a> - <wY1 /\ngva> - <9Y2=WY1 A a>'

Recall that gy, is the current associated to ny,. By (03] we have PSYO(W) =
PYO(W) and hence ny,a € P~ """ "1 (W). We may view it as a generalized 6-
form on X" given on U by ¢y € PP~ 5"=H(U ). Since the first Chern
d-form wy, is represented on V' by 5431-NU,R + v € PYY(NyR), we get

(11.5.2) (vi * g3y ) = /|T o Bonon) + dodion) A gnav.
rop

Here, we have used that U is a very affine chart of integration for wy, A ny,a €
PP"(X?). Recall from [0.13] that the generalized d-forms c1(Lq, || ||{)res and
c1(Lq, || [l;)ps are represented on V' by 65 . and 71 in PY{(NyRr). We con-

clude that U is a very affine chart of integration for ¢i(Lq, || ||1)res A Ny, and
c1(La, || l1)ps A ny,c in P2°"(X?") and hence (IL5.2) yields

(115.3) (gy; *gva ) = /

¢, Trop() N P20 +/ dpdpdr Apoay.
[Trop(U)|

|Trop(U)]

Since « has compact support in W and supp(a) N U™ C V, it follows from
Proposition .21 and Corollary 5.6l that the integrands in (IT.5.3]) have compact
support in 2. The generalization of Corollary to PSP-forms given in
shows that —d log [|1]|1 A a has compact support contained in U?". Again, we
conclude that dp¢1 A ay has compact support contained in €. Now Leibniz’s
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rule and the theorem of Stokes [27] for dj, show

/ dpdpd1 N paay
| Trop(U)|

(11.54) = / dpd1 A pay + / dpg1 A dp(paar)
0| Trop(U)| | Trop(U))|

= / pd1 A d2oy + / pd1 Adpda A ay
0| Trop(U)| | Trop(U)|

+/ diﬁ(ﬁl A gbgd/aU.
|Trop(U))|

Recall that ¢oay is a é-preform on Trop(U) and hence Remark B.I§] gives

(11.5.5) / O, Trop(U) N\ P20 + / dpd1 A gaay = 0.
| Trop(U)| 9| Trop(U)|
Using (IT54]) and (IT5.3) in (IT.5.3]), we get
(11.5.6) <gy1 * gYZ,Oé> = / d¥>¢1 A d%)(zﬁg Ny +/ g(ﬁl VAN ¢2d,aU.
[ Trop(U)| |Trop(U)|

A similar computation where we replace (II54]) by an application of Stokes’
theorem with respect to dj, shows

(1L5.7) (gv, % gvi. ) = /

dpor /\di>¢2AOéU—/ trdppa ANd" ay
[Trop(U)|

|Trop(U)]

Using that U is a very affine chart of integration for djny, A ny, A da €
PSPM"(X?) and for ny, A dpny, A d"ay € PSP™(X?), this proves the
claim in the first case.

Case 2: s =1 and |[1f]2 = 1.

In this case Y; is zero and ny, = —log|f2|. The following computation is
similar to the one in the proof of the Poincaré-Lelong formula (see Theorem
[[2) and we will use the same terminology as there. We have gy, * gy; = 0 as
dy, =0 and wy, = ¢1(Ox, || ||2) = 0. It remains to show that

(11'5'8) wy; NGy, = —gv; N 5Y2 + d/[di;"?)ﬁ A 77Y2] + d//[ﬁYl A di)nYQ]'

It is enough to check the claim locally and by linearity, we may assume that
fo is a regular function on X. By the first case, we may assume that fy is
non-constant. We choose a very affine open subset U, the open subset 2 of
Trop(U) and ¢; as above. We may assume that supp(div(f2)) N U = () and
hence —log | f2| is induced by an integral I'-affine function 9 on Trop(U). We
use the very affine open U to compute the term (wy, A gy,,@). Similarly as in

([II5J) and (IT5.2]), we deduce

(11.5.9) (wy, Agy,, @) :/

1 Trop(U) /\<P26¥U+/ dpdpd1 Apaay.
| Trop(U)|

|Trop(U)]
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The same computation as in (I1.5.4]) —([IT.5.06]) yields

(11.5.10) (wy, Agy,, @) :/ %qSl/\d})gog/\ozU+/ bd1 Apad ag.
[Trop(U)| |Trop(U)|
As in the first case, we have
(11.5.11) / dpor A pod ay = (d'[dpmy, A ny,], ).
|Trop(U)|

Similarly as in the proof of the Poincaré-Lelong formula, we may assume that
the support of « is covered by the interiors of the affinoid subdomains W; :=
tropajl(Aj) of the tropical chart Vj for j =1,...,m. We set W := U;”’Zl W;.
We choose s > 0 sufficiently small with ¢ < —log|s| on the compact set
supp(dp¢1 A agr). Since W covers supp(a), the analytic subdomain W (s) :=
{x e W ||fa(z)| > s} of W contains supp(dp¢1 A ) and hence we have

(11.5.12) / dg(ﬁl N di;(pg N oy = / i;(zﬁl AN di;(pg N ay.
|Trop(U)| tropy (W (s)NUan)

By the theorem of Stokes in [27] this is equal to

(11.5.13) $rdppa A ay + / drdppa Ad" oy

/QtropU(W(s)ﬂUa") tropy (W (s)NUan)

By Corollary 5.6 the support of d”« is contained in U?". We may assume that
the compact set supp(d’«a) is contained in W (s). Using that U is very affine
chart of integration for ny, A dpny, A d”a, we get

(11.5.14) ¢1dppr Ad"ay = (d"[nyv, A dpny,], ).

/tropU (W (s)nUan)

Now we apply Remark [(.4] with f5 instead of f and the generalized J-form
Ny, N\ « instead of o and observe that @9 corresponds to F*(xo) in [[4 Then

equation (Z41]) yields

(11.5.15) P1dppr A ay = —(gy; A dy,, ).

/8tr0pU(W(s)ﬂUa“)
as W covers supp(«). Using (ILEII)-IL5I5) in (IT5IQ), we get (IL.5.8)

proving the claim in the second case.
Case 3: |[1]]; =1 and sy = 1.
The formula proved in the second case yields
9a ¥ gvi — 9vi * gy, = d'[dpny, Ay, ]+ d" [y, A dpny; ]

The (1,1)-current on the lefthand side is clearly symmetric. Hence the right-
hand side is symmetric as well and equals

—d"[dpny, Avi| — d [y, A dpny,]
This proves our claim in the third case.

Case 4: ||1||y =1 and ||1|]2 = 1.
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In this case ny;, = —log|f1] and ny, = —log|f2|. We have to show that
9vi N Oy, — gy, A Oy, = d'[dpny; Ay ]+ d” [y, A dpny,]

holds. Again, we may assume that f; and fy are regular functions on X. By
the previous cases, we may assume that these functions are non-constant. We
use the same notation as above. Here, we choose the very affine open subset
U disjoint from supp(div(fi)) U supp(div(f2)). Then ¢1,p2 are integral I'-
affine functions on Trop(U) inducing —log|fi|, —log|f2| on U*". Going the
computation in the second case backwards, we see that

(1L516) (g, Adveca) == [ dfor nd'ga naw + (@, A dpyi)a).
|Trop(U)]
Note here that dj¢1 A dpps A o has compact support in Q. Indeed, it follows
from Corollary B.6] that d log|fi| A dplog |fa] A av is a well-defined é-form on
X with compact support in U?" (using that the divisors intersect properly)
and hence we get compactness in § from Proposition 2]l Interchanging the
role of Y7,Y5 and also of d’,d” and dp, df in (IL510]), we get the fourth claim.
This proves the proposition. O

In the following, we denote the support of a cycle Z (resp. of a Cartier divisor
D) on X by |Z]| (resp. |DJ).

Corollary 11.6. Let Z be a cycle of X of codimension p and let g be any
S-current in EP~LP=Y(X). Fori = 1,2, let L; be a line bundle on X with a
d-metric || ||; and non-zero meromorphic section s;. Let D; denote the Cartier
divisor on X defined by s;. We assume that |D1|N|Z| and |D2| N |Z]| have both
codimension > 1 in |Z|, and that |D1| N |D2| N |Z| has codimension > 2 in |Z|.
Let ny, := —log||s;|li and let gy, = [ny;] be the induced Green current for the
Weil divisor Y; of D;. Then we have

gvi * (9va * 92) — gy * (gv, * 92) € d' (EPPTH(X™)) + d" (EPTHP(XP)).

Proof. This follows immediately from Proposition 1.5l applied to the analyti-
fications of the prime components of Z. O

12. LOCAL HEIGHTS OF VARIETIES

Let K be an algebraically closed field endowed with a non-trivial non-archi-
medean complete absolute value | | and corresponding valuation v := —log| |.
In this section, we study the local height of a proper variety X of dimension n
over K with respect to metrized line bundles endowed with §-metrics. If the
metrics are formal, then we show that these analytically defined local heights
agree with the ones based on divisorial intersection theory on formal model in
[Gub98]. In particular, they coincide with the local heights used in Arakelov
theory over number fields.

12.1. For i = 0,...,n, let L; be a line bundle on X endowed with a J-metric
| |l; and a non-zero meromorphic section s;. For the associated Cartier divisor

D; = div(s;), we consider the metrized Cartier divisor D; := (Dy, ]| [|,), i.e.
a Cartier divisor D; and a metric || ||, on the associated line bundle O(D;).
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Recall from that we obtain the Green current gy, := [—log ||s;||;] for the
Weil divisor Y; associated to D;.

We assume that the Cartier divisors Dy, ..., D,, intersect properly. Then we
define the local height of X with respect to 150, e ,ljn by

Abo,... 0o (X) 1= g5 % -+ gy, (1)

12.2. If Z is a cycle on X of dimension ¢ and 150, e ,ljt are d-metrized Cartier
divisors on X with |Dgl,...,|Dy|,|Z]| intersecting properly, then [2.] induces a
local height A Do.... f)t(Z ) by linearity in the prime components of Z.

Remark 12.3. The problem with this definition is that it is not functorial as
the pull-back of a Cartier divisor is not always well-defined as a Cartier divisor.
This problem is resolved by using pseudo-divisors instead of Cartier divisors
(see [Ful84l Ch. 2]). We follow [Gub03| and define a §-metrized pseudo-divisor
as a triple (L, Z,s) where L = (L,|| ||) is a line bundle on X equipped with
a 0-metric, Z is a closed subset of X, and s is a nowhere vanishing section
of L over X \ Z. Using the same arguments as in [Gub03|, we get a local
height A Do Dt(Z ) for 0-metrized pseudo-divisors which is well-defined under
the weaker condition |Dg| N ---N|D¢| N|Z| = 0.

It is straightforward to show that the local height is linear in Z and mul-
tilinear in Dy, ..., D;. It follows from Corollary along the arguments in
[Gub03] that the local height is symmetric in Dq,...,D.

The next result shows that the induction formula holds for local heights.

Proposition 12.4. Let ﬁo, . ,ﬁn be d-metrized pseudo-divisors on X with
|Do| M-+ |Dp| = 0. Then the local height Ap  p (X) is equal to

oy b (V) = /X 10g [$nlln - €2 (O(D0)) A -+ A 2 (O(Dno1))-

where we assume that D,, is a Cartier divisor with associated Weil divisor Y,
and canonical meromorphic section s, of O(D,,).

Proof. The argument is the same as for [Gub03, Proposition 3.5]. O

Proposition 12.5. Let ¢ : X' — X be a morphism of proper varieties over K
and let Dy, . .., D, be §-metrized pseudo-divisors on X with |Do|N---N|D,| = 0.
Then the functoriality
/
deg(£)Apy, .5, (X) = Ape(By)....ipr (D) (X)
holds.
Proof. The proof relies on the induction formula in Proposition [2.4] and the

projection formula for integrals (5.9.I)). We refer to [Gub03] for the analogous
arguments in the archimedean case. O

The following result is called the metric change formula.

Proposition 12.6. Suppose that the local height A\(X) with respect to the J-
metrized pseudo-divisors Dy, ..., D, is well-defined. Let N(X) be the local
height of X obtained by replacing the metric || ||, on O(Dy) by another 6-metric
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| llo- Then p:=1log(|| llo/Il llg) is a piecewise smooth function on X** and we
have

ACX) = N(X) = / p- (O A A ey (OTD))

Proof. This follows from linearity and symmetry of the local height in Dy and
D,, and from the induction formula in Proposition 124l O

Remark 12.7. Now suppose that ﬁo, . ,ﬁn are formally metrized pseudo-
divisors on X with [Do| N --- N |D,| = 0. Then the intersection theory of
divisors on admissible formal K°-models given in [Gub98| induces also a local
height of X (see |[Gub03]). It also satisfies an induction formula involving
Chambert-Loir’s measures (see [Gub03, Remark 9.5]). Since the Chambert—
Loir measure agrees with the Monge-Ampere measure (see Theorem [I0.5]), we
deduce from the induction formula in Proposition [2.4] that the local height
based on intersection theory of divisors agrees with Ap [)n( ) from Remark
[23l This proves in particular Theorem [0.4] stated in the introduction.

APPENDIX A. CONVEX GEOMETRY

In this appendix, we gather the notions from convex geometry on a finite
dimensional real vector space W coming with an integral structure. This means
that we consider a free abelian group N of rank r with W = Ng := N®zR. Let
M := Hom(N,Z) be the dual abelian group and let V' := Hom(M,R) = Mg be
the dual vector space of W. The natural duality between V and W is denoted
by (u,w). Let I be a fixed subgroup of R. In the applications, it is usually the
value group of a non-archimedean absolute value.

A.1. Let N’ be another free abelian group of finite rank and let F': Ng — Np
be an affine map. Then F is called integral T'-affine if F' = Ly +w with w € N[,
and with the associated linear map L induced by a homomorphism N — N’.

A.2. A polyhedron A in W is defined as the intersection of finitely many half
spaces {w € W | (u;j,w) > ¢} with u; € V and ¢; € R. If we may choose all
u; € M and all ¢; € I, then we say that A is an integral I'-affine polyhedron.
A face of A is either A itself or the intersection of A with the boundary of a
closed halfspace containing A. We write 7 < A for a face 7 of A and we write
7 < o if additionally 7 # A. The relative interior of A is defined by

relint(A) := A\ U T.
T<A
Note that every polyhedron is convex. A polytope is a bounded polyhedron.

A polyhedron A in W generates an affine space Aa of the same dimension.
We denote the underlying vector space by La. If A is integral I'-affine, then
the integral structure of Aa is given by the complete lattice Nao := N NILa in
La.

A.3. A polyhedral complexr € in W is a finite set of polyhedra such that

(a) A € € = all closed faces of A are in %’;
(b) Ao € ¥ = ANo is either empty or a closed face of A and o.
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The polyhedral complex % is called integral I'-affine if every A € € is integral
I'-affine. The support of % is defined as

€= A

A€t

We say that a polyhedral complex ¢ is complete if |€| = W. A subdivision of
% is a polyhedral complex Z with || = |€| and with every A € Z contained
in a polyhedron of €. This has to be distinguished from a subcomplexr of €
which is a polyhedral complex & with Z C .

A.4. Given a polyhedral complex % in Ng, we denote by %, the subset of n-
dimensional polyhedra in € and by €' = %,_; the subset of polyhedra in € of
codimension [ in Ng. We say that a polyhedral complex % is of pure dimension
n (resp. of pure codimension 1) if all polyhedra in ¢ which are maximal with
respect to < lie in %, (resp. %'). Given a polyhedral complex & of pure
dimension n and m < n, we denote by €<, the polyhedral subcomplex of ¢ of
pure dimension m given by all ¢ € € with dimo < m. We set €=! = C<ry if
r — [ < n. Recall here that r is the rank of V.

Definition A.5. (i) A polyhedral set P in N (of pure dimension n) is a finite
union of polyhedra (of pure dimension n). Equivalently, there exists a polyhe-
dral complex 2 (of pure dimension n) whose support is P. The polyhedral set
is called integral I"-affine if the above polyhedra can be chosen integral I'-affine.

(ii) Let P be a polyhedral set in Ng. A point z € P is called regular if there
exists a polyhedron A C P such that relint(A) is an open neighbourhood of z
in P. We denote by relint(P) the set of regular points of the polyhedral set P.

A.6. A cone o in W is characterized by R>p -0 = 0. A cone which is a
polyhedron is called a polyhedral cone. An integral R-affine polyhedral cone is
simply called a rational polyhedral cone. A polyhedral cone is called strictly
convez if it does not contain a line. The local cone LC,,(S) of S C W at w e W
is defined by

LC,(9) :={w € W |w+[0,e)w’ C S for some £ > 0}.

A.7. A polyhedral complex ¥ consisting of strictly convex rational polyhedral
cones is called a rational polyhedral fan. The theory of toric varieties (see
[0da88, [Ful93l [CLS11]) gives a bijective correspondence ¥ — Yy
between rational polyhedral fans on Ng and normal toric varieties over any
field K with open dense torus Spec(K[M]) (up to equivariant isomorphisms
restricting to the identity on the torus). Then X is complete if and only if Yy
is a proper variety over K.

A simplicial cone in Ny is generated by a part of a basis. A simplicial fan is
a fan formed by simplicial cones. A smooth fan in Ng is a rational polyhedral
fan X such that every cone o € ¥ is generated by a part of a basis of N. In
particular, a smooth fan is a simplicial fan. A polyhedral fan ¥ is smooth if and
only if Yy, is a smooth variety [CLS11, Ch. 1, Thm. 3.12], [Ful93|, 2.1 Prop.].
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