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Abstract
Chambert-Loir and Ducros have recently introduced real differential forms

and currents on Berkovich spaces. In these notes, we survey this new theory
and we will compare it with tropical algebraic geometry.
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1 Introduction

Antoine Chambert-Loir and Antoine Ducros have recently written the preprint “For-
mes différentielles réelles et courants sur les espaces de Berkovich” (see [CD12]).
This opens the door for applying methods from differential geometry also at non-
archimedean places. We may think of possible applications for Arakelov theory or
for non-archimedean dynamics. In the Arakelov theory developed by Gillet and
Soulé [GS90], contributions of the p-adic places are described in terms of algebraic
intersection theory on regular models over the valuation ring. The existence of
such models usually requires the existence of resolution of singularities which is not
known in general. Another disadvantage is that canonical metrics of line bundles
on abelian varieties with bad reduction can not be described in terms of models.
In the case of curves, there is an analytic description of Arakelov theory also at
finite places due to Chinburgh-Rumely [CR93|, Thuillier [Th05] and Zhang [Zh93].
Now the paper of Chambert-Loir and Ducros provides us with an analytic formalism
including (p, ¢)-forms, currents and differential operators d’, d” such that the crucial
Poincaré-Lelong equation holds. This makes hope that we get also an analytic
description of the p-adic contributions in Arakelov theory. In Amaury Thuillier’s
thesis [Th05], he has given a non-archimedean potential theory on curves. For the
case of the projective line, we refer to the book of Baker and Rumely with
various applications to non-archimedean dynamics. Again, we may hope to use the
paper of Chambert-Loir and Ducros to give generalizations to higher dimensions.
The purpose of the present paper is to summarize the preprint [CD12] and to
compare it with tropical algebraic geometry. We will assume that K is an alge-
braically closed field endowed with a (non-trivial) complete non-archimedean abso-
lute value | |. Let v := —log| | be the corresponding valuation and let T" := v(K™*)
be the value group. Note that the residue field K is also algebraically closed. For
the sake of simplicity, we will restrict mostly to the case of an algebraic variety X
over K. In this case, there is quite an easy description of the associated analytic
space X 2" and so we require less knowledge about the theory of Berkovich analytic
spaces than in [CDI2]. The main idea is quite simple: Suppose that X is an n-
dimensional closed subvariety of the split multiplicative torus T' = GJ,,. Then there
is a tropicalization map trop : 7°" — R". Roughly speaking, the map is given by
applying the valuation v to the coordinates of the points. Tropical geometry says
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that the tropical variety Trop(X) := trop(X?®") is a weighted polyhedral complex
of pure dimension n satisfying a certain balancing condition. The thesis of Lager-
berg [Lal2] gives a formalism of (p, ¢)-superforms on R” together with differential
operators d’,d” similar to 9,9 in complex analytic geometry. Using the tropical-
ization map, we have a pull-back of these forms and differential operators to X?2".
In general, we may cover an arbitrary algebraic variety X of pure dimension n by
very affine open charts U which means that U has a closed immersion to Gj,, and
we may apply the above to define (p, ¢)-forms and currents on X". Chambert-Loir
and Ducros prove that there is an integration of compactly supported (n,n)-forms
on X" with the formula of Stokes and the Poincaré-Lelong formula. The main
result of the paper [CDI2] is that the non-archimedean Monge-Ampeére measures,
which were introduced by Chambert-Loir [Ch06] directly as Radon measures on
X2 may be written as an n-fold wedge product of first Chern currents. We will
focus in this paper on the basics and so we will omit a description of this important
result here.

Terminology

In A C B, A may be equal to B. The complement of A in B is denoted by B\ A
as we reserve — for algebraic purposes. The zero is included in N and in R.

All occurring rings and algebras are with 1. If A is such a ring, then the group
of multiplicative units is denoted by A*. A variety over a field is an irreducible
separated reduced scheme of finite type. We denote by F an algebraic closure of
the field F'

The terminology from convex geometry is introduced in §2] and §3l Note that
polytopes and polyhedra are assume to be convex.

This paper was written as a backup for my survey talk at the Simons Symposium on
“Non-Archimedean and Tropical Geometry” in St. John from 1.4-5.4.2013. Many thanks
to the organizers Matt Baker and Sam Payne for the invitation and the Simons Foun-
dation for the support. The author thanks Antoine Chambert-Loir, Julius Hertel, Klaus
Kiinnemann, Hartwig Mayer, Jascha Smacka and Alejandro Soto for helpful comments.

2 Superforms and supercurrents on R"

In this section, we recall the construction of superforms and supercurrents intro-
duced by Lagerberg (see [Lal2], §2). They are real analogues of complex (p, ¢)-forms
or currents on C". So let us first recall briefly the definitions in complex analytic
geometry. On C”, we have the holomorphic coordinates z1,...,z,. A (p,q)-form «
is given by
o= ZOA[JdZ[ Ndz g,
1,J

where I (resp. J) ranges over all subsets of {1,...,r} of cardinality p (resp. q)
and where the oy are smooth functions. Here, use the convenient notation dzj :=
dzi, N---Ndz;, and dzj := dz;, A--- Ndz;, for the elements i; < --- <, of I and
Jj1 < --- < jg of J. We have linear differential operators d’, d” and d = d' + d” on
differential forms which are determined by the rules

" of " of _
/ _ —J X /! _ S .
df= ;:1 8zidzz’ d'f= g oz dz;

for smooth complex functions f on C". Very often, these differential operators are
denoted by 9 :=d’ and 0 :=d”. A current is a continuous linear functional on the
space of differential forms on C”. Continuity is with respect to uniform convergence
of finitely many derivatives on compact subsets. Differential forms may be viewed as
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currents using integration and the differential operators d, d’, d” extend to currents.
For details, we refer to [Del2], Chapter I, or to |[GHTS].

The goal of this section is to give a real analogue in the following setting: Let
N be a free abelian group of rank r with dual abelian group M := Hom(N, Z). For
convenience, we choose a basis e1, ..., e, of N leading to coordinates z1,...,z, on
Ng. Our constructions will depend only on the underlying real affine structure and
the integration at the end will depend on the underlying integral R-affine structure,
but not on the choice of the coordinates. Here, an integral R-affine space is a real
affine space whose underlying real vector space has an integral structure, i.e. it
comes with a complete lattice. The definition of the integrals in [CD12] does use
calibrations which makes the integrals in some sense unnatural. In the case of an
underlying canonical integral structure (which is the case for tropicalizations), there
is a canonical calibration (as in [CD12], §3.5) and both definitions of the integrals
are the same.

2.1 Let A*(U,R) be the space of smooth real differential forms on an open subset
U of Ng, then a superform of bidegree (p,q) on U is an element of

APUU) == AP(U,R) @) AU, R) = C=(U) @z APM @7 AIM.
Formally, such a superform a may be written as

o = E CY]‘]CZ/.T]/\CZ”,%J
[I1=p,|J|=q

where I (resp. J) consists of 41 < --- <1, (resp. j1 < -+ < jq), ary € C*°(U) and
dle A\ d”.%"] = (dacil VANREIRWAN da:z-p) ® (dl‘jl VANRERIAN dl‘jq).

The wedge product is defined in the usual way on the space of superforms A(U) :=
Dp,q<nAP1(U). There is a canonical C°°(U)-linear isomorphism JP? : AP9(U) —
A?P(U) obtained by switching factors in the tensor product. The inverse of JP? is
JP. We call o € APP(U) symmetric if JPPa = a.

2.2 There is a differential operator d’ : AP4(U) — APTL4(U) given by

do = Z Z %d/xi ANdzrnd'zy.

[I|=p,|J|=q i=1

This does not depend on the choice of coordinates as d = d ® id on AP4(U) =
AP(U,R) ®z AM is an intrinsic characterization using the classical differential d
on the space AP(U,R) of real smooth p-forms. Similarly, we define a differential
operator d” : AP94(U) — AP4TH(U) by

d' o = Z Z %d”zj ANdzyAnd'zg.

N

[I|=p,|J|=q =1 J
By linearity, we extend these differential operators to A(U). Moreover, we set
d:=d+d".

2.3 If N’ is a free abelian group of rank ' and if F': Nf — Ng is an affine map
with F(V) C U for an open subset V of Ng, then we have a well-defined pull-back
F*: AP9(U) — AP9(V) given as usual. The affine pull-back commutes with the
differential operators d, d’ and d”.
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2.4 Let A.(U) denote the space of superforms on U with compact support in U.
For a € A.(U), we define

/a:: (—l)r(;l)/ozLLdzl/\~~~/\d:cT
U U

with L = {1,...,r} and the usual integration of r-forms with respect to the orien-
tation induced by the choice of coordinates on the right hand side. If I is an affine
map as in and if r = 7/, then we have the transformation formula

| P =am) | o (1)

(see [Lal2], equation (2.3)). We conclude that the definition of the integral depends
only on the underlying integral R-affine structure of Ng.

The sign (—1)%71) is explained by the fact that we want d'zqy A d"z1 A+ A
d'z, N d"x, to be a positive (r,r)-superform and hence

/fd':z:l/\d”xl/\---/\d'xT/\d”xT:/fdxl/\---/\de
U U

for any f € C°(U) (see |[CD12] for more details about positive forms).

2.5 Now let o be a polyhedron of dimension n in Ng. By definition, o is the
intersection of finitely many halfspaces H; := {w € Ng | (u;,w) < ¢;} with u; € Mg
and ¢; € R. A polytope is a bounded polyhedron. We say that o is an integral G-
affine polyhedron for a subgroup G of R if we may choose all u; € M and all ¢; € G.
In this case, we have a canonical integral R-affine structure on the affine space A,
generated by o. If L, is the underlying real vector space of A, then this integral
structure is given by the lattice N, := L, N N. Using 23] and the above, we get a
well-defined integral fg a for any a € A" (U), where U is an open neighbourhood
of o.

2.6 In [CD12], integration is described in terms of a contraction: Similarly as in
differential geometry, we may view a superform a € AP4(U) as a multilinear map

NETT — C®(U), (N1, npiq) = a(n, ..oy pig)

which is alternating in the variables (n1,...,n,) and also in (np41,...,Nptq). Let
I c{1,...,p+q} be asubset of cardinality s with s’ elements contained in {1, ..., p}
and hence s” = s — s’ elements in {p+1,...,p+q}. Given vectors vy,...,vs € N,
the contraction (a;v1,...,vs)1 € Ap_sl’q_S”(U) is given by inserting v1,...,v, for
the variables (n;);er of the above multilinear function.

Using the basis ej,...,e, of N and assuming o« € AL7(U), the contraction
(ser,...,er)rq1,... 20} 18 a (r,0)-superform which may be viewed as a classical

r-form on U. Then it is immediately clear from the definitions that we have

r(r—1)
/ a = (71) 2 / <a;ela"-56T>{7‘+1,...,2T}
U U

where we use the usual integration of r-forms on the right. Of course, there is
no preference to contract with respect to the last r variables. Similarly, may view
(er,....ex ), € AY%T(U) as a classical r-form and we have
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Next, we are looking for an analogue of Stokes’ theorem for superforms.

2.7 Let H be an integral R-affine halfspace in Ng. This means that H = {w € Ny |
(u,w) < ¢} for some u € M and ¢ € R. Using a translation, we may assume that
¢ = 0 and hence the boundary 9H is a linear subspace of Ng. Let [wam ] be the
generator of N/(N NOH) = Z which points outwards, i.e. there is ugy, g € M such
that ugr g (H) < 0 and upm, o (wam, i) = 1. We choose a representative wom, g € N
and we note also that upy, g is uniquely determined by the above properties.

2.8 Let U be an open subset of Ng and let ¢ be an r-dimensional integral R-
affine polyhedron contained in U. For any closed face p of codimension 1, let
Wpo = wom,g using 27 for the affine hyperplane 0H generated by p and the
corresponding halfspace containing 0. We note that w,, € N is determined up to
addition with elements in N, = N NL,, where IL, is the linear hyperplane parallel
to p.

For n € AL=1"(U), we have introduced the contraction (1;wp,)(2,—1} as an ele-
ment of A7~ ~1(U) which is obtained by inserting the vector w,, , for the (2r—1)-th
argument of the corresponding multilinear function (see[2.0]). Note that the restric-
tion of this contraction to p does not depend on the choice of the representative

Wp,o. Then we define
/ n:= E /<77;wp,0>{27‘—1}a
do o VP

where p ranges over all closed faces of o of codimension 1. On the right, we use
the integrals of (r — 1,7 — 1)-superforms from @4 For n € AT"~Y(U), we define

similarly
/ ni=> /<77;wp,6>{r}-
do o Jp

Note that the integrals do depend only on the integral R-affine structure of Ny but
do not depend on the choice of the orientation of Ng.

If o is an integral R-affine polyhedron of any dimension n and if n € A?~17(U)
for an open subset U of Ng containing o, then we define |, 5, 1 Dy applying the above
to the affine space A, generated by ¢ and to the pull-back of n to A,. We give now
a concrete description of |, 5o 11 10 terms of integrals over classical (n —1)-forms. For
every closed face p of g, let N, =L, NN be the canonical integral structure on the

affine space generated by o. If €], ... e/ _, is a basis of N,, then w, ,,ef,... el _|
is a basis of N,. We note that the contraction (n;w,.o,€7,..., €l _1)(n, . 2n—1} May

be viewed as a classical (n — 1)-form on U and hence we get

n(n—1)
/ n= Z /<77;wp70>{2n—1} = (*1) 2 Z /<77;w/316’ efl)’ ce ’6Z71>{n,...72n—1}'
0o o Jp o /P

Proposition 2.9 (Stokes’ formula) Let o be an n-dimensional integral R-affine
polyhedron contained in the open subset U of Ng. For anyn' € A"="(U) and any
n" € An"=YU), we have

/d/ / — / r’7/ /d”n/l — / 77//.
o do o do

Proof: This is just a reformulation of [Lal2], Proposition 2.3, in the case of a
polyhedron using the formalism introduced above. In the quoted result, the bound-
ary was assumed to be smooth, but as the classical Stokes’ formula holds also for
polyhedra (see [Wa83|, 4.7), this applies here as well. O
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Proposition 2.10 (Green’s formula) We consider a n-dimensional integral R-
affine polyhedron o contained in the open subset U of Ngr. Assume that o« € APP(U)
and B € AYI(U) are symmetric with p+ g =n — 1 and that the intersection of the
supports of a and B is compact. Then we have

/ andd's—BAdd o= / and'B—-BAd .

do

Proof: This follows from Stokes’ formula as in [CD12], Lemma 1.3.8. O

2.11 A supercurrent on U is a continuous linear functional on A?¢(U) where the
latter is a locally convex vector space in a similar way as in the classical case. We
denote the space of such supercurrents by D, ((U). As usual, we define the linear
differential operators d, d' and d” on D(U) := @, , Dp,q(U) by using (-1)P+ot
times the dual of the corresponding differential operator on A27(U). The sign
is chosen in such a way that the canonical embedding AP1(U) — Dy_p,—4(U)
is compatible with the operators d, d’ and d’. Here, « € AP4(U) is mapped to
[a] € Dy—pr—q(U) given by [a](8) = [y, a A B for any 5 € AL7P"~9(U).

3 Superforms on polyhedral complexes

We keep the notions from the previous section and we will extend them to the setting
of polyhedral complexes. We will introduce tropical cycles and we will characterize
them as closed currents of integrations over weighted integral R-affine polyhedral
complexes.

3.1 A polyhedral complexr € in Ny is a finite set of polyhedra with the following
two properties: Every polyhedron in % has all its closed faces in €. If A,o € ¥,
then A No is a closed face of A and o. Note here that the empty set and also o
are allowed as closed faces of a polyhedron o (see [Gul2|], Appendix A, for details).

A polyhedral complex € is called integral G-affine for a subgroup G of R if
every polyhedron of € is integral G-affine. The support |€| of € is the union of all
polyhedra in €. The polyhedral complex € is called pure dimensional of dimension
n if every maximal polyhedron in % has dimension n. We will often use the notation
6 := {0 € € | dim(o) = k} for k € N.

3.2 Let ¥ be a polyhedral complex in Ng. A superform on € is the restriction
of a superform on (an open subset of) Ng to |%|. This means that two super-
forms agree if their restrictions to any polyhedron of |¢| agree. Let A(%€) be the
space of superforms on . It is an alternating algebra with respect to the in-
duced wedge product. We have also differential operators d, d’ and d” on A(%)
given by restriction of the corresponding operators on A(Ng). Let A?9(%) be the
space of (p,q)-superforms on €. The support of a € A(%) is the complement of
{w € |%| | « vanishes identically in a neighbourhood of w} in |%|. We denote by
AP1(%) the subspace of AP%(%) of superforms of compact support.

Let N’ be a free abelian group of rank ' and let F' : N — Ng be an affine
map. Suppose that €” is a polyhedral complex of N} with F(|€”|) C |%], then the
pull-back in [Z3] induces a pull-back F* : AP9(¢) — AP9(E").

3.3 A polyhedral complex 2 subdivides the polyhedral complex % if they have the
same support and if every polyhedron A of 2 is contained in a polyhedron of %.
In this case, we say that Z is a subdivision of %. All our constructions here will be
compatible with subdivisions. This is no problem for the definition of superforms
on € as they depend only on the support |€|.
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A weight on a pure dimensional polyhedral complex % is a function m which
assigns to every maximal polyhedron ¢ € ¥ a number m, € Z. Then we get a
canonical weight on every subdivision of 4. For a weighted polyhedral complex
(¢, m), only the polyhedra A € ¥ which are contained in a maximal dimensional
o € € with m, # 0 are of interest. They form a subcomplex 2 of ¥ and we define
the support of (¢’,m) as the support of Z. The polyhedra of € \ 2 will usually be
neglected.

3.4 Let (¢, m) be a weighted integral R-affine polyhedral complex of pure dimen-
sion n. For a € A" (€), we set

/(Cg,m)azz Z m,,/aa,

TEE,

where we use integration from [Z4] on the right. We define integrals over the bound-
ary of € for a superform 3 in A?~17(%) or in A»"~1(¥) by

/19(%,m)ﬂ Z Mo do ﬂ,

CECR

where we use the boundary integrals from 2.8 on the right. Note that the boundary
0% may be defined as the subcomplex consisting of the polyhedra of dimension
at most n» — 1, but there is no canonical weight on 9%¢. Indeed, the boundary
integral [, a(%,m) B depends on the relative situation 04 C % because of the weight
mq and the contraction with respect to the vectors w,, used in the definitions.
This is similar to the situation in real analysis where boundary integrals depend on
the relative orientation. These classical boundary integrals do depend only on the
restriction of the differential form to the boundary which is clearly wrong for our
boundary integrals. However, it is still true that |, 8(%,m) B = 0 if the support of 8
is disjoint from 0% .

Proposition 3.5 (Stokes’ formula) Let (¢, m) be a weighted integral R-affine
polyhedral complex of pure dimension n. For any n' € AP~ (€) and any 7" €
A€, we have

/ d/n/ — / r’7/, / d//n// — / r’7/.
(€,m) o(€,m) (€,m) (€ ,m)

Proof: This follows immediately from Stokes’ formula for polyhedra given in Propo-
sition 2.9 O

Example 3.6 If (¢, m) is a weighted integral R-affine polyhedral complex of pure
dimension n, then we get a supercurrent d(¢ ) € Dn,n(Nr) by setting 6z my(n) =
S my 1 for any n € AL"(Ng).

3.7 A weighted integral R-affine polyhedral complex (¢, m) of pure dimension n
is called a tropical cycle if its weight m satisfies the following balancing condition:
For every (n — 1)-dimensional p € %, we have

Z MeWp,o € Np.

0ECn,0Dp

Here, N, is the canonical lattice contained in the affine space generated by p and
wp,o € N is the lattice vector pointing outwards of o (see [2Z8]). Tropical cycles are
the basic objects in tropical geometry.
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Proposition 3.8 Let (¢, m) be a weighted integral R-affine polyhedral complex of
pure dimension n on Ng. Then the following conditions are equivalent:

(a) (€,m) is a tropical cycle;
(b) ¢ m) is a d’'-closed supercurrent on Ng;
(c) O(z,m) is a d’-closed supercurrent on Ng.

Proof: Let a € A?~1"(Ng). By Stokes’ formula in Proposition 3.5 we have

5(‘5,"1) (dla) = / Q= Z /<05a Z mawp,0>{2n—1}a
PR

o(€,m) oDp

where p (resp. o) ranges over all elements of 4 of dimension n — 1 (resp. n).
Suppose now that > - msw, s € N, for some (n — 1)-dimensional p € €. Recall
that we may view « as a multilinear map N3"~ ' — C°°(Ng) which is alternating
in the first n — 1 arguments and also alternating in the last n arguments. But an
alternating n-linear map on a vector space of dimension n — 1 is zero and hence the
restriction of (a; ZUDP MoWp,o){2n—1} tO p is zero. Then the above display proves
(a) = (b).

Conversely, if ZUDP
there is an a € A1 (Ng) such that the restriction of («; > o5p MoWp,a){2n-1} O
p is non-zero. We may also assume that the support of « is disjoint from all other
(n — 1)-dimensional polyhedra of . Then the above display proves (b) = (a). The
equivalence of (a) and (c) is shown similarly. O

Mewpe & N, for some (n — 1)-dimensional p € € , then

3.9 Now let F' : N}, — Ng be an affine map whose underlying linear map is integral,
i.e. induced by a homomorphism N’ — N. We will define the push-forward of a
weighted integral R-affine polyhedral complex (4”7, m) of pure dimension n on Ng.
For details, we refer to [AR10], §7. After a subdivision of 4’, we may assume that

F.(¢") :={F(c") | ¢’ is a face of v/ € ¢’ with dim(F (V")) = n}

is a polyhedral complex in Ng. We define the multiplicity of an n-dimensional
F(o') € F.(€¢') by

mF(a/) = Z [Ml/,/ . MF(U/)]T)’L,/.
V' eEE) , vV CF~Y(F(a'))

Endowed with these multiplicities, we get a weighted integral R-affine polyhedral
complex F, (€', m) of Ng. If (¢, m) is a tropical cycle, then F,(%’,m) is also a
tropical cycle. It might happen that F.(%’,m) is empty, then we get the tropical
zero cycle.

Proposition 3.10 (projection formula) Using the assumptions above and o €
AP (F(€")), we have fF*(‘if’,m) o= f(%’,m) F*(a).

Proof: Let ¢’ be an n-dimensional polyhedron of ¢’. Then ¢ := F(o’) is an
integral R-affine polyhedron in Ng. We assume for the moment that o is also n-
dimensional. As above, we consider the lattice N, := N NL, in Ng, where L, is
the linear space which is a translate of the affine space generated by o. Let A be the
matrix of the homomorphism F' : N, — N, with respect to integral bases. Then
we have |det(A)| = [Ny : N,| and hence the transformation formula (IJ) shows

/U, F*a =[N, ;NG]LQ. 2)

If dim(o) < m, then both sides are zero and hence formula (2] is true in any case.
Using the weighted sum over all ¢/, the claim follows immediately from (2I). (]
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4 Moment maps and tropical charts

A complex manifold is locally defined using analytic charts ¢ : U — C". The charts
help to transport the analysis from C” to M. The idea in the non-archimedean
setting is similar replacing the above charts by algebraic moment maps ¢ : U — G,
to multiplicative tori and the corresponding tropicalizations ¢irop : U — R”. The
restriction of ¢ to the preimage of an open analytic subset will be called a tropical
chart.

In this section, K is an algebraically closed field endowed with a complete non-
trivial non-archimedean absolute value | |. Note that the residue field K is also
algebraically closed. Let v := —log| | be the associated valuation and let T' :=
v(K™) be the value group. We will study analytifications, tropicalizations and
moment maps of the algebraic variety X over K. This will be used in the next
section to define (p, ¢)-forms on X2".

4.1 We recall first the construction of the analytification of X. Let U = Spec(A)
be an open affine subset of X, then U?" is the set of multiplicative seminorms on A
extending the given absolute value | | on K. This set is endowed with the topology
generated by the functions U** — R, p — p(a) with a ranging over A. By glueing,
we get a topological space X?" which is connected locally compact and Hausdorff.
We can endow it with a sheaf of analytic functions leading to a Berkovich analytic
space over K which we call the analytification of X. For a morphism ¢ : Y — X of
algebraic varieties over K, we get an analytic morphism ¢*" : Y?" — X®" induced
by composing the multiplicative semiorms with ¢ on suitable affine open subsets.
We refer to [Be90] for details, or to [BPS11], §1.2, for a neat description of the
analytification.

4.2 We will define some local invariants in x € X®'. On an open affine neigh-
bourhood U = Spec(A), the point z is given by a multiplicative seminorm p on
A and we often write |f(x)| := p(f) for f € A. Dividing out the prime ideal
I:={f e Al p(f) =0}, we get a multiplicative norm on the integral domain
B := A/I which extends to an absolute value | |, on the quotient field of B. The
completion of this field is denoted by 57 (z). It does not depend on the choice of U
and it may be also constructed analytically. The absolute value of .7 (z) is denoted
by | | as it extends the given absolute value on K. Note that the completed residue
field 7 (x) of x remains the same if we replace the ambient variety X by the Zariski
closure of z in X.

Let s(z) be the transcendence degree of the residue field of .7 (z) over K. The
quotient of the value group of J#(x) by T is a finitely generated abelian group
and we denote its Q-rank by ¢(x). Finally, we set d(x) := s(x) + ¢(z). By [Be90],
Proposition 9.1.3, we have dim(X) = dim(V') = sup,cy d(z) for every open subset
V of X2n,

Example 4.3 Let T' = GJ, be the split multiplicative torus of rank r with coor-
dinates z1,...,2.. Then a point x of T?" could be visualized by the coordinates
z1(x),...,z-(x) € H(x) and the multiplicative seminorm corresponding to z is
given by |f(x)| = |f(z1(z),. .., z-(x))| for every Laurent polynomial f on 7. Con-
versely, every field extension L/K with an absolute value extending the given ab-
solute value on K and every (f$1,...,08,) € L" give rise to a point x € T?* by
|f(x)| == 1f(B1,...,B:)| Note that L and (f31, ..., 5,) are not uniquely determined
by x.

In particular, we get an inclusion of T'(K) into T?". For every z € T(K), we
have d(z) = 0. However, there can be also other points with d(z) = 0. If T = G},
then precisely the points of type 1 (i.e. the K-rational points) and the points of
type 4 satisfy d(z) = 0 (see [Be90], 1.4.4).
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Returning to the case T' = GJ,, there are some distinguished points of 7*"
which behave completely different than K-rational points. For positive real numbers
S1y .., 8, we define the associated weighted Gauss norm on K[T] by

|fls := max |am|s
for every Laurent polynomial f = 3> /. amz™ € K[T| = K[z 28 It
follows from the Gauss Lemma that the weighted Gauss norm is a multiplicative
seminorm giving rise to a point ns € T?". The set S(T*") :={ns | s1 > 0,..., 8, >
0} is called the skeleton of T?". Every point ns € S(T°") satisfies d(ns) = r (see
[Dui2], (0.12) and (0.13)).

4.4 Let T := GJ, be a split multiplicative torus over K with coordinates z1, ..., 2.
Then we have the tropicalization map

trop: T*" = R", p— (—logp(z1),...,—logp(z)).

It is immediate from the definitions that the map trop is continuous and proper. To
get a coordinate free approach, we could use the character group M and its dual N.
Then trop is a map from 7°" to Ng. We refer to [Gul2| for details about tropical
geometry.

Remark 4.5 Note that we have a natural section R” — 7" of the tropicalization
map. It is given by mapping the point w € R" to the weighted Gauss norm 7
associated to s := (e7“,...,e7¥“r). It follows from [Be90], Example 5.2.12, that
this section is a homeomorphism of R" onto a closed subset of 72" which is the
skeleton S(T2") introduced in In this way, we may view the tropicalization
map as a map from 7" onto S(X?"). Then it is shown in [Be90], §6.3, that the
tropicalization map is a strong deformation retraction of 7" onto the skeleton
S(T2™). This point of view is used very rarely in our paper.

4.6 For a closed subvariety Y of T of dimension n, the tropical variety associated
to X is defined by Trop(Y) := trop(Y?"). The Bieri-Groves theorem says that
Trop(Y) is a finite union of n-dimensional integral T-affine polyhedra in R". It is
shown in tropical geometry that Trop(Y') is an integral I'-affine polyhedral complex.
The polyhedral structure is only determined up to subdivision which does not matter
for our constructions. We will see below that the tropical variety is endowed with a
positive canonical weight m satisfying the balancing condition from Bl We get a
tropical cycle of pure dimension n which we also denote by Trop(Y’) forgetting the
weight m in the notation.

4.7 The tropical weight m on an n-dimensional polyhedron o of Trop(Y') is defined
in the following way. By density of the value group I" in R, there is w € I'""Nrelint (o).
We choose t € G7,(K) with trop(t) = w. Then the closure of t71Y in (G7,) ko is
a flat variety over K° whose special fibre is called the initial degeneration in,(Y")
of Y at w. Note that in,(Y) is a closed subscheme of (G},)z. Let my be the
multiplicity of the irreducible component W of in,(Y). Then the tropical weight
me is defined by mg := ), mw, where W ranges over all irreducible components
of in,(Y). One can show that the definition is independent of the choices of w and
t. Tt is a non-trivial fact from tropical geometry that (Trop(Y'),m) is a tropical
cycle (see [Gul2], §13, for details).

4.8 For an open subset U of the algebraic variety X, a moment map is a morphism
@ : U — T to a split multiplicative torus T := G, over K. The tropicalization of ¢
is

Yirop i= trop o " : U ¢ pon BB R,
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Obviously, this is a continuous map with respect to the topology on the analytifica-
tion U?". Note that our moment maps are algebraic which differs from the moment
maps in [CD12] which are defined analytically.

We say that the moment map ¢’ : U’ — T of the open subset U’ of X refines
the moment map ¢ : U — T if U’ C U and if there is an affine homomorphism
v : T — T of the multiplicative tori such that ¢ = 1 o ¢’ on U’. Here, an affine
homomorphism means a group homomorphism composed with a (multiplicative)
translation on T. This group homomorphism induces a homomorphism M — M’
of character lattices. Its dual is the linear part of an integral affine map Trop(¢) :
Ng — Ng such that @iop = Trop(¢) o ¢, on (U')*.

If ¢; : U; — T; are finitely many moment maps of non-empty open subsets
U; of X with ¢ € I, then U := N;U; is a non-empty open subset of X and ¢ :
U — 1[I, Ti,x — (¢i(x))ier is a moment map which refines every ;. Moreover, it
follows easily from the universal property of the product that every moment map
¢ : U" — T’ which refines every ¢; refines also .

Lemma 4.9 Let ¢ : U — G], be a moment map on an open subset U of X and let
U’ be a non-empty open subset of U. Then irop((U)*) = @irop(U").

Proof: Let w € @i0p(U"). We note that <pt_r(1)p (w) is a Laurent domain in U*" and
hence it has the same dimension as U. We conclude that wt}ép (w) is not contained

in the analytification of the lower dimensional Zariski-closed subset U\ U’ and hence
W € Yirop ((U")?M). O

4.10 If f: X1 — X5 is a morphism of varieties over K, then we define the push-
forward of X7 with respect to f as the cycle f.(X1) := deg(f)f(X1), where the
degree of f is defined as deg(f) := [K(X1) : K(f(X1))] if f is generically finite and
we set deg(f) := 0 if [K(X7) : K(f(X1))] = oo. By restriction, the push-forward
can be defined in the same way on prime cycles of X; and extends by linearity to
all cycles of X7.

Now let ¢ : U — T = G}, be a moment map of the open subset U of X. By 6]

Trop(. (U)) := deg(p)Trop(o(U))

is a tropical cycle on R". If ¢ is generically finite, then this tropical cycle is of pure
dimension dim(X) and the support is equal to Yirop(U?") (see Lemma [.3).

The following result is called the Sturmfels—Tevelev multiplicity formula. It was
proved by Sturmfels and Tevelev [ST08] in the case of a trivial valuation and later
generalized by Baker, Payne and Rabinoff [BPR11] for every valued field.

Proposition 4.11 Let ¢’ : U' — T’ be a moment map of the non-empty open
subset U' of X which refines the moment map ¢ : U — T, i.e. there is an affine
homomorphism v : T — T such that ¢ =1 o' on U' C U. Then we have

(Trop(¢))«(Trop(¢, (U"))) = Trop(p« (U))
in the sense of tropical cycles (seel3.9).

Proof: In fact, the Sturmfels—Tevelev multiplicity formula is the special case where
X = U’ is a closed subvariety of T (see [Gul2], Theorem 13,17, for a proof in our
setting deducing it from the original sources). In the general case, we conclude that

(Trop(e)))«(Trop (¢} (U”))) = Trop(v« ((¢")« (U”))) = Trop(e«(U")).

Since U’ is dense in U, the claim follows. O
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4.12 We will show that every open affine subset U of X has a canonical moment
map. We note that the abelian group My := €(U)* /K * is free of finite rank (see
[Sa66], Lemme 1). Here, we use that K is algebraically closed (or at least that X is
geometrically reduced). We choose representatives @1, ..., ¢, in O(U)* of a basis.
This leads to a moment map ¢y : U — Ty = Spec(K[My]). By construction, ¢y
refines every other moment map on U. Note that this moment map ¢y is canonical
up to (multiplicative) translation by an element of Ty (K).

Let f: X’ — X be a morphism of algebraic varieties over K and let U’ is an
open subset of X’ with f(U’) C U. Then f* induces a homomorphism My — My
of lattices. We get a canonical affine homomorphism ¢y - @ Ty — Ty of the
canonical tori with ¥y, - o oy = @y o f. This will be applied very often in the case
where U’ is an open subset of U in X’ = X and f = id. Then we get a canonical
affine homomorphism Yy ¢ : Ty — Ty

4.13 Recall that an open subset U of X is called very affine if U has a closed em-
bedding into a multiplicative torus. Clearly, the following conditions are equivalent
for an open affine subset U of X:

(a) U is very affine;
(b) €O(U) is generated as a K-algebra by 0(U)*;
(c) the canonical moment map ¢y from 12 is a closed embedding.

The intersection of two very affine open subsets is again very affine (see the proof
of Proposition .T6). Moreover, the very affine open subsets of X form a basis for
the Zariski topology. We conclude that all local considerations can be done using
very affine open subsets.

On a very affine open subset, we will almost always use the canonical moment
map ¢y : U — Ty which is a closed embedding by the above. To simplify the
notation, we will set Trop(U) for the tropical variety of U in Ty. It is a tropical
cycle in (Ny)r, where Ny is the dual abelian group of My. The tropicalization
map will be denoted by tropy := (¢ )trop : U™ — (Nu)r. Recall that ¢y is only
determined up to translation by an element of Ty (K') and hence trop;, and Trop(U)
are only canonical up to an affine translation. This ambiguity is no problem as our
constructions will be compatible with affine translations.

The following result of Ducros relates the local invariant d(x) from with
tropical dimensions.

Proposition 4.14 For x € X?", there is a very affine open neighbourhood U of
x in X such that for any open neighbourhood W of x in U?", there is a compact
neighbourhood V' of x in W such that tropy (V) is a finite union of d(x)-dimensional
integral T'-affine polytopes.

Proof: We choose rational functions fi,..., fs on X with |fi(z)| =--- = |fs(z)| =
1 such that the reductions ]?1, ey ﬁ form a transcendence basis of the residue field
extension of s (x)/K. There are rational functions g1, ..., g which are regular at
x such that |g1(z)], ..., |g:«(x)| form a basis of (|72 (x)*|/|K*|) ®z Q. By definition,
we have d(x) = s +t. By (0.12) in [Dul2], fi(x),..., fs(z),g1(x), ..., g:(z) reduce
to a transcendence basis of the graded residue field extensions of 7 (z)/K in the
sense of Temkin. There is a very affine open neighbourhood U of x in X such that
fis-ooy fsy91,- .., gt are invertible on U. Let ¢1,...,¢, € O(U)* be the coordinates
of the canonical moment map ¢y : U — Ty = Gj,. Then the graded reductions
of p1,...,p, generate a graded subfield of the graded residue field extension of
2 (x)/K. By construction, this graded subfield has transcendence degree d(x) over
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the graded residue field of K. By [Dul2], Theorem 3.2, Trop (V) is a finite union of
integral I'-affine polytopes for every compact neighbourhood V of z in U?* which is
strict in the sense of [Be93|. For any open neighbourhood W of x in U?", Theorem
3.3 in [Dul2] shows that there is a compact strict neighbourhood V' of  in W such
that tropy (V) is a finite union of d(z)-dimensional polytopes. O

4.15 A tropical chart (V, py) on X" consists of an open subset V' of X* contained
in U?" for a very affine open subset U of X with V = tropal(Q) for some open
subset © of Trop(U). Here the canonical moment map ¢y : U — Ty from
plays the role of (tropical) coordinates for V. By LI3l ¢y is an embedding. The
condition V' = trop,}l(Q) means that V' behaves well with respect to the tropical
coordinates. In particular, trop; (V') = € is an open subset of Trop(U).

We say that the tropical chart (V”, ¢y ) is a tropical subchart of (V, op)if V/ C V
and U’ C U. We note that the definition of tropical chart here is different from
the tropical charts in [CD12], §3.1, which consist of an analytic morphism to a split
torus and a finite union of polytopes containing the tropicalization.

Proposition 4.16 The tropical charts on X®" have the following properties:

(a) They form a basis on X", i.e. for every open subset W of X*" and for every
x € W, there is a tropical chart (V,py) with x € V.C W. We may find such
a 'V such that the open subset tropy (V) of Trop(U) is relatively compact.

(b) The intersection (V NV’ ounus) of tropical charts (V,pu) and (V' py:) is a
tropical subchart of both.

(c) If (V,ou) is a tropical chart and if U" is a very affine open subset of U with
V. (U")?, then (V,pun) is a tropical subchart of (V,¢u).

Proof: To prove (a), we may assume that X = Spec(A) is a very affine scheme.
A Dasis of X" is formed by subsets of the form V := {z € X | 51 < |fi(2)| <
T1,.. 0,86 < |fe(z)| < r} with all f, € A and real numbers s, < r,. Using the
ultrametric triangle inequality, it is easy to see that we may choose the basis in such
a way that 0 < s, for all a =1, ... k. Note that V is contained in the analytification
of the very affine open subset U := {z € X | fi(z) #0,..., fu(x) # 0} of X. It is
obvious that (V, ¢y ) is a tropical chart proving (a).
To prove (b), let us consider the moment map

S:UNU — Ty xTy, =z (pu(z),pu(x)).

Since X is separated, it is easy to see that ® is a closed embedding and hence
UNU’ is very affine. We conclude that U NU’ is a very affine open subset of X. By
definition of a tropical chart, Q := tropy (V) (resp. Q' := tropy,(V')) is an open
subset of Trop(U) (resp. Trop(U’)). Note that

Q= q)trop((U n U/)an) n (Q X Q/) C (NU)]R X (NU/)]R

is an open subset of Py, ((U NTU’)?™). An easy diagram chase yields @t}ép(Q”) =
VNV’ Since pyny- refines the moment map ®, we deduce that (VNV’, pynyr) is
a tropical chart. This proves (b).

Finally, we prove (¢). Let ¢ := ¢yy» : Ty» — Ty be the canonical affine
homomorphism from Then we have tropy; = Trop() o tropy» on (U”)>".
Since (V, ¢y ) is a tropical chart, Q := trop; (V) is an open subset of Trop(U) and
V = trop;'(Q). Using V C (U")*", we get V = trop.,(Q2") for the open subset
Q" = Trop(¢))~1(Q) of Trop(U”). We conclude that (V,ppy) is a tropical chart
proving (c). O

Remark 4.17 In [CD12], everything is defined for an arbitrary analytic space. In
Section[7] we will compare their analytic constructions with our algebraic approach.
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5 Differential forms on algebraic varieties

On a complex analytic manifold M, we use open analytic charts ¢ : U — C" to
define (p, q)-forms on U by pull-back. The idea in the non-archimedean setting
is similar replacing the above charts by tropical charts (V, py) from the previous
section in order to pull-back Lagerberg’s superforms to U?".

In this section, K is an algebraically closed field endowed with a complete non-
trivial non-archimedean absolute value | |. Let v := —log| | be the associated
valuation and let T’ := v(K*) be the value group. The theory could be done for
arbitrary fields (see [CD12]), but it is no serious restriction to assume that K is
algebraically closed as the theory is stable under base extension and in the classical
setting, the analysis is also done over C. We will introduce (p, q)-forms on the
analytification X" of a n-dimensional algebraic variety X over K.

5.1 We recall from [.15] that a tropical chart (V, ¢y ) consists of an open subset V'
of U™ for a very affine open subset U of X such that V = trop;'(€2) for an open
subset Q of Trop(U). Here, oy : U — Ty is the canonical moment map. It is a
closed embedding to the torus Ty = Spec(K [My]). The tropical variety Trop(U) is
a tropical cycle of (Ny)r and tropy; : U™ — (Ny)r is the tropicalization map. The
embedding ¢y is only determined up to translation by an element in Ty (K) and
hence the tropical constructions are canonical up to integral I'-affine isomorphisms.

Suppose that we have another tropical chart (V' py/). Then (VNV’, pynur) is
a tropical chart (see Proposition .16 and we get a canonical affine homomorphism
Yuunu @ Tunyr — Ty of the underlying tori with oy = Yuvnu’ © Yunys on
UNVU’ (seedI2). The associated affine map Trop(¢Yy vnus) : (Nunv)r — (Nu)r
maps the tropical variety Trop(U NU’) onto Trop(U) (use Lemma [9). Then we
define the restriction of the superform a € AP4(trop;; (V) to a superform alyny-
on tropyny (V N V') by using the pull-back to tropyny. (V N V') with respect to
Trop(¢u,unu). This plays a crucial role in the following definition:

Definition 5.2 A differential form « of bidegree (p,q) on an open subset V of
X2 is given by a covering (V;);er of V by tropical charts (V;,py,) of X** and
superforms a; € AP9(tropy;, (V;)) such that o;|v,ny, = ajlviny, for every i,j € I. If
' is another differential form of bidegree (p, q) on V given by o; € Ap*q(tropU; Vi)

with respect to the tropical charts (V, eur )jes covering V', then we consider o and

o' as the same differential forms if and only if as|v,nv; = ajlv,nvy for every i € T
and j € J. We denote the space of (p, q)-differential forms on V by AP4(V). As
usual, we define the space of differential forms on V' by A(V) :=€p,, , A»*(V).

5.3 It is obvious from the definitions that the differential forms form a sheaf on
Xan, Using the corresponding constructions for superforms on tropical cycles, it
is immediate to define the wedge product and differential operators d, d’, d”’ on
differential forms on V. By .6, we have AP%(V) = {0} if max(p, ¢) > dim(X).

For a morphism ¢ : X’ — X and open subsets V (resp. V') of X" (resp.

(X)) with (V') C V, we get a pull-back ¢* : A»9(V) — AP-2(V") defined in the
following way: Suppose that a € AP4(V') is given by the covering (V;);e; and the
superforms a; € AP?(tropy, (V;)) as above. Then there is a covering (V});ecs of V'
by tropical charts (V/, gaU]() which is subordinate to ((©**)~1(V;))ics. This means
that for every j € J, there is i(j) € I with V] C Vi) and p(U}) C Uy for the
corresponding very affine open subsets. Then ¢*(«) is the differential form on V’
given by the covering (V});es and the superforms ¢*(a;(;)) € AP4(Trop(U})). We
leave the details to the reader. This construction is functorial as usual.

Remark 5.4 We obtain the same sheaf of differential forms on X" as in [CD12],
83. In the latter reference, all analytic moment maps were used to define differential
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forms on X?" and so it is clear that our differential forms here are also differential
forms in the sense of [CD12]. To see the converse, we argue as follows: By Propo-
sition LT0] tropical charts (V, ¢y ) form a basis in X2, It follows from Proposition
[C2 that an analytic moment map ¢ : V' — (GJ,,)®" may be locally in « € V approx-
imated by an algebraic moment map ¢’ : U’ — G, such that (¢')uop = tropo ¢ in
an open neighbourhood of  in V. Here, U’ is a suitable very affine open subset of U
with z € (U’)?*". It follows from [CD12], Lemma 3.1.10, that we may use algebraic
moment maps to define differential forms in the sense of [CD12]. Using that @y
factorizes through ¢ (see d12), we get the claim.

Definition 5.5 Let a be a differential form on an open subset V of X?". The
support of « is the complement in V' of the set of points z of V' which have an
open neighbourhood V;; such that a]y, = 0. Let A»4(V') be the space of differential
forms of bidegree (p, ¢) with compact support in V.

Proposition 5.6 Let (V,@p) be a tropical chart of X?™ and let a € AP9(V) be
given by ay € AP(tropy (V). Then a = 0 in AP2(V) if and only if ay = 0 in
AP (tropy (V).

Proof: See [CD12], Lemme 3.2.2. O

Remark 5.7 It follows from Proposition[5.0] that tropy; (supp(«)) = supp(ay) (see
[CD12], Corollaire 3.2.3). Note however that not every differential form « on the
tropical chart (V,pp) is given by a single ay € AP9(tropy;(V)) as in Proposition
0.6l

5.8 In analogy with differential geometry on manifolds, we set C>° (V') := A%%(V)
for any open subset V' of X?" and a smooth function on V is just a differential form of
bidegree (0,0). Since tropicalization maps are continuous, it is clear that a smooth
function is a continuous function on V. By the Stone-Weierstrass theorem, the
space C2° (V) of smooth functions with compact support in V' is a dense subalgebra
of C.(V) (see [CD12], Proposition 3.3.5).

Definition 5.9 Let (V;);er be an open covering of an open subset V' of X", A
smooth partition of unity on V with compact supports subordinated to the covering
(Vi)ier is a family (¢,),es of non-negative smooth functions with compact support
on V with the following properties:

(i) The family (supp(¢;));jes is locally finite on V.
(ii) We have > . ;¢;=1on V.
(iii) For every j € J, there is i(j) € I such that supp(¢;) C Vi(;-

Proposition 5.10 Let (V;);c; be an open covering of an open subset V' of X?".
Then there is a smooth partition of unity (¢;)jes on V with compact supports
subordinated to the covering (V;)icr-

Proof: It is enough to show that for every = € V, there is a non-negative smooth
function ¢ with compact support in V' and with ¢(x) > 0. Since X?" is a locally
compact Hausdorff space which is also o-compact, the open subset V' is paracompact
and hence standard arguments from differential geometry yield the existence of the
desired partition of unity (see [Wa83], Theorem 1.11).

To prove the crucial claim at the beginning of the proof, we may assume that V'
is coming from a tropical chart (V, o) (see Proposition 16). Then Q := trop; (V)
is a open subset of Trop(U) with trop;,' (?2) = V' and hence there is an open subset
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Q in (Ny)r with @ = QN Trop(U). There is a smooth non-negative function
f on (Ny)g with compact support in € such that f(tropy(x)) > 0. Since the
tropicalization map is proper, the smooth function ¢ := f o trop;; has compact
support in V' and hence ¢ fulfills the claim. O

So far, we have seen properties of differential forms which are completely similar
to the archimedean case. The next result of Chambert-Loir and Ducros ([CD12],
Lemme 3.2.5) shows that the support of a differential form of degree at least one is
disjoint from X (K).

Lemma 5.11 Let W be an open subset of X*"*. We consider x € W and o €
APYW) with d(xz) < max(p,q). Then x & supp(a).

Proof: Using Proposition and shrinking the open neighbourhood W of z,
we may assume that W is a tropical chart (W, ¢y) on which « is given by the
superform ay € AP4(tropy;(W)). By Proposition 14] there is a very affine open
subset U, of U and a compact neighbourhood V,, of z in (U, )*" such that tropy; (V)
is of dimension d(z). By Proposition .16 there is a tropical chart (V', py+) with
zeV' cV,and U C U,. ByldI2 there is an affine homomorphism 1 : Tyr — Ty
such that ¢y = @y ov. Using the same factorization for the tropicalizations, we see
that the restriction of « to V' is given by Trop(y)*(ar) € AP(tropy.(V')). The
inclusion U, C U yields that tropy; factorizes through tropy; (use[d12). Since V' C
Ve, we get dim(tropy (V') < dim(tropy, (V') < d(x) < max(p, ). As tropy (V') =
Trop(¢)(tropy, (V')), we conclude that Trop(¢))*(ay) = 0. This proves « =0. O

Corollary 5.12 Let W be an open subset of X" and let U be a Zariski open subset
of X. If a € APYW) with dim(X \ U) < max(p, q), then supp(a) C W NU".

Proof: Let x € W\ U?". Then[d2shows that d(z) < dim(X \ U) < max(p, q). By
Lemma BTl we get x € supp(«) proving the claim. a

Proposition 5.13 Let o € AP1(X?) be a differential form with max(p,q) =
dim(X). Then there is a very affine open subset U of X such that supp(a) C U
and such that « is given on U™ by a superform ay € AP2(Trop(U)).

Proof: By assumption, the support of « is a compact subset of X?". We conclude
that there are finitely many tropical charts (V;, ou, )i=1,....s covering supp(«a) such
that « is given on V; by the superform a; € AP9(tropy, (V;)). Recall that Q; :=
tropy;, (V) is an open subset of Trop(U;). By BI3, U := Uy N ---NUs is a non-
empty very affine open subset of X. We define the open subset V' of U?" by V :=
U nJ;_, Vi. Since max(p,q) = dim(X), Corollary (12 yields supp(o) C U?".
Using B.12, we see that tropy, = Trop(¢;) o tropy; for an affine homomorphism
¥; : Ty — Ty, of tori. Then we have

tropy (Vi N U™™) = (Trop(t;)) ™ *(Q) N Trop(U)

and we denote this open subset of Trop(U) by Q. It follows that the preimage of
Q= J;_; @ with respect to (¢u)trop is equal to V. We conclude that (V, @) is a
tropical chart of X?". Note that « is given on U™ N'V; by o} := Trop(¢;)*(a;) €
AP4(Q}). By Proposition[5.6] o agrees with o on Q;N€Y for every 4,5 € {1,...,s}
and hence they define a superform ay € AP4(Q). By construction, ay gives the
differential form o on V. It follows from Remark 5.7 that oy has compact support
in €. Since « has compact support in V', we conclude that ay is a superform on

Trop(U) which defines ac on U?". O
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5.14 Let a € A™™(W) for an open subset W of X" where n := dim(X). Ob-
viously, we may view « as a (n,n)-form on X*" with compact support. We call a
very affine open subset U as in Proposition a very affine chart of integration
for a.. Then « is given by a superform ay € A" (Trop(U)). We define the integral

of a over W by
/ (0% Z:/ ap.
w Trop(U)

Here, we view Trop(U) as a tropical cycle (see [4.6]) and we integrate as in 3.4l

Lemma 5.15 For a € A™(W), the following properties hold:

(a) If U is a very affine chart of integration for «, then every non-empty very
affine open subset U’ of U is a very affine chart of integration for a.

(b) The definition of fW « is independent of the choice of the very affine chart of
integration for «.

Proof: By Corollary 512, supp(a) C (U’)* and (a) follows. To prove (b), it is

enough to show
/ ay :/ ay (3)
Trop(U) Trop(U’)

for a non-empty very affine open subset U’ of U by using (a). The differential
form « is given on U (resp. (U')*®) by ay € A»"™(Trop(U)) (resp. ay: €
Ar™(Trop(U’))). By EI2] there is an affine homomorphism ¢ : Ty» — Ty of the
underlying canonical tori such that ¢ = Trop(¢)opys. It follows that « is given on
U’ also by Trop(v)*(aw). By Proposition 5.6, we have ayr = Trop(¢)* (). The
Sturmfels—Tevelev multiplicity formula shows that Trop(1)).(Trop(U’)) = Trop(U)
(see Proposition [L.1T]). Then Proposition BI0 shows that (B]) holds. O

Proposition 5.16 Let \,p € R and let o, f € A»™(W). Then we have

/W)\a—l—pﬁ:)\/wa—i-p/wﬁ.

Proof: By Lemma BI85, we may choose a simultaneous very affine chart of inte-
gration for both o and 8. Then the claim follows by the corresponding property of
the integration of superforms. 0

We have also Stokes’ theorem for differential forms on the open subset W of
xan:

Theorem 5.17 For n := dim(X) and o € AZ""Y(W), we have [, da = 0 and
hence [, d'a= [, d'a=0.

Proof: By Proposition B.I3] there is a very affine open subset U of X such
that supp(a) C U?" and such that « is given on U®" by a superform ay €
A?=1(Trop(U)). Then U is a very affine chart of integration for d’a and d”«
and the claim follows from Proposition O

Remark 5.18 Integration of differential forms on complex manifolds is defined by
using a partition of unity with compact supports subordinated to a covering by
holomorphic charts. Surprisingly, this was not necessary in our non-archimedean
algebraic setting as we have defined integration by using a single suitable tropical
chart. In fact, the use of a smooth partition of unity (¢;),c.; with compact supports
subordinate to an open covering of W by tropical charts (Vi, ¢u,)ier would not
work here directly. To illustrate this, suppose that o € A™™(W) is given on V; by
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a; € A™"(tropy, (Vi)). If the functions ¢; are of the form ¢; = f; o tropy, , for
some Vi(;) D supp(¢;) and f; € C°(tropy, , (Vi())), then we could set Jwa =
ZjeJ mep(Ui(j)) fjai(;)- However, the functions ¢; could not be expected to have
this form and so this approach fails.

Chambert-Loir and Ducros define integration more generally for differential
forms on paracompact good analytic spaces (see [CD12], §3.8). The idea is to use a
covering by the interiors of affinoid subdomains. Then there is a smooth partition
of unity with supports subordinated to this covering which reduces the problem to
defining integration over an affinoid subdomain. But in the affinoid case, one can
find a single tropical chart of integration similarly as in Proposition 513} It follows
from Remark and Proposition [[.TT] that both definitions give the same integral
on the analytification of an algebraic variety.

6 Currents on algebraic varieties

In this section, K is an algebraically closed field endowed with a non-trivial non-
archimedean complete absolute value | |. We consider an open subset W of X"
for an algebraic variety X over K of dimension n. Similarly as in the complex
case, we will first define a topology on A27(W) and then we will define currents as
continuous linear functionals on this space. We will see that the Poincaré-Lelong
equation holds for a rational function.

6.1 Let (V;, v, )ics be finitely many tropical charts contained in V; and let A,
be a polytope contained in the open subset €; := tropy, (V;) of Trop(U;). We
consider the space AP4(V;,U;, A; : i € I) of (p,q)-forms a on W with support in
C = Uier trop,}il(Ai) such that « is given on V; by a superform «; € AP2(Q;)
for every ¢ € I. Since the tropicalization map is proper (see 4]), the set C is
compact. Similarly as in the complex case, we endow AP4(V;, U;, A; : i € I) with
the structure of a locally convex space such that a sequence oy, converges to « if and
only if all derivatives of the superforms ay, ; converge uniformly to the derivatives of
the superform «; on A;. Here, ay; (resp. «;) is the superform on €2; which defines
ay, (resp. «a) on V; and we mean more precisely the derivatives of the coefficients
of agi|a, (resp. aila,). It follows easily from Proposition [L.I6] that A27(W) is the
union of all spaces AP4(V;,U;, A; : i € I) with (V;,U;, A; : i € I) ranging over all
possibilities as above.

6.2 A current on an open subset W of X" is a linear functional T on A?'9(W') such
that the restriction of T' to all subspaces AP4(V;,U;, A; : i € I) is continuous. The
space of currents is a C°°(W)-module denoted by D, (). As usual, we define
the differential operators d’, d” and d := d’' 4+ d’ on the total space of currents
DW) =&, , Dp,q(W). Using partitions of unity from Proposition 5.10, it is easy
to show that the currents form a sheaf on X?".

Example 6.3 A signed Radon measure g on an open subset W of X?" induces a
current [p] € Do(W) by setting [u](f) := [yan fdp as usual. Since the topology on
AY(W) = C°(W) is finer than the topology induced by the supremum norm, we
conclude that [u] is indeed a current on W.

Remark 6.4 Let ¢ : X’ — X be a proper morphism of algebraic varieties over K.
Then there is a linear map ¢, : Dy, o((X')*") = D, ¢(X?"), where the push-forward
0«(T") € Dp (X)) of T' € D, 4((X')*") is characterized by

P (T') (@) = T'(¢"(a))
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for every o € AP7(X?"). Tt follows from continuity of the map ¢* : AR9(X?")) —
AP((X")*™) that ¢.(T) is indeed a current on T. To define the push-forward,
we need the fact that a proper algebraic morphism induces a proper morphism
between the analytifications meaning that the preimage of a compact subset in X2"
is compact (see [Be90], Proposition 3.4.7).

Example 6.5 We have the current of integration 6x € Do, (X?") given by dx (a) =
J yaforae A%n(X21), More generally, we define the current of integration along
a closed s-dimensional subvariety Y of X as the push-forward of dy € Das(Y?")
to X2, By abuse of notation, we denote this element of Dy, (X?") also by dy. By
linearity in the components, we define the current of integration along a cycle on X.
If W is an open subset of X", then we get a current oy € Da, (W) by restricting
0x.

6.6 Let T € D, (W) and w € A™*(W) for an open subset W of X?". Then we
define TAw € Dy q—s(W) by (T Aw)(a) = T'(w A ) for o € AL=975(WW). Since
the wedge product with a given form is a continuous operation on A.(W), it is clear
that T' A w is really a current on W.

Example 6.7 For w € A™%(W), the current [w] € Dyp_ppn—s(W) associated to w
is defined by [w] := dw A w and we get an injective linear map a : A™*(W) —
Dn—r,n—s(W) given by G(W) = [W]

Proposition 6.8 Let w € A?"(W) for an open subset W of X*. Then there
is a unique signed Radon measure p on W such that fW fdu = [w](f) for every
feCxe(W). If w has compact support, then we have |u|(W) < oo.

Proof: It is easy to prove that [w] induces a continuous linear functional on C'°(W)
where this locally convex vector space is endowed with the subspace topology of
C.(W). By B8 this subspace is dense and hence the Riesz representation theorem
proves the first claim. If w has compact support, then supp(u) is also compact and
the last claim follows. 0

6.9 Let us again consider an open subset W of X?". A function f : W — RU{%o00}
is called locally integrable if f is integrable with respect to the measure p associated
to any w € A2"(W). Then we write [, fw = [, fdpu.

For a locally integrable function f on W and n € AP4(W), we define [f - 7] €
Dy (W) by [f -nl(a) := [}y, fn A« for every o € AZ"P"=9(W).

Chambert-Loir and Ducros proved the Poincaré—Lelong equation for rational
functions:

Proposition 6.10 Let f be a rational function on X which is not identically zero.
Then log|f| is a locally integrable function on X* and we have d'd"[log|f|] =

ddiv(f)-
Proof: See [CD12|, Theorem 4.6.5. O

7 Generalizations to analytic spaces

The final section shows how our notions fit with the paper [CDI12]. While we
restricted to the algebraic case, the paper of Chambert-Loir and Ducros works for
arbitrary analytic spaces. We assume that the reader is familiar with the theory of
analytic spaces as given in [Be93|] or [Tel(]. For simplicity, we assume again that
K is algebraically closed, endowed with a non-trivial non-archimedean complete
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absolute value | | with corresponding valuation v := —log| | and that all occurring
analytic spaces are strict in the sense of [Be93]. This situation can always be
obtained by base change without changing the theory of differential forms and
currents. As usual, we use the value group I' := v(K*).

7.1 Let Z be a compact analytic space over K. An analytic moment map on Z
is an analytic morphism ¢ : Z — T*" for a split torus T' = GJ, over K as before.
Let M be the character group of T, then we have T = Spec(K[M]). The map
Ptrop := trop o ¢ : Z — Ng is called the tropicalization map of ¢ and we may use
the coordinates on T to identify N with R”.

The next result shows that for the construction of differential forms in the alge-
braic case, we may restrict our attention to algebraic moment maps.

Proposition 7.2 Let X be an algebraic variety over K and let p : W — T?" be an
analytic moment map defined on an open subset W of X", For every x € W, there
is a very affine open subset U of X with an algebraic moment map ¢’ : U — T and
an open neighbourhood V' of x in U N W such that @irop = @érop onV.

Proof: We may assume that X = Spec(A). Similary as in the proof of Proposition
[£16 there is a neighbourhood V' :={x € X | s1 < |f1(x)] < r1,y..., 86 < |fu(@)] <
rp} of  in W with all f, € A and real numbers 0 < s, < r,. We may assume

that f1,..., fxr form an affine coordinate system 1, ..., yx on X. Using coordinates
on T' = GJ,, the moment map ¢ is given by analytic functions ¢q,...,¢, on W
which restrict to strictly convergent Laurent series in yi,...,y,r on V’'. Cutting

the Laurent series in sufficiently high positive and negative degree, we get Laurent
polynomials py, ..., p, with |pa| = |@a| on V' for a = 1,...,r. By Proposition E.T6]
there is a very affine open subset U of X such that U®" contains z and such that
p1,...pr define an algebraic moment map ¢’ : U — T with @uop = gpgrop on V'.
Choosing a neighbourhood V of z in U NV’ we get the claim. O

We have the following generalization of the Bieri—-Groves theorem. Working with
analytic spaces, the boundary 07 of Z becomes an issue.

Theorem 7.3 (Berkovich, Ducros) If Z is a compact analytic space over K of
dimension n and if ¢ :+ Z — T?" is an analytic moment map, then Yiyop(Z) is
a finite union of integral I'-affine polytopes of dimension at most n. Moreover,
Vtrop(0Z) is contained in a finite union of integral I'-affine polytopes of dimension
<n-—1. If Z is affinoid, then puop(0Z) is equal to a finite union of such polytopes.

Proof: The first claim is due to Berkovich and the remaining claims are due to
Ducros (see [Dul2], Theorem 3.2). O

7.4 We consider now a compact analytic space Z over K of pure dimension n.
Theorem [[3] shows that the tropical variety puop(Z) is the support of an inte-
gral I'-affine polytopal complex in Ng. Our next goal is to endow this complex
with canonical tropical multiplicities. This will lead to the definition of a weighted
polytopal complex (@irop)s«(cyc(Z)) which is canonical up to subdivision.

If dim(ptrop(Z)) < n, then we set (@irop)«(cyc(Z)) = 0 meaning that we choose
all tropical weights equal to zero. It remains to consider the case dim(pop(Z)) = n.
We choose a generic surjective homomorphism ¢ : T'— T” onto a split multiplicative
torus 77 = Spec(K[M']) of rank n = dim(Z). Generic means that the corresponding
linear map F := Trop(q) is injective on every polytope contained in ¢iop(Z). By
Theorem [T:3] there is an integral T'-affine polytopal complex € in Ng with |€| =
Vtrop(Z) such that F(7) is disjoint from (g0 ¢)trop (0Z) for every n-dimensional face
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o of € and 7 := relint(c). By passing to a subdivision, we may assume that F, (%)
is a polyhedral complex in N% as in[3.9] where N’ is the dual of M’ as usual.

We identify F(r) C Ng = R™ with an open subset of the skeleton S((I7)*") as
in Remark Then it is clear that g o ¢ restricts to a map (go ) 1 (r) — F(7)
which agrees with F' o ¢gop using the identification S((77)*") = Ng. It is shown in
[CD12], §2.4, that this restriction of g o ¢ is a finite flat and surjective morphism
which means that every point p of F(7) has a neighbourhood W’ in (T")*" such
that (g o @) ' (W’) — W' has these properties. Using that F~'(F(r)) = [[. 7/,
where 7/ is ranging over all open faces of € with F(7') = 7, we get

(g0 ) (F(M) = [T etmep(r) N (a0 9) 7 (E ().

We conclude that the map @0 (1) N (g0 9) "1 (F(r)) — F(r) is finite, flat and
surjective. Again, this has to be understood in some open neighbourhoods. Since
T is connected, the corresponding degree depends only on 7 and not on the choice
of p. We denote this degree by [(pt_r(l)p (1) : F(7)].

Recall that N, is the canonical lattice in the affine space generated by o. Then
the character lattice M’ of T" is of finite index in M, = Hom(N,,Z).

Definition 7.5 Using the notation from above, the tropical multiplicity m, along
o is defined by
Mo = [Prop(T) + F(7)] - [My = M']71

Furthermore, (¢urop )« (cyc(Z)) is the weighted polyhedral complex ¢ endowed with
these tropical multiplicities.

Remark 7.6 It is not so easy to show that the tropical multiplicity is well-defined,
i.e. independent of the choice of q. Chambert-Loir and Ducros do not use tropical
multiplicities, but the latter are equivalent to the canonical calibration introduced
in [CD12], §3.5. To summarize this construction, let ey, ..., e, (resp. fi,..., fn) be
a basis of M’ (resp. M,). Then the canonical calibration of ¢ is defined as

[erop(T) : F(T)] - (Fliv,y)™(e1 A=+ Aen) € A"((No)r)

together with the orientation induced by the pull-back of ey, ..., e, with respect to
the linear isomorphism F|(y,),. The canonical calibration is equal to the calibration
mef1 A --- A fn together with the orientation induced by fi,..., f,. Since the
canonical calibration does not depend on the choice of ¢ up to refinement ([CD12],
§3.5), the same is true for the tropical multiplicities.

Remark 7.7 One can define the irreducible components of an analytic space (see
[Con99]). A compact analytic space Z has finitely many irreducible components
Z;. Then we define the cycle cyc(Z) associated to Z as a positive formal Z-linear
combination of the irreducible components Z; by restriction to affinoid subdomains
and then by glueing (see [Gu98|, §2). One can show that the weighted n-dimensional
polyhedral complex (¢irop)«(cyc(Z)) depends only on cyc(Z) and this dependence
is linear. We leave the details to the reader.

The next result shows that the Sturmfels—Tevelev multiplicity formula holds for
analytic spaces.

Proposition 7.8 Let Z be a compact analytic space over K of pure dimension n,
let o : Z — T be an analytic moment map and let ¢ : T — T’ be an affine
homomorphism of tori. Then we have

Trop(¢)« ((porop )« (cye(£))) = (¥ © @)trop )« (cye(Z))-
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Proof: The corresponding statement for canonical calibrations is shown in [CD12],
Lemma 3.5.2, and hence the claim follows from Remark O

Proposition 7.9 Let Z be a compact analytic space over K of pure dimension n
and let € be the same integral I'-affine polytopal complex with support Yivop(Z) as
in [74 Then for every (n — 1)-dimensional polyhedron p of € not contained in
Ptrop(0Z), the balancing condition

Z MeWp s € N,

CECn,0Dp

from[377 holds in p.

Proof: Chambert-Loir and Ducros prove in [CD12|], Theorem 3.6.1, that p is har-
monious in ¢ which is a condition for the canonical calibration equivalent to the
balancing condition by Remark O

7.10 In an algebraic setting, our goal is to compare the tropical multiplicities
introduced in 7 with the ones from Definition Let us consider an algebraic
variety X over K of dimension n and an algebraic moment map ¢ : X — T =
Spec(K[M]) = GI, over K. Note that ¢iop(X®) = Trop(p(X)). We endow
Gtrop(X ™) with the tropical multiplicities ma8 of the tropical cycle Trop(p. (X)) :=
deg(y)Trop(p(X)) of Ng.

The analytification X®* is not compact (unless n = 0), but as X = (), we can
define tropical multiplicities in the same analytic manner as in Definition This
means that we choose a generic projection g : T — T’ = Spec(K[M']) onto a torus
T’ of rank n and an integral I'-affine polyhedral complex 4 with support equal to
Otrop (X ") such that F, (%) is a polyhedral complex on Ny for the associated linear
map F : Ng — Ng. For every o € 6, and 7 := relint(o), we define

mg" == [prop (7) : F(7)] - [Mo - M)
as in Definition Since the tropical multiplicities m*® and m®" are compatible
with subdivision, we may assume that the underlying integral I'-affine polyhedral
complex ¥ is the same in both definitions.

Now we are ready to compare these two tropical multiplicities.

Proposition 7.11 Let ¢ : X — T be an algebraic moment map and n := dim(X).
Using the notations from above, we have m* = m®e for every o € 6.

Proof: The following argument is quite close to the proof of the Sturmfels—Tevelev
formula given by Baker, Payne and Rabinoff (see [BPR11], Theorem 8.2). We may
assume that ¢ is generically finite, otherwise @gop(X?") has dimension < n and all
tropical multiplicities are zero. Let Y be the closure of o(X)inT andlet g : T — T’
be a generic homomorphism onto a split torus 77 = Spec(K[M’]) of rank n with
associated linear map F': Ng — Nj. There is an open dense subset U of Y such
that ¢ is finite over U. Since the tropical multiplicities m®" and m?!¢ are compatible
with subdivision of the polyhedral complex €, we may assume that Trop(Y \ U) is
contained in the support of &, _1.

Let Y’ be the closure of ¢(Y) in 77 and let w € 7N Np. We consider the affinoid
subdomains U, := trop™!(w) in 7" and U/, := trop~!(w’) in (I”)*". By finiteness
of ¢ over U, the set X, := (¢**)~}(U,) = gp{rép (w) is an affinoid subdomain of X"
and ¢ restricts to a finite morphism X, — Y, := Y?**"NU,,. Let 2., %, %.,, %, be
the canonical formal affine K°-models of X,,,Y,,,U,, U/, associated to the algebra
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of power bounded elements in the corresponding affinoid algebra. Moreover, let Y,
be the closure of Y,, in %,,. Then we have canonical morphisms

Lo 5 Yy SV, S U, (4)

w’

of admissible formal affine schemes over K° in the sense of Bosch, Liitkebohmert
and Raynaud (see [BL93|, §1). We claim that all these morphisms are finite and
surjective. Obviously, the generic fibres of the first and second morphism are finite
and surjective. To see that the generic fibre of the third morphism is finite, we note
first that F~!(w’) N Trop(Y) is finite by construction of ¢ and hence ¢~ *(U/,) N
Y?" is in the relative interior of an affinoid subdomain of 7" which is contained
in ¢ *(U/,). We conclude that ¢~ (U/,) N Y® — U/, is a proper map (see the
proof of Theorem 4.31 in [BPRI11] for more details about the argument). Since
¢ Y (U.,) NY* is the disjoint union of the finitely many affinoids U, N Y?", p €
F~Yw') N Trop(Y), we conclude that ¢ induces a proper morphism Y, — U/,
of affinoids. By Kiehl’s direct image theorem ([BGR84], Theorem 9.6.3/1), this
morphism is finite and hence also surjective using dimensionality arguments. We
conclude that all three morphisms in (@) are surjective and finiteness follows from
[BPR11], Proposition 3.13.

The degree [X,, : U.,] of X,, over the affinoid torus U/, is well-defined as U/,
is irreducible (see [BPR1I], Section 3, for a discussion of degrees). Since the de-
gree does not change by passing to an affinoid subdomain of U/, (see [BPR11],
Proposition 3.30), we get

[erop(T) : F(7)] = [Xo : UL (5)
The projection formula ([BPR1I], Proposition 3.32) shows

[Xo: UL =Y (B (%)s) = Y _IB: (Gh)gl, (6)

B B

where B ranges over all irreducible components of (Z,,)s. We conclude from (&)
and (@) that

[rop(T) : F(D] =" > [B:C]-[C:(Gy)zl, (7)

C B over C

where C' ranges over all irreducible components of (Y,)s and B ranges over all
irreducible components of (Z,,)s mapping onto C. Since the special fibre of Y,
is isomorphic to the initial degeneration in,(Y"), all irreducible components C' are

isomorphic to the torus Spec(K[M,]) (see [BPR1I], Theorem 4.29) proving
€ (Gr)g] = Mo M), (8)
Using (@) and (&), we get
Mg’ = [prap(7) : F(T)] - [Mo - M7 =37 > [B:Cl. 9)
C B over C

Since X, is the preimage of the affinoid subdomain Y,, of T?", we deduce from
[BPR11], Proposition 3.30, that X, is of degree deg(yp) over Y, and hence the
projection formula again shows the equality

deg(p)eye((Yo)s) = (Lo p)«(cye((Zw)s) (10)

of cycles in (%,)s. Inserting (I0) in (@) by using that the special fibre of 2, is
reduced, we get

mgn = deg((p) Z m(ca (?w)s)a
C
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where m(C, (Y,,)s) is the multiplicity of the irreducible component C' in the special
fibre of Y,,. By definition, the right hand side is equal to m®® which proves the
claim. 0

Remark 7.12 Note that in the algebraic case, Proposition [ I1] yields that the
tropical multiplicities in Definition are well-defined, i.e. independent of the
choice of the generic projection q. Moreover, the argument of Chambert-Loir and
Ducros for Proposition gives a new proof for the classical balancing condition
for tropical varieties which is based mainly on degree considerations.
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